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Abstract. Isogenies occur throughout the theory of elliptic curves. Recently,
the cryptographic protocols based on isogenies are considered as candidates
of quantum-resistant cryptographic protocols. Given two elliptic curves Eq,E;
defined over a finite field k with the same trace, there is a nonconstant isogeny
B from E; to E; defined over k. This study gives out the index of Homy (E1,E;)
as a nonzero left ideal in Endy (E;) and figures out the correspondence between
isogenies and kernel ideals. In addition, some results about the non-trivial
minimal degree of isogenies between two elliptic curves are also provided.
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1 Introduction

Isogenies play an important part in the theory of elliptic curves. A recent research
area is cryptographic protocols based on the difficulty of constructing isogenies
between any two elliptic curves over finite fields [2,5,9]. These cryptographic
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protocols are supposed to resist the quantum computations. To get more facts
about isogenies, this paper concerns two problems related to isogenies.

Let F be a perfect field, and Eq,E; be elliptic curves defined over F, it has
been proved that Hom(E1,E;) is a free Z-module of rank at most 4 [15, Corol-
lary I11.7.5]. Furthermore, the possible ranks of End(E;) (or End(Ey)) are 1,2,4.
The possible result that rankz Hom(Ej,E;) =3 is proved to be negative. If there
is a nonconstant isogeny p from E, to E;, Hom(E1,E;)p is a nonzero left ideal of
End(E;,), then rankz Hom(E1,E;) =rankz End(E;). The index of Hom(E1,E>)B
in End(E;) is finite, but the exact result needs to be identified. Assume that the
characteristic of F is not 0. In addition, for the case char(F) =0, we will discuss it
in Appendix A.

In Waterhouse’s thesis [21], he introduced the concept of kernel ideals and
proved that the left ideals of End(E) are all kernel ideals for any elliptic curve E
over a finite field. Every such left ideal can induce an isogeny from E and ideal
multiplication corresponds to isogeny composition. Kohel figured out the cor-
respondence between the invertible ideals and the isogenies of ordinary elliptic
curves with the same endomorphism type [10]. In this paper, we explore the in-
dex of Homy (Eq,E)p as a left ideal in Endy(E;) for any nonconstant isogeny S
from E; to E; defined over a finite field k as the first problem. For ordinary ellip-
tic curves, not all isogenies can correspond to kernel ideals. We will also give out
a way to judge whether the isogenies correspond to kernel ideals in this case. In
addition, we consider the non-trivial minimal degree of isogenies between any
two elliptic curves over finite fields as the second problem.

The paper is organized as follows. In Section 2, we provide the preliminaries
on elliptic curves, isogenies, endomorphism rings and kernel ideals. The answer
to the first problem will be given out by Theorems 3.1 and 3.2 in Section 3. In
addition, the study of the second problem can be found in Section 4.

2 Preliminaries

2.1 Elliptic curves and isogenies

Let k be a finite field of characteristic p and let E be an elliptic curve defined over
k. E can be written in a generalized Weierstrass equation
E:y2+a1xy+a3y: x3+a2x2+a4x+a6.

For simplicity, if p >3, up to k-isomorphism, E can be written in the short Weier-
strass form
E:y2=x3+Ax+B



