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Abstract

In this paper, we consider a nonlinear system of reaction diffusion equa-
tions arising from mathematical neuroscience and two nonlinear scalar reaction
diffusion equations under some assumptions on their coefficients.

The main purpose is to couple together linearized stability criterion (the
equivalence of the nonlinear stability, the linear stability and the spectral sta-
bility of the standing pulse solutions) and Evans functions to accomplish the
existence and instability of standing pulse solutions of the nonlinear system of
reaction diffusion equations and the nonlinear scalar reaction diffusion equa-
tions. The Evans functions for the standing pulse solutions are constructed
explicitly.
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1 Introduction
1.1 Mathematical Model Equations

Consider the following nonlinear system of reaction diffusion equations arising
from mathematical neuroscience
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Also consider the following nonlinear scalar reaction diffusion equations
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where wg = (B — 20) > 0 is a positive constant. In these model equations, u =
u(z,t) represents the membrane potential of a neuron at position x and time t,
w = w(x,t) represents the leaking current, a slow process that controls the excitation
of neuron membrane. The positive constants « > 0, 8 >0, v>0,e >0and § >0
represent neurobiological mechanisms. The positive constant § > 0 represents the
threshold for excitation. The function H = H(u — 0) represents the Heaviside step
function, which is defined by H(u—0) = 0forallu < 6, H(0) =1/2and H(u—0) =1
for all w > 6. When an action potential is generated across a neuron membrane, Na™
ion activation is considerably faster than K™ ion activation. The positive constant &
represents the ratio of the activation of Nat ion channels over the activation of KT
ion channels. The two nonlinear scalar reaction diffusion equations may be obtained
by setting e = 0, w = 0 and € = 0, w = wy, respectively, in system (1.1)-(1.2). See
Feroe [5-7], McKean [8-10], McKean and Moll [11], Rinzel and Keller [12], Rinzel and
Terman [13], Terman [14], Wang [15] and [16] for more neurobiological backgrounds
of the model system.

1.2 Main Difficulty, Main Purposes and Main Strategy

Note that there exists neither maximum principle nor conservation laws to the
nonlinear system of reaction diffusion equations. The existence and instability of
standing pulse solutions of the system are very important and interesting topics in
applied mathematics, but they have been open for a long time, except for some nu-
merical simulations and some claimed results without rigorous mathematical anal-
ysis. The strategy to overcome the main difficulty: coupling together linearized
stability criterion and Evans functions seem to be the best way to approach the
instability of the standing pulse solutions.

The main purpose of this paper is to accomplish the existence and instability of
standing pulse solutions of the nonlinear system of reaction diffusion equations (1.1)-
(1.2) and the nonlinear scalar reaction diffusion equation (1.3). The existence of the
standing pulse solutions of both (1.1)-(1.2) and (1.3) follows from standard ideas,
methods and techniques in dynamical systems. The instability of the standing pulse
solutions will be accomplished by coupling together linearized stability criterion
and Evans functions. The interesting and difficult points are that the eigenvalue



