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Abstract In this paper, we give some existence results for a fourth order nonlinear
subelliptic equations on the Heisenberg group by the Leray-Schauder degree.
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1. Introduction

We are concerned with a fourth order nonlinear subelliptic problem

{ A+ cbgmu = f{(z,8),u) in D (1.1)

ulap = Apulap =0

where [J is a bounded open subset of the Heisenberg group H™ and Agn is the subel-
liptic Laplacian on H™. The vector fields
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cenerate the real Lie algebra of left-invariant vector fields on H™, see [1, 2]
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The subelliptic Laplacian is defined as

Apgn = Z{Xf s }??J
i=1

A i8 invariant weor.t. left-translations.
In a recent paper, Garofalo and Lanconelli 2] introduced the problem

Mgnu+ flu)=0 inD
{ H Ilu) (1.3

ulap =0

They showed by the Mountain Pass theorem that if f(u) = 0(|u|(@+2/(Q@-2)) 44 |ee| —
oo, then (1.3) has a solution u. Zhang [3], by using Leray-Schauder degree, has proved
that positive weak solutions to (1.3) do exist when fl(z,t),8) : D x R — R, satisfying
Caratheodory’s continuity condition and growth restriction

0 < 7((2,2),8) < als| < o1 + cafs]°

It is of interest to note that Ag. is not elliptic, we can’t discuss the existence results
for the problem (1.1) by the degree theory in Hj, where H} is the usual Sobolev
spaces, but it can be solved in ST'EED} by the degree theory, where 5“? ’E{IJ] is Folland
and Stein’s Sobolev space. The nonlinear equation such as that in (1.1) may arise as
Euler equations in some variational problems related to the geometlry of C'R manifolds,
sce [4-6]. In this paper we investigate the existence of the solution of a fourth order
nonlinear equation (1.1). In Section 2, we give the results about the degree and review

some relevant lemmmas. The main results are considered and discussed in Section 3.

2. Preliminaries

Let X and ¥ be two Banach spaces and let K € X be a cone in X and .
be a bounded open subset in K. Suppose that B : K — Y and # : (I — ¥ are Ewo
mappings. We assume that B and B! are continuous and B(0) = 0. We also assume
that F' is completely continucus and that F(1) C B(K). Let f = B — F and let
0 € ¥\ f(89). Then we have

Lemma 2.1  Let degg(f,Q,0) = deg(] — B~LF 2,0), where deg (I — B~1F, 02, 0)
is the Leray-Schouder degree. Then the degp( 5:82,0) has the following properties:

(B1) (Normelity) degg(B,2,0) =1 4if0 € 0.

(Bz) (Additivity) degg(f, ©2,0) = dega(f, 2, 0)+degu(f, 22, 0) provided that £, 1y
are disjoint relatively open subsets of D such that 0 & FUEEY U £25)).

(B3) (Solvability) Bz = Fa has a solution in if degg(f,. 62, 0) £ 0.

(Ba) (Brcision) degp(f,0,0) = degp(f, N\w,0) if w C Q is closed and 0 ¢ f(w).



