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Abstract

Consider the Cauchy problems for an n-dimensional nonlinear system of
fluid dynamics equations. The main purpose of this paper is to improve the
Fourier splitting method to accomplish the decay estimates with sharp rates
of the global weak solutions of the Cauchy problems. We will couple togeth-
er the elementary uniform energy estimates of the global weak solutions and
a well known Gronwall’s inequality to improve the Fourier splitting method.
This method was initiated by Maria Schonbek in the 1980’s to study the op-
timal long time asymptotic behaviours of the global weak solutions of the
nonlinear system of fluid dynamics equations. As applications, the decay esti-
mates with sharp rates of the global weak solutions of the Cauchy problems for
n-dimensional incompressible Navier-Stokes equations, for the n-dimensional
magnetohydrodynamics equations and for many other very interesting nonlin-
ear evolution equations with dissipations can be established.
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1 Introduction

1.1 The mathematical model equations
First of all, consider the Cauchy problems for the n-dimensional incompressible
Navier-Stokes equations
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?;—aAuvL(wV)quVp:f(X,t% V-ou=0, V-f=0, (1)

u(x,0) = up(x), V-ug=0. (2)
The real vector valued function u = u(x,t) represents the velocity of the fluid at
position x and time ¢. The real scalar function p = p(x,t) represents the pressure
of the fluid at x and t¢.
Secondly, consider the Cauchy problems for the n-dimensional magnetohydro-
dynamics equations
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V-u=0, V.-f=0, V-A=0, V-g=0, (5)
u(x,0) =up(x), A(x,0)=Ag(x), V-up=0, V-Ay=0. (6)

In this system, the real vector valued function u = u(x,t) represents the velocity
of the fluid at position x and time ¢, the real vector valued function A = A(x,t)
represents the magnetic field at position x and time ¢. The real scalar function
P(x,t) = p(x,t) + %|A(X,t)|2 represents the total pressure, where the real
scalar function p = p(x,t) represents the pressure of the fluid and %]A(x, t)|? repre-
sents the magnetic pressure. Additionally, M > 0 represents the Hartman constant,
RE represents the Reynolds constant and RM represents the magnetic Reynolds
constant.

Now let us consider the Cauchy problems for the following n-dimensional non-

linear system of fluid dynamics equations

0

5~ alutN(u V) = £(x,1), ™)

u(x, 0) = uo(x). (8)
In this system, o > 0 is a positive constant, x = (x1,x2, -+ ,x,) represents the spa-
tial variable, the dimension n>3. Moreover, u(x, t) = (u1(x,t), ua(x,t), -+, um(x,t))

represents the unknown function, f(x,t) = (fi1(x,t), fo(x,t), -+, fm(x,t)) represents
the external force, and N (u, Vu) = (Ni(u, Vu), Nao(u, Vu),- -+, N, (u, Vu)) repre-
sents the nonlinear function, which is sufficiently smooth, m > n is an integer.

The general system (7)-(8) contains the n-dimensional incompressible Navier-
Stokes equations (1)-(2) and the n-dimensional magnetohydrodynamics equations
(3)-(6) as particular examples. The general system also contains many other inter-
esting nonlinear evolution equations with dissipations as examples.

Many mathematicians have accomplished the existence of the global weak so-
lutions of the Cauchy problems for the n-dimensional incompressible Navier-Stokes



