COMMUNICATIONS

MATHEMATICAL
RESEARCH
27(2)(2011), 139-146

On the Gracefulness of Graph (jCy,) U P,,*

ZHANG ZHI-SHANG!, ZHANG QING-CHENG? AND WANG CHUN-YUE!
(1. School of Applied Sciences, Jilin Teachers Institute of Engineering and Technology,
Changchun, 130052)

(2. School of Mathematics and Statistics, Northeast Normal University, Changchun, 130032)

Communicated by Lei Feng-chun

Abstract: The present paper deals with the gracefulness of unconnected graph
(jCuan) U P, and proves the following result: for positive integers n, 7 and m with
n > 1, 5 > 2, the unconnected graph (jCun) U Py, is a graceful graph form = j — 1
or m > n + j, where Cy, is a cycle with 4n vertexes, Py, is a path with m + 1
vertexes, and (jCun) U Py, denotes the disjoint union of j — Cy, and P,.
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1 Introduction

Most graceful graphs and graceful labeling methods trace their origin to a work by Rosalll
in 1967. However, the term “graceful labeling” were not used until Golomb gave such
labelings several years later (see [2]). The graceful labelings were introduced by Gallian!®!,
The gracefulness of graphs is connected with the graceful labeling. Dong!¥ proved that the
graph Cy, U Cy, U Py, is graceful for 4n < m < 4n + 2. On the basis of these theories, we
prove that the graph (jCyy) U Py, which denotes the disjoint union of j — Cy,, and P, is
graceful for all n and m = 5 — 1 or m > j + n. When studying graceful labelings, we only
consider simple graphs, i.e., graphs without loops or parallel edges.

2 Preliminaries

Definition 2.1 A4 graph G(V,E) is called graceful if for any v € V there exists a
nonnegative integer f(v) satisfying the following conditions:

(1) max{f(v)lv € V} = [E(G)];
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(2) for any u,v € V with u # v, f(u) # f(v);

(3) for any e1, ez € E(G) with e1 # ea, f'(e1) # f'(e2),
where f(v) is called to the labeling of the vertex v, f is a graceful value (or called graceful
labeling), f'(e) = |f(u) — f(v)|, and uwv = e are called edge labelings.

Definition 2.201  Let f be a graceful labeling of the graceful bipartite graph G = (X,Y,E).
If ma))(({f(u)} < mi}r/l{f(’u)}, then G is an alternating graph.
ue ve

Lemma 2.1 The cycle Cy, is a graceful graph and the graceful labeling 0 is as follows:
O(xop)=4n—k+1, k=1,2,--- 2n;
O(zar—1) =k — 1, k=1,2,---,m (2.1)
O(xop—1) =k, k=n+1,n+2---,2n.

Lemma 2.2[6  Let P, = vguy -+ - v be a path of length m. If m is an odd number, then
there exists an alternating labeling f of P, such that f(vo) =k for any k € {0,1,--- ,m}. If

m is an even number, then there exists an alternating labeling f of Py, such that f(vo) =k

3
for any k € {0,1,--- ,m} andkz;«é%, Tm

Lemma 2.3  Let Py, = vouy---var be a path. If m = 4k, then there exists a graceful

labeling f of Py such that f(vg) =k = %, and there exists a graceful labeling g of Py such
that g(vo) = 3k.

Proof.  Put a vertex labeling f of the path Py, = vgvy - - - vgi as follows:

f(van) =k —n, n=01,--k

Vo) =k +n, n=k+1,k+2, -2k
f(v2n) s
gf(’UQn_l):?)k/"i_'n7 n:1,27... 7k/:;

flogp-1)=3k—n+1, n=k+1,k+2,---,2k.
Clearly, f is a graceful labeling of the path Py, = vovy - - v4r such that f(vg) = k holds.
Let

9(u) = [E(Pax)| = f(u) = 4k — f(u),  uweV(Puw).
Then g is another graceful labeling such that

g(vo) = 4k — f(vo) = 3k.
From Lemmas 2.2 and 2.3 we have

Lemma 2.4  Let P,, = vgvy - - - Uy, be a path. Then there exists a graceful labeling f such
that f(vg) =n for any n € {0,1,--- ,m}.

3 The Gracefulness of Graph (jCy,) U Py,

Theorem 3.1  Letn > 1, j > 2. Then the graph (jCupn) U Py, is graceful form = j — 1
orm>n+j.



