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Abstract

This work is concerned with the nonlinear matrix equation X° + A*F(X)A = Q with
s > 1. Several sufficient and necessary conditions for the existence and uniqueness of
the Hermitian positive semidefinite solution are derived, and perturbation bounds are
presented.
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1. Introduction

Let M (n) be the set of all n x n matrices and P(n) be the set of all n x n Hermitian positive
semidefinite matrices. We consider nonlinear matrix equation

X*+ AF(X)A=Q (s> 1), (1.1)

where A € M(n), @ is an n x n Hermitian positive definite matrix, F' is a map from P(n) onto
P(n) or —P(n), and the Hermitian positive semidefinite solution X is sought. Here A* denotes
the conjugate transpose of the matrix A. Note that X is a solution of (1.1) if and only if it is
a fixed point of

G(X) = (Q — A*F(X)A)~.

The interest to study (1.1) arose, in particular, in connection with algebraic Riccati equations
[2,6,18,21], interpolation [27,30] and the analysis of ladder networks, dynamic programming,
control theory, stochastic filtering and statistics [2,16,17]. If s = 1, F(X) = —X ~1, the equation
can be written in the form X = Q + A*X'A. X is a solution of X = Q + A*X ' A if and
only if it is a solution of X = Q + A*(Q + A*X 1A)~'A. Assuming that A is invertible, this
equation can be written as

X -F*XF+F'X(R+X)'XF-Q=0,
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where F = A=*A, R = AQ ' A*. This is a special case of the discrete algebraic Riccati equation
X - S*XS+S*XB(R+B*XB) 'B*XS—-Q =0,

where Q = Q* and R = R* is invertible. For detail, see [21]. Several authors have considered
such a nonlinear matrix equation, see [2,9-17,19-21,24-29,31-33,35,36] and [23]. It can be cate-
gorized as a general system of nonlinear equations in cr’ space (see [3-7]), which includes the
linear and nonlinear matrix equations recently discussed in [3-7,18,24] as special cases.

In [15], El-Sayed and Ran discussed a set of equations of the form X + A*F(X)A = @, where
F maps positive definite matrices either onto positive definite matrices or onto negative definite
matrices, and satisfies some monotonicity property. Ran and Reurings [26] also considered the
equation X + A*F(X)A = Q. They derived the solutions and perturbation theory. In [29],
a perturbation analysis for nonlinear self-adjoint operator equations X = @ + A*F(X)A was
provided. Based on the elegant properties of the Thompson metric, Liao, Yao and Duan [24]
discussed the equation X® — A*F(X)A = @ (s > 1), where F : P(n) — P(n) is a self-adjoint
and nonexpansive map.

The paper is organized as follows. In Section 2, we consider the case F' : P(n) — P(n).
The necessary and sufficient conditions for the existence of Hermitian positive semidefinite
solution of the matrix equation are derived. A sufficient condition for the existence of a unique
Hermitian positive semidefinite solution of the matrix equation is given. Finally, perturbation
bounds between (1.1) and the perturbed equation

X+ AF(X)A=Q (s> 1) (1.2)

are presented, where A and @ are small perturbations of A and @, respectively. In Section 3,
we discuss the case F': P(n) — —P(n) in a similar way as Section 2. Finally, in Section 4, we
give some numerical examples.

Throughout this paper, we write A > B(A > B) if both A and B are Hermitian and A — B
is positive semidefinite (definite). In particular, A > 0(A > 0) means that A is a Hermitian
positive semidefinite (definite) matrix. ¢(n) denotes the closed set {X € P(n)|X > Q% }.
Further, the sets [A, B] and (A, B) are defined by [4, B] = {C|A < C < B}, (A,B) = {C]A <
C < B}, whereas L4 g denotes the line segment joining A and B, i.e., Ly p = {tA+(1—t)BJt €
[0,1]}. See [28] for more details about these matrix orderings. We use Apax(X) and Apin(X)
to denote the maximal and the minimal eigenvalues of an n x n Hermitian positive definite
matrix X. || - ||, || - |2 and || - || denote the unitary invariant norm, the spectral norm and the
Frobenius norm, respectively.

