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Abstract  In this paper we consider the elliptic equation Au+ K(z]e®™ = f{z),
which arises from prescribed curvature problem in Riemannian geometry. It is proved
that if K(z) is negative and continuous in RB*, then for any f € L? (R®) such that

Lo
flz) € K(z), the equation possesses a positive solution. A uniqueness theorem is also

given.
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Let (M,go) be a 2-dimensional Riemannian manifold, with Gaussian curvature
Ko(z), and let K(x) be a given function on M. The prescribed curvature problem
is as follows: can we find a new metric g on M, such that g is conformal to gy and with
Gaussian curvature K (z)? This problem is equivalent to solvability for the following
elliptic equation:

Au— Ko(z) + K(z)e™ =0, ze M (1)

where A is Laplacian on (M, gg).

In the case of compact manifolds, this problem has been studied in detail, see [1-3].
In [2], this problem was posed on complete, non-compact Riemannian manifolds.

In the case M = R?, equation (1) reduces to

Au+ K(z)e*™* =0, z € R? (2]
Many existence and non-existence results for equation (2) were proved, see [4-8].

Sattinger [4] proved that if K(z) < 0 for all z and if K(z) < for |z| large,

RER
then (2) possesses no solution.
Ni [5] proved the first existence theorem: if K(z) < 0 for all z and if K (z) > - —

|z
for |z| large and some [ > 2, then equation (2) possesses infinitely many solutions.
The generalized equation was considered in [6-8]:
Au+ K(z)e*™ = f(z), ze R* (3)
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Kenig-Ni [6] proved that if K {:::} < 0 for all z, and
c
izl = i |BE@) £ 7 for |z| large
ke 1 & |z**

where £ > 0, o > — [ f(z)dz, then equation (3) possesses infinitely many solutions.
For non-existence, 1;]11&},r proved that if j" {z} > 0 and K(z) < 0 for all z, and

f{z).= [z|3+“ for |z] = Ra

Eﬂu

ERE'

|K ()| = ZTa

for |z| large, and some o <

‘then (3) possesses no solution.
McOwen [T] proved that if K(z) < 0 for all z and K(z) < 0 on support of f(z),
and |
f(z), K(z) = O(la|] ™) for |2 — o0

‘whe:re | > 2, then (3) possesses a bounded solution which is asymptotic to some con-
stant.

Hong [8] proved several related results.

In the papers mentioned above, the decay condition K(z) = O(|z|™") for |&| — o0
is essential. What we are interested in is the following question: If K(x) does not
satisfy the decay condition, for which kind of functions f's can equation (3) still have
solutions?

In the following we only consider generalized solutions for equation (3), that means,

e Li (R?) such that K(z)e’* € Li (R%),Au € Ll .(R?), and (3) holds almost
"ever}'where, and for any ¢ € C§°(R?),

| f u - Apdz -I-f K(z)e™pde =f fodz
N R? R? R?
If u iz a generalized solution of (3), then we write the above equality as
Au+ K(z)e* = f(z) in D'(RY) (4)
The main result of this paper is the following:

Theorem 1 Let K(z) be negative and continuous in R% then for any function
f E I.F E[Ri}, flz) < K(z) for allz € R?, equation (4) possesses a non-negative solution
{RE] If in addition f(z) # K(z), then u is positive everywhere.
The Ldeanf proof comes from [9], where Brezis used Kato’s inequality [10] and Baras-
Pierre’s technique [11] to prove the existence and umqueneas of generalized solutions
for the equation

~Au+ [ufflu= f(z) in RV

where p > 1. Also Gallouet-Morel [12] used Brezis’ idea to discuss the case 0 < p < 1.
The following formula of Kato’s inequality appeared in [9, Lemma Al].
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