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Abstract: In this paper, it is proved that the commutator H g, which is generated
by the n-dimensional fractional Hardy operator H and b € A, (R™) is bounded from
LP(R™) to LY(R™), where 0 < @ < 1,1 < p,g < oo and 1/p—1/q = (a + B)/n.

Furthermore, the boundedness of Hg p on the homogenous Herz space K;"’p (R™) is

obtained.
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1 Introduction

Let f be a non-negative integrable function on RT. The classical Hardy operators are defined
by

1 [ < f(t
Hf(x):= 5/ ft)dt, H*f(z) ::/ @dt, x> 0.
0 T
The Hardy operators H and H* are adjoint mutually, that is
| @it = [ @ gz, (1)
0 0
where f € LP(RT), g€ LY(RT), 1 <p<ooand 1/p+1/q=1.

The most celebrated Hardy’s integral inequality established in [1] by Hardy which can
be stated as follows.

Theorem 1.1 If1 < p < oo, then
p * p
I H fllLr@+y < EHfHLP(Rﬂ’ IH* fllpa+y < ﬁ||f||Lq(R+)~ (1.2)
Moreover,

* p
IH | Le®+)—rr@+) = [ H" | La@+)—La@+) = L (1.3)
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where 1/p+1/q = 1.

The inequality (1.2) is a by-product of Hilbert’s double series theorem. The Hardy’s inte-
gral inequalities have drawn considerable attention (see [2]). In 1995, Christ and Grafakos!’l
obtained that

Theorem 1.2  Let f be a locally integrable function on R™, 1 < p < oo. Then

pVTL
[ flle@ny < o1 [ £l Lo enys (1.4)

where H is the n-dimensional Hardy operator which is defined by
1
Hi(z) = _/ fBdt,  ze R\ {0},
™ Jyti<al

and the constant pv, /(p — 1) is the best possible, v, = ©"/2/T'(1 +n/2).

In [4], Fu et al. defined the n-dimensional fractional Hardy operators as follows.

Definition 1.1 Let f be a locally integrable function on R™, B € R'. The n-dimensional

fractional Hardy operators are defined by

. ; * T - f(t)
Haf(x) := P /t|<|$| f)dt, Hif(z): /t|>|$| [t[=7

Obviously, when 8 = 0, Hp is just H. Hp and Hj satisfy
/ g(x)Hp f(x)dx :/ f@)H5g(x)dz. (1.5)
R R

dt,  zeR™\ {0}

Remark 1.1 It should be pointed out the range of 3 is [0, n) in [4].

Definition 1.2 Let b be a locally integrable function on R™, 8 € R'. We define the
commutators of n-dimensional fractional Hardy operators as follows:

Hpof = 0Haf —Ha(fb), M5, f = bHES — H5(fb).

Let By, = {z € R" : |z| < 2%}, Cx = By \ Br_1 and xx = x¢, for k € Z, where yg is the

characteristic function of set E.

Definition 1.3%]  Leta € R, 0 < p < 00 and 0 < g < 0o. The homogenous Herz space
KgP(R™) is defined by
Kg?®") i= { € Li®" \{0}) : |/l gzrgany < 00} 4

where

00 1/p
Hf”Kg"p(]R") :{ Z 2kap||ka||’£q(Rn)} .

k=—o0

Remark 1.2 KJP(R") = LP(R") and K3/PP(R") = LP(|z|*dz) for all 0 < p < oo and
acR.

In [4], the authors have obtained that the commutator Hg; which is generated by n-

dimensional fractional Hardy operator and a locally integrable function b is a bounded