2. The Case F : P(n) — P(n)

In this section, we derive some necessary and sufficient conditions for the existence and the
uniqueness of a solution of (1.1) in the case that F': P(n) — P(n). The perturbation bound is
presented.

Lemma 2.1. ([34]) If A> B >0 and 0 <r <1, then
A" > B, (2.1)

Theorem 2.1. Let F : P(n) — P(n) be continuous on [0,Q%].



On the Nonlinear Matrix Equation X® + A*F(X)A = Q with s > 1 211

(i) If Eq. (1.1) has a Hermitian positive semidefinite solution X, then X < Q% and A*F(X)A <
Q.

(it) If A*F(X)A < Q for all X € [0,Q~], then (1.1) has a solution in [0, Q*].

Proof. From X > 0, it follows that X" > 0. Because F maps P(n) onto P(n), we know that
F(X) > 0. This implies that A*F(X)A > 0. According to Lemma 2.1 and 0 < 1 <1, we have

X = (Q- AF(X)A) < Q. (2.2)

Because F maps P(n) onto P(n), we know that F(X) > 0. Then A*F(X)A > 0. Assume
that A*F(X)A < @ for all X € [O,Qi]. Combining this with Lemma 2.1 and 0 < 1 < 1, we
obtain

0<(Q-AF(X)4)7 =G(X) <@, (2:3)

for all X € [O,Qi]. So G maps [O,Q%] onto itself. Since F' is continuous, so is G. Hence we
can apply Schauder’s fixed point theorem (see, e.g., [22], section 106), seeing that a fixed point
of G must exist. This fixed point is a solution of (1.1), which proves the second part of the
theorem. |

In order to obtain the uniqueness of the solution and the perturbation bound, we restrict
the map F' to be monotone, i.e., if X <Y implies F(X) < F(Y).

Theorem 2.2. Let F : P(n) — P(n) be continuous and monotone, and assume A*F(Q+)A <
Q. Then (1.1) has a solution X and

(Q-A"F(Q)A)* <X < Q. (2.4)
In particular, X is Hermitian positive definite.
Proof. If A*F(Q%)A < Q, then for all X € [(Q — A*F(Q+)A)*,Q%], it follows that
0< A*F(X)A < A*F(Q*)A < Q. (2.5)

Consequently,
0<Q-—A"F(Q)A< Q- A*F(X)A<Q.

Combining this with Lemma 2.1 and 0 < % < 1, we obtain

1

0<(Q—A"F(Q+)A)* < (Q— A*F(X)A)* = G(X) < Q.

1

So G maps [(Q — A*F(Q+)A)+,Q+] onto itself and it is continuous on this set. Hence it has a
fixed point in this set. This fixed point is a solution X of (1.1) and satisfies (2.4). O

Next we will apply Banach’s fixed point theorem to obtain the unique solution of (1.1). We
shall prove that the operator G is a strict contraction on the set [(Q — A*F(Q%)A)*,Q%]. For
this purpose, we will introduce the next lemma.

Lemma 2.2. ([8, Theorem X.3.8]) Let f be a monotone function on (0,00) and let A, B be
two Hermitian positive operators bounded below by a, i.e., A > al and B > al for the positive
number a. If there exists f'(a), then for every unitarily invariant norm || - ||, we have

1£(A) = f(B)II < f'(a)|A— B (2.6)
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Theorem 2.3. Assume that the conditions of Theorem 2.2 hold. Let o be the smallest eigen-
value of Q—A*F(Q)A. Ifb:= Las=1F (a%)||A||2 < 1, then the solution of (1.1) is the unique
1

S
1

solution in [(Q — A*F(Q+)A)*,Q+].

