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Abstract: In this paper, we investigate the existence of positive solutions of a class

higher order boundary value problems on time scales. The class of boundary value

problems educes a four-point (or three-point or two-point) boundary value problems,

for which some similar results are established. Our approach relies on the Kras-

nosel’skii fixed point theorem. The result of this paper is new and extends previously

known results.
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1 Introduction

In this paper, we study the existence of positive solutions of higher order boundary value

problem (BVP) on time scales as follows:

x(n)(t) + f(t, x(t)) = 0, a < t < b, (1.1)

x(a) = h
(∫ b

a

x(t)dφ(t)
)
, x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = g

(∫ b

a

x(t)dϕ(t)
)
, (1.2)

where

∫ b

a

x(t)dφ(t),

∫ b

a

x(t)dϕ(t) denote the Riemann-Stieltjes integrals.

We assume that

(H1) φ and ϕ are increasing nonconstant functions defined on [a, b] with φ(a) = ϕ(a) = 0;
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(H2) f is continuous and there exists M ≥ 0 such that

f : [a, b]×
[
− (b− a)n(n− 1)n−1

nnn!
M,+∞

)
→ [−M,+∞);

(H3) h and g are continuous and there exists M ≥ 0 such that

h, g :
[
− (b− a)n(n− 1)n−1

nnn!
M,+∞

)
→ [0,+∞).

Lemma 1.1 [1] Assume that

(1) x(t) is a bounded function on [a, b], i.e., there exist c, C ∈ R such that

c ≤ x(t) ≤ C, t ∈ [a, b];

(2) φ(t) and ϕ(t) are increasing on [a, b];

(3) Riemann-Stieltjes integrals

∫ b

a

x(t)dφ(t) and

∫ b

a

x(t)dϕ(t) exist.

Then there are numbers v1, v2 ∈ R with c ≤ v1, v2 ≤ C, such that∫ b

a

x(t)dφ(t) = v1(φ(b)− φ(a)),∫ b

a

x(t)dϕ(t) = v2(ϕ(b)− ϕ(a)).

Let α = φ(b) and β = ϕ(b). For any continuous solution x(t) of the BVP (1.1)-(1.2), by

Lemma 1.1, there exist ξ, η ∈ (a, b) such that∫ b

a

x(t)dφ(t) = x(ξ)(φ(b)− φ(a)) = x(ξ)φ(b) = αx(ξ),∫ b

a

x(t)dϕ(t) = x(η)(ϕ(b)− ϕ(a)) = x(η)ϕ(b) = βx(η).

If

h(t) = g(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, 0

]
and

h(t) = g(t) = t, t ∈ [0,+∞),

then (1.2) reduces to

x(a) = αx(ξ), x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = βx(η). (1.3)

The existence of positive solutions of the BVP (1.1)-(1.3) has been studied by several

authors when a = 0, b = 1 and n = 2 (see [2–4]).

If

h(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, +∞

]
,

g(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, 0

]
and

g(t) = t, t ∈ [0,+∞),

then (1.2) reduces to

x(a) = 0, x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = βx(η). (1.4)


