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Abstract. This paper is concerned with so-called index d generalized cyclo-
tomic mappings of a finite field IF;, which are functions IF,—IF, that agree with
a suitable monomial function x+—ax” on each coset of the index d subgroup of
;. We discuss two important rewriting procedures in the context of general-
ized cyclotomic mappings and present applications thereof that concern index
d generalized cyclotomic permutations of IF; and pertain to cycle structures,
the classification of (g—1)-cycles and involutions, as well as inversion.
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1 Introduction

1.1 Background and main results

Let g be a prime power, let w be a primitive root of Iy, let d be a positive integer
with d[g—1, and let C be the (unique) index d subgroup of IF;. Note that the

cosets of C in ]F; are of the form C;:=w'C fori=0,1,...,d—1. Index d cyclotomic
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and generalized cyclotomic mappings of IF; are an interesting yet still relatively
well-controlled generalization of monomial mappings (functions IF; — IF; of the
form x+— ax" for a fixed a € F; and non-negative integer r). They are studied in
varying degrees of generality. A generalized cyclotomic mapping of IF; of index
d is a function IF; — IF; of the form

0, if x=0,

A7) x 1.1
fa)(ﬂ 7’) X {aixri’ if xeC, iE{O,l,---,d_l} (-0

for fixed @=(ag,a1,...,44_1) € ]Fg and 7= (rg,71,...,74—1) € {1,...,%}’1, and we call
this representation of the function an w-cyclotomic form of it. If a'= (ap,...,.a;_1)€
]Fg and 7 = (Yor--iTy_q) € {1,2...,%}’1 are other choices of such tuples, then
fuw(@7) = fu(a ") if and only if @=a’ and r; =7/ for all i € {0,...,d—1} such that
a;=a;#0.

In case the entries of 7 are all equal, say to an integer 7, the function f,,(d,7) is
called an r-th order cyclotomic mapping of IF; of index d. We note that the notions
of a generalized cyclotomic mapping of IF; of index d and, for each fixed 7, of an
r-th order cyclotomic mapping of IF; of index d, are independent of the choice of
w. For more details, see [21].

In this paper, we are concerned with generalized cyclotomic mappings that
are permutations of IF,, or generalized cyclotomic permutations of F, for short.
Our two main results, given below as Theorems 1.1 and 1.2, provide ways to
rewrite the cyclotomic form (1.1) of such a permutation into two other important
forms.

For the first rewriting method, which is the subject of Theorem 1.1, we observe
that the generalized cyclotomic permutations of IF; of index d form a permutation
group on [F,. As 0 is a fixed point of every generalized cyclotomic permutation
of IF;, only the behavior on IF} is of interest, and so we will consider the per-
mutation group on IF; that consists of all restrictions to IF; of generalized cyclo-
tomic permutations of IF; of index d — this permutation group will be denoted by
GCP(d,q). The rewriting method of Theorem 1.1 is a permutation group isomor-
phism between GCP(d,q) and a certain imprimitive permutational wreath prod-
uct, described below. Since wreath products are well-understood, this allows one
to study certain aspects of generalized cyclotomic permutations, such as cycle
structure and conjugacy classes, using well-known results (dating back to a 1937
paper of Pélya, [19]), and we discuss such applications in Subsections 6.1 to 6.3.
In this context, we note that various authors have studied the cycle structures of
elements of certain classes of permutation polynomials over finite fields, see for
example [1,5,11,16].