Proof. Assume that X; and X, are solutions of (1.1) in [(Q — A*F(Q*)A)*,Q*] with
X1 # Xa. Since F': P(n) — P(n) is continuous and monotone,
Q-AF(X))A>Q—-AF(Q:)A>al >0, j=12. (2.7)
So, by Lemmas 2.1 and 2.2, we have
[ X1 = Xo|| = [(Q ~ ATF(X1)4)* — (Q ~ A"F(Xa) )|
1
< ~at Q- ATF(X1)A - Q + AF(X)A|
1
= ;oﬁ’lnA*F(Xg)A — A*F(X))A|
1 1
< o HAJBIIF(X2) = F(X1)]- (2.8)
By the spectral mapping theorem, we have
0<a*I<(Q-AFQ%)A)* < X1, X,
Combining this with Lemma 2.2, we get
1 ’
| X1 = Xaf| < —a T HABE (07| Xz — X = b X1 — Xal. (2.9)

This contradicts the assumption b < 1. Hence (1.1) has a unique Hermitian positive solution
1 1

X in[(Q-AF(Q*)A)%,Q%). 0
Theorem 2.4. Assume that the conditions of Theorem 2.3 hold. Then
lim G*(Xy) = X, (2.10)
k— o0

1

for all Xo € [(Q — A*F(Q%)A)*,Q*]. The rate of convergence is given by
bk
1-9b
Proof. The first statement can be similarly deduced from Lemma 3.2 in [26]. Using Theorem
2.3 we see that

IG*(Xo) = XI| <

|G(Xo) — Xol|- (2.11)

IGF (Xo) — G*(Xo)|
= (Q — A*F(G*(X0))A)* — (Q — A*F(G*1(X0))A)*
< b]|G*(Xo) — GF1(Xo)|| < 0F|1G(Xo) — Xoll,

which yield (2.11). O

Remark 2.1. According to Theorem 2.4 and b := %a%_lFI (a%)

413)" ”
AI13)

It is easy to see that the convergence rate becomes larger as s increases.

| A||3, we have

(%oﬁ*lF'(aé)

IG* (X0) — X|| < G(Xo) — Xol|. (2.12)

1-— (%aé_lF/(ai)
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Next we will give an upper bound for | X — X||, where X denotes the umque solution of

(1.1) in [(Q — A*F(Q+)A)+,Q+] and X denotes a solution of (1.2) in [(Q — A*F(Q*)A)*,Q*].

Theorem 2.5. Let F' : P(n) — P(n) be continuous and monotone. Assume that (1.1) has a

Hermitian positz’ve solution X on [(Q—A*F(Q*)A)*,Q*]. Let v = min{Amin(Q—A*F(Q+)A),
Amin(Q — A*F(Q)A)} > 0. Ifc:=2a+™1, bi= Lot F(a¥)|| A3 < 1, then

IX - X <

—— (1@ = Qll+ (I 4ll2 + I Al IFD)ll2| A - A ). (2.13)

for all solutions X of (1.2).

Proof. According to Theorem 2.3, we know that X is the unique solution of (1.1). Since

F:P(n ) — P(n) is continuous and monotone and o = min{Anin(Q — A*F(Q+)A), Amin (Q —
A*F(Q+)A)} > 0, we have

Q-AFX)A>Q—A*F(Q+)A > al > 0. (2.14)

Because X is a solution of (1.2), we have
IFF®i<0. $<ab
Since F': P(n) — P(n) is continuous and monotone,
Q-AFX)A>Q- LFQHA

By the condition o = min{Amin(Q — A*F(Q*)A), Amin (Q — A*F(Q+)A)} > 0, we have

Q- AF(Q*)A>al >0, (2.15a)

Q-AF(X)A>Q—-A*F(Q+)A > al > 0. (2.15b)

Then Z*F(@%)E < Q. Applying Theorems 2.2 and 2.3, we know that (1.2) has a unique
solution X. We have by Lemma 2.2 that

