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A SUPERCONVERGENT FINITE ELEMENT SCHEME FOR THE
REISSNER-MINDLIN PLATE BY PROJECTION METHODS

JUNPING WANG AND XIU YE

Abstract. The Reissner-Mindlin model is frequently used by engineers for
plates and shells of small to moderate thickness. This model is well known
for its “locking” phenomenon so that many numerical approximations behave
poorly when the thickness parameter tends to zero. Following the formulation
derived by Brezzi and Fortin, we construct a new finite element scheme for the
Reissner-Mindlin model using L? projections onto appropriately-chosen finite
element spaces. A superconvergence result is established for the new finite ele-
ment solutions by using the L? projections. The superconvergence is based on
some regularity assumption for the Reissner-Mindlin model and is applicable to
any stable finite element methods with regular but non-uniform finite element

partitions.

Key Words. finite element methods, superconvergence, the method of least-

squares fitting, Reissner-Mindlin plate.

1. Introduction

The Reissner-Mindlin plate is a mathematical model that is frequently used
by engineers for plates and shells of small to moderate thickness. To describe the
model, we consider a plate or a shell of thickness ¢t > 0. Let €2 be the region occupied
by the plate. Denote by w = w(z,y) and ¢ = (¢1, p2)* the transverse deflection of
Q and the rotation of the fibers normal to €2, respectively. The Reissner-Mindlin
plate model determines w and ¢ as the unique solution to the following variational
problem: find (w, ¢) € HE(Q)x [H{(2)]? such that for all (v, 1) € H(Q)x[HE(2))?
(11) a(¢7¢)+)‘t_2(¢_vwv¢_vv) = (970)7
where ¢ is the scaled transverse loading function, A = Fk/2(1 + v) is the shear
modulus with E the Young’s modulus, v the Poisson ratio, k the shear correction
factor. The symbol V denotes the gradient operator. H'(f2) is the Sobolev space
defined by

HY(Q)={v: wveL*Q),Vve [L*(Q)*}.
Here L?(1Q) is the set of square integrable functions over the domain © with norm
|||l and inner product (-,-). H}(Q) is the subspace of H!(£2) consisting of functions
with vanishing boundary value. The bilