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Abstract

In this paper, by using the Guo-Krasnoselskii’s fixed-point theorem, we
establish the existence and multiplicity of positive solutions for a fourth-order
nonlinear eigenvalue problem. The corresponding examples are also included
to demonstrate the results we obtained.
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1 Introduction

In the past decades, an increasing interest in the existence and multiplicity of
positive solutions for boundary value problems has been evolved by using some fixed-
point theorems, for example, by the Krasnoselskii’s fixed-point theorem, Ma [1] and
Li [2] respectively established the existence and multiplicity of positive solutions for
some fourth-order boundary value problems. Zhong [3] established the existence of
at least one positive solution for the following four-point boundary value problem

y (1) = f(ty(t),y"(t) =0, 0<t<1,
y(0) =y(1) =0,
ay”(§1) —by" (&) =0, (&) + dy" (&) = 0.

In 2015, Wu [4] obtained some new results on the existence of at least one positive
solution for the following fourth-order three-point nonlinear eigenvalue problem
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u®(t) = Ar(t) f(t,u(t), 0<t<1,
u(0) = u(l) =0,
av’(n) —bu" (n) =0, cu’(1)+du" (1) = 0.

Bai [5] obtained the existence of triple positive solutions via the Leggett-Williams
fixed-point theorem [6]. There are other meaningful investigated results on the exis-
tence of positive solutions for some types of nonlinear differential equations, one can
be referred to [1-4,7,8]. But to the best of our knowledge, there are not many results
on the existence of multiple positive solutions for fourth-order nonlinear eigenvalue
problems with multi-points boundary value condition.

Based on the fact, our purpose in this paper is to investigate the existence and
multiplicity of positive solutions for the following fourth-order three-point eigenvalue
problem

ul () = M) f(t,ult), u"(t), 0<t <1,
u(0) =u(1) =0, (1.1)
au”(&) —bu"(€) =0, cu’(1)+du'(1) =0,

where A is a positive parameter, 0< i <€< % <1, a,b,c,d are nonnegative constants sa-
tisfying ad+be+ac>0, b—a&>0, h(t)eC0, 1], feC([0, 1]X[0, +00)x(—00, 0], [0, +0)).

This paper is organized as follows. In Section 2, we introduce some preliminaries.
In Section 3, we state and prove our main results on the existence and multiplicity
of positive solutions for (1.1). At the same time, the corresponding examples are
also included to demonstrate the results we obtained.

2 Preliminaries

For convenience, we first state some definitions and preliminary results which we
need. Throughout this paper, we make the following assumptions:

(H1) f € C(]0,1] x [0,400) X (—00,0], [0, +00)) is continuous;

(H2) h(t) € C(]0,1]), h(t) <0 for all t € [0,&], h(t) > 0 for all t € [¢, 1], where
0< 3 <&<2<1;and h(t) # 0 for any subinterval of [0, 1].

Denote
— t — t
fo= limsup max M, foo = limsup max M, (2.1)
ul+ o]0+ tE[0,1] [u] + |v] lul+|v] oo tEL0.1] U] + [
t t
fo= liminf M foo = liminf M (2.2)
= Jul+ul—ot te[o,1] |u| 4+ v] T T jul+ul—ootel0,1] |ul + v

and
A:/;Gz(S,S)h(S)dS, B:min{g<i+?f)<g+d)ﬁi h(s)ds, %(Z—I—d) i%h(s)ds},
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