IX = X[l = (Q - A"F(X)A)* — (Q - A"F(X)A)-||
-wan A F(X)A-Q+A'F(X)A|
=c|]Q-Q+A"F(X)A— A" F(X)A - A"F(X)A
+ A'F(X )A A'F(X ) +A*F(X)A||
< (1@ - QI + I AIBIFX) = FEI + (1Al + | A2) | F(X) 2l A - Al)).

| /\

By the spectral mapping theorem, we have

0<al<(Q-A"F(Q7)A): <X, (2.16a)

0<ail<(Q-AFQ7)A): <X (2.16b)
So, by Lemma 2.2, we get

IF(X) = FX)|| < F'(@*)| X = X]|
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Then
IX - X||
~ b~ ~ ~ ~
< C(HQ = QI+ AIF ()| X = X[ + (|All2 + Al F(X)]2]| A - AH))-
Since b < 1, we have (2.13). O

Remark 2.2. It is easy to see that the the perturbation bound becomes sharper as s increases.
Assume that s = 1 and consider the spectral norm. Then

— - 1
X-—X|: <
I - < —

= Farap (12— Qll+ (14l + AR IF(D]2]14 - Al ).

According to the definition of ¢(n) in [26], p(n) = [B,C]. M) is the smallest possible value
such that

sup [[F'(X)[l2 € My(n).
Xep(n)

Since F': P(n) — P(n) is continuous and monotone, we have

Fla) e {IF'(X)[l21X € e(n)}, F'(a) < sup [|[F'(X)][2 < My(n).

Xep(n)
Consequently,
- - 1 ~ ~ ~ ~
X = X2 Se——r———775 ([1Q — Qll2 + ([[All2 + [|All) | F(X)[[2]| A — A2
1—M«p<n>||A||§< )
NEON2)All2 + A = All2) A= Al | IQ-Qll2
- 1 — Myl AlI3 1= M) [ AlI3

This is the perturbation bound (16) in [26]. So the perturbation bound we get is smaller than
this bound.

The perturbation bound in Theorem 2.5 can be derived by using the approach in [26,29],
where perturbations of A, @, and F are allowed.

3. The Case F': P(n) — —P(n)
In this section, we will consider the case that F : P(n) — —P(n) is continuous. Consider
the map
Then

F:P(n)— —P(n) if H:P(n)— Pn),
X +A'FX)A=Q if X°-A"HX)A=Q.
So the equation we considered in this section is the same as that in [24]. But they assume

that F' is a self-adjoint and nonexpansive map. The technique they used in the analysis is the
elegant properties of the Thompson metric.

Theorem 3.1. Let F: P(n) — —P(n) be continuous on p(n).
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(i) If (1.1) has a Hermitian positive semidefinite solution X, then X > Q3.
(ii) If there exists a B > @Q such that
Q—-B<A'F(X)A<0, (3.1)

for all X € [Q%,B%], then (1.1) has a solution in [Q%,B%]. Moreover, if Q — B <
A*F(X)A <0 is satisfied for every X > Qi, then all solutions of (1.1) are in [Qi,B%].

Proof. First assume that (1.1) has a solution X > 0. Then F(X) < 0 and

X' =Q-A"FX)A>Q. (3.2)
Combining this inequality, the fact that 0 < % <1 and Lemma 2.1, we have X > Q%. Assume
that there is a B > Q such that Q — B < A*F(X)A < 0 holds for all X € [Q+, B*]. Then

0<-A"F(X)A<B-Q, (3.3a)

Q<Q-A"F(X)A<B. (3.3b)

So, by Lemma 2.1 and 0 < % <1, we have

1
s

QF < (Q-A'F(X)4)" = G(X) < B*. (3.4)

So G maps [Q% , Bi] onto itself and is continuous on this set, by Schauder’s fixed point theorem
[22], we know that G has a fixed point in [Q%, B%]. This fixed point is a solution of (1.1).
Further, assume that Q — B < A*F(X)A < 0 holds for all X > Q% and let X be a solution of
(1.1). Then

X' =Q-A*FX)A<Q-(Q—-B)=B. (3.5)

From 0 < % <1 and Lemma 2.1, it follows that X < B+. This completes the proof of (i). O
Next let F' be anti-monotone, i.e., X <Y implies that F(X) > F(Y).

Corollary 3.1. Let F : P(n) — —P(n) be continuous and anti-monotone and assume that
1

there exists a B such that Q — A*F(B%)A < B. Then (1.1) has a solution in X € [Q=,B+].
Proof. Assume that there exists a B such that Q — A*F(B*)A < B. Then for all X €
[Q, B*] we have
A*F(X)A> A*F(B*)A>Q — B. (3.6)
So condition (ii) of Theorem 3.1 is satisfied and the result follows. ]
Next we will introduce the mean-value theorem to get the unique solution of (1.1).

Lemma 3.1. ([1 Theorem 1.1.8]) Let F : U — M(n) (U C M(n) open) be differentiable at any
point of U. Then
IFEX) - F¥)I < _sup [IDF(Z)IX =Y, (3.7)

X, Y

forall X, Y € U.
Let M,y be the smallest possible value such that

sup [DF(Z)] < My(u)- (3.8)
Zep(n)
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Theorem 3.2. Let F : P(n) — —P(n) be continuous on o(n). Assume that (1.1) has a
i1

solution in @(n). If b= 1X:. “(Q)M.

om | All3 < 1, then this solution is the unique solution in
p(n).

Proof. Assume that X; and X5 are solutions of (1.1) in ¢(n) with X; # X3. Since F :
P(n) — —P(n) is continuous on ¢(n), we have

Q- A*F(X1)A > Q > Aum(Q)I > 0, (3.9a)
Q— A*F(X3)A > Q > Auim(Q)I > 0. (3.9b)

Using Lemmas 2.1 and 2.2 we have

1X1 — Xoll = (@ ~ A*F(X1)A)F — (Q — A"F(X2)A)*

< ALQIQ - AF(X)A - @+ A F(X)A|
= I @IATF(X) A~ A F(X)A|
1 1_
< i QIAIBIF(X2) = F(X)]. (3.10)

With the mean-value theorem we obtain

[F(X2) = F(X1)[ < sup  [[DF(Z)][| X2 — X4 (3.11)

ZeLx, xq
Because X1, X3 € ¢(n), it holds that Lx, x, C ¢(n). So

sup ||DF(2)| < My ().

€Lx,,xq
This implies that
1 14
1 = Xall < Mgy = A i @AIBIX: = Xl =X - %ol < X0 = Xall,  (312)
which is a contradiction. So X; and X5 must be equal. O

Theorem 3.3. Assume that the conditions of Theorem 3.2 hold. Then

lim G*(Xo) = X, (3.13)

k—o0

for all Xo € p(n). The rate of convergence is given by
k B b
G (o) ~ K| < T |G(Xo) ~ Xoll. (314)

Proof. The proof is similar to that of Theorems 2.4 and is omitted here. O

It is easy to see that the convergence rate becomes larger as s increases.
— 1 1
Theorem 3.4. Assume that (1.1) has a solution X in @(n). If o = min{A:, (@), A5, (@)},

» “'min
1 1
ci=2tas71 and b= tar T My, || All3 < 1, then

— =~ c
X-X| <
IX-%) <=

(1 = @Il + (4l + I AN | F(X) 21l A - A] ), (3.15)

for all solutions X of (1.2).
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Proof. According to Theorem 3.2, we know that X is the unique solution of (1.1). Since
F: P(n) — —P(n) is continuous on ¢(n), we have

Q—-AF(X)A>Q > Auin(Q) > al >0, (3.16a)
Q—AF(X)A> Q> Auin(Q)I > al > 0. (3.16b)
So, by Lemmas 2.1 and 2.2, we have
IX - X]|
= Q- A"F(X)A) —(Q - AF(X)4)

1
s

<t Q- AF(X)A- G+ A PO
=c|Q-Q+ A" F(X)A— A*F(X)A— A*F(X)A + A*F(X)A — A*F(X)A + A*F(X)A|
Sc@@—@%ﬂﬂ@ﬁ@ﬂ—ﬂfm+mm&+MMmﬂfmmﬁ—MM-
According to Lemma 3.1, we have
IX = X0 < c(1Q = @Il + 1AM |1 X = X + (1 Allz + 1 A12) IFD)1121 A - AID).
Since b < 1, it leads to (3.15). O

Remark 3.1. It is easy to see that the perturbation bound becomes sharper as s increases.
Assume s = 1 and consider the spectral norm. Then

. 1

X — X|ls <
1- M«p<n>||A||§(

< | F(X)|l2(2]|All2 + [|A — All2)[|A — All2 N 1Q — Q|2

- 1 — Myl All3 1— MymllAl3

w(n

1Q = @ll2 + (14]l2 + [ A)IF(X)]12| A - All2)

This is the perturbation bound (16) in [26]. So the perturbation bound we get is smaller than
this bound.

The perturbation bound in Theorem 3.4 can be derived by using the approach in [26,29],
where perturbations of A, @, and F are allowed.

4. Numerical Experiments

In this section, we use the methods given in Theorems 2.4 and 3.3 to compute the unique
Hermitian positive definite solution of (1.1). All numerical experiments are run in MATLAB
version 7.9. We denote the residual error by (X) = || X* + A*F(X)A — Q| r < 10710,

Experiment 4.1. We consider (1.1) when A € R"*" is given as in Example 6.2 from [5]:
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and Q = 2561,,. Assume that s = 2 and F(X) = X2. Then F : P(n) — P(n) is continuous and
monotone. It is easy to verify that A*F(Q%)A < Q. If we take n = 256, then b = 0.2614 < 1.

1 1

(1.1) has a unique solution X on [(Q — A*F(Q%)A)E,QE] and

lim G*(Xo) =X, VX € [(Q— A*F(QY)A)*, Q7).

k—o0

1

Indeed, when we take Xy = (Q — A*F(Q%)A)E, after 19 iterations we obtain the unique
Hermitian positive definite solution X and its residual error: ¢(X) = 8.0029 x 10~!*. When
we take Xg = Q%, after 20 iterations we obtain the same solution X and its residual error:
€(X) =8.0029 x 1011,

Experiment 4.2. We consider (1.1) when A is the same as in [6,18]:

3 -1
A= L e R
o
-1 3
and Q = 2561,. Assume that s =2 and F(X) = —X. Then F : P(n) - —P(n) is continuous.
If we take n = 256, then b = 0.5 < 1. (1.1) has a unique solution X in ¢(n) and

lim G*(Xo) =X, VXo € ¢(n).

k— o0
Indeed, when we take Xy = Qi, after 27 iterations we obtain the unique Hermitian positive
definite solution X and its residual error: e(X) = 6.6241 x 10~'1. When we take X, = 5Q*,
after 28 iterations we obtain the same solution X and its residual error: €(X) = 6.9649 x 1011,

5. Conclusions

We have considered the more general nonlinear matrix equation (1.1). In Section 2, the case
F : P(n) — P(n) was considered. The necessary and sufficient conditions for the existence of
Hermitian positive semidefinite solutions of the matrix equation are derived. Based on fixed
point theorem of contraction map, we prove that (1.1) always has a unique positive definite
solution. An iterative method is proposed to compute the unique positive definite solution. We
also show that the iterative method becomes more effective as s increases. Finally, perturbation
bound for the unique positive definite solution is presented. The bound improves some recent
results. In Section 3, we discuss the case F': P(n) — —P(n) in a similar way to Section 2.

Acknowledgments. The authors are very much indebted to the referees for their constructive
and valuable comments and suggestions which greatly improved the original manuscript of
this paper. This work of the first author is supported by Scholarship Award for Excellent
Doctoral Student granted by East China Normal University (No.XRZZ2012021). This work
of the second author is supported by the National Natural Science Foundation of China (No.
11071079), Natural Science Foundation of Anhui Province (No. 10040606Q47) and Natural
Science Foundation of Zhejiang Province (No. Y6110043). This work of the fourth author is
supported by the National Natural Science Foundation of China (No. 10901056), Science and
Technology Commission of Shanghai Municipality (No. 11QA1402200).



On the Nonlinear Matrix Equation X® + A*F(X)A = Q with s > 1 219

(1]

18]
[19]
[20]
21]
[22]
23]

24]

References

A. Ambrosetti and G. Prodi, A Primer of Nonlinear Analysis, Cambridge Studies in Advanced
Mathematics, Vol. 34, Cambridge University Press, Cambridge, 1993.

W.N. Anderson, T.D. Morley and G.E. Trapp, Positive solutions to X = A — BX 'B*, Linear
Algebra Appl., 134 (1990), 53-62.

Z.-7. Bai, A class of iteration methods based on the Moser formula for nonlinear equations in
Markov chains, Linear Algebra Appl., 266 (1997), 219-241.

Z.-Z. Bai, On Hermitian and skew-Hermitian splitting iteration methods for continuous Sylvester
equations, J. Comput. Math., 29 (2011), 185-198.

Z.-7. Bai and Y.-H. Gao, Modified Bernoulli iteration methods for quadratic matrix equation, J.
Comput. Math., 25 (2007), 498-511.

Z.-7. Bai, X.-X. Guo and S.-F. Xu, Alternately linearized implicit iteration methods for the min-
imal nonnegative solutions of nonsymmetric algebraic Riccati equations, Numer. Linear Algebra
Appl., 13 (2006), 655-674.

Z.-7. Bai, X.-X. Guo and J.-F. Yin, On two iteration methods for the quadratic matrix equations,
Intern. J. Numer. Anal. Modeling, 2 (2005), 114-122.

R. Bhatia, Matrix Analysis, Grad. Texts in Math. 169, Springer-Verlag, New York, 1997.

J. Cai and G.-L. Chen, Some investigation on Hermitian positive definite solutions of the matrix
equation X* + A*X YA = Q, Linear Algebra Appl., 430 (2009), 2448-2456.

J. Cai and G.-L. Chen, On the Hermitian positive definite solutions of nonlinear matrix equation
X+ A*X'A=Q, Appl. Math. Comput., 217 (2010), 117-123.

S.-H. Du and J.-C. Hou, Positive definite solutions of operator equations X™ + A* X "A = I,
Linear and Multilinear Algebra, 51 (2003), 163-173.

X.-F. Duan and A.-P. Liao, On the existence of Hermitian positive definite solutions of the matrix
equation X* + A*X YA = Q, Linear Algebra Appl., 429 (2008), 673-687.

S.M. El-Sayed, An algorithm for computing positive definite solutions of the nonlinear matrix
equation X + A*X YA =1, Int. J. Comput. Math., 80:12 (2003), 1527-1534.

S.M. El-Sayed and A.M. Al-Dbiban, On positive definite solutions of the nonlinear matrix equa-
tions X + A* X "A =1, Appl. Math. Comput., 151 (2004), 533-541.

S.M. El-Sayed and A.C.M. Ran, On an iterative method for solving a class of nonlinear matrix
equations, SIAM J. Matriz Anal. Appl., 23 (2001), 632-645.

J.C. Engwerda, On the existence of a positive definite solution of the matrix equation X +
ATXYA =1, Linear Algebra Appl., 194 (1993), 91-108.

J.C. Engwerda, A.C.M. Ran and A.L. Rijkeboer, Necessary and sufficient conditions for the ex-
istence of a positive definite solution of the matrix equation X + A*X ' A = I, Linear Algebra
Appl., 186 (1993), 255-275.

Y.-H. Gao and Z.-Z. Bai,On inexact Newton methods based on doubling iteration scheme for
nonsymmetric algebraic Riccati equations, Numer. Linear Algebra Appl., 18 (2011), 325-341.
X.-X. Guo, On Hermitian positive definite solution of nonlinear matrix equation X+A*X 24 = Q,
J. Comput. Math., 23 (2005), 513-526.

V.I. Hasanov and S.M. El-Sayed, On the positive definite solutions of nonlinear matrix equation
X + A" XA =Q, Linear Algebra Appl., 412 (2006), 154-160.

V.I. Hasanov, I.G. Ivanov and F. Uhlig, Improved perturbation estimates for the matrix equations
X + A*X YA = Q, Linear Algebra Appl., 379 (2004), 113-135.

V.I. Istratescu, Fixed Point Theorem, Mathematics and Its Applications, Vol. 7, Reidel, Dordrecht,
1981.

M. M. Konstantinov, D. Gu, V. Mehrmann and P. Petkov, Perturbation Theory of Matrix Equa-
tions, Elsevier, New York, 2003.

A.-P. Liao, G.-Z. Yao and X. Duan, Thompson metric method for solving a class of nonlinear



220

25]
(26]
27]
(28]
29]
(30]
(31]
(32]
33]
(34]
(35]

(36]

D.M. ZHOU, G.L. CHEN, G.X. WU AND X.Y. ZHANG

matrix equation, Appl. Math. Comput., 216 (2010), 1831-1836.

X.-G. Liu and H. Gao, On the positive definite solutions of the matrix equations X°*4+ AT X' 4 =
1, Linear Algebra Appl., 368 (2003), 83-97.

A.C.M. Ran and M.C.B. Reurings, On the nonlinear matrix equation X + A*F(X)A = Q: Solu-
tions and perturbation theory, Linear Algebra Appl., 346 (2002), 15-26.

A.C.M. Ran and M.C.B.Reurings, A nonlinear matrix equation connected to interpolation theory,
Linear Algebra Appl., 379 (2004), 289-302.

A.C.M. Ran and M.C.B. Reurings, A fixed point theorem in partially ordered sets and some
applications to matrix equations, Proc. Amer. Math. Soc., 132 (2004), 1435-1443.

A.C.M. Ran, M.C.B. Reurings and A.L. Rodman, A perturbation analysis for nonlinear selfadjoint
operators, SIAM J. Matriz Anal. Appl., 28 (2006), 89-104.

L.A. Sakhnovich, Interpolation Theory and Its Applications, Kluwer Academic Publishers, Dor-
drecht, The Netherlands, 1997.

Y .-T. Yang, The iterative method for solving nonlinear matrix equation X*+A*X"A = Q, Appl.
Math. Comput., 188 (2007), 46-53.

G.-Z. Yao, A.-P. Liao and X.-F. Duan, Positive definite solution of the matrix equation X =
Q+ A (I® X — C)° A, Numer Algor., 56 (2011), 349-361.

X.-Z. Zhan and J.-J. Xie, On the matrix equation X + AT X YA = I, Linear Algebra Appl., 247
(1996), 337-345.

X.-Z. Zhan, Matrix Inequalities, Lecture Notes in Mathematics, Vol. 1790, Springer-Verlag, Berlin,
Heidelberg, 2002.

Y.-H. Zhang, On Hermitian positive definite solutions of matrix equation X + A*X 24 = T,
Linear Algebra Appl., 372 (2003), 295-304.

D.-M. Zhou, G.-L. Chen, G.-X. Wu and X.-Y. Zhang, Some properties of the nonlinear matrix
equation X* + A*X ‘A = Q, J. Math. Anal. Appl., 392 (2012), 75-82.



