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Abstract
In this paper, we study a fractional differential equation
°Dgru(t) + f(t,u(t)) =0, te(0,+00)
satisfying the boundary conditions:
. cpya—1 o
w'(0) =0, lim “Dgu(t) = g(w),

where 1 < a < 2, °Dg; is the standard Caputo fractional derivative of order
«a. The main tools used in the paper is a contraction principle in the Banach
space and the fixed point theorem due to D. O’Regan. Under a compactness
criterion, the existence of solutions are established.
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1 Introduction

In this paper, we consider the following boundary value problem (BVP for short)

D u(t) + f(tu(t) =0, € (0,+00),
W(0)=0,  lim D tu(t) = g(u),

(1.1)

where 1 <a<2and f:]0,400) x R - R, g: X — R are the given functions such

that X is a suitable Banach space.

Fractional differential equations arise in many engineering and scientific disci-

plines as the mathematical models of systems and processes in the fields of physics,

chemistry, electrical circuits, biology, and so on, and involves derivatives of fractional

order. Fractional derivatives provide an excellent tool for the description of memory
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and hereditary properties of various materials and processes. This is the main ad-
vantage of fractional differential equations in comparison with classical integer-order
models. Further, the concept of nonlocal boundary conditions has been introduced
to extend the study of classical boundary value problems. This notion is more pre-
cise for describing nature phenomena than the classical notion because additional
information is taken into account. For the importance of nonlocal conditions in

p
different fields, in the paper, we let g(u) = ) c;u(&;), where ¢, ca,- -+ , ¢, are given
i=1

constants with p € N*, and 0 < & < & < ... < &, < 400 as an application of the
results we will get.

The problem studied in this paper is very well motivated in relationship with
several previous contributions. The main difficulty in treating this class of the
fractional differential equations is the possible lack of compactness due to the infinite
interval, besides the boundary condition which prevents from proving compactness
conditions. In order to overcome these difficulties, the authors use a special Banach
space which can establish some similar inequalities as finite interval. These better
properties can be guarantee that the operator is completely continuous.

The mathematical investigation of such problems has been the subject of several
research works during the last years (see, e.g., [1-5,7,9-16]).

In [1], Arara, Benchohra, Hamidi and Nieto discussed the existence of bounded
solutions, using Schauder’s fixed point theorem, of the following problem on an
unbounded domain:

‘Diry(t) = f(t,y(t) =0, teJ:=[0,+00),
u(0) = yo, y is bounded on J,
where 1 < a < 2 and yy € R.

In [5], Liang and Zhang considered the m-point BVP of fractional differential
equation on unbounded interval:

Dgu(t) +a(t) f(t,u(t)) =0, te(0,+00),
uw(0) =0, 4/(0)=0, Dg‘jlu(—i-oo) = 7712_12 Biu(&;),

where 2 < o < 3. Using a fixed point theorem for operators on a cone of a Ba-
nach space, sufficient conditions for the existence of multiple positive solutions were
established.

Su and Zhang [9] discussed the existence of unbounded solutions of the following
BVP using Schauder’s fixed point theorem:

Dy u(t) + f(t,u(t), Dy tu(t) = 0, ¢ € (0,+00),
w(0) =0, u(0)=0, D 'u(c0)=1tss, U €R,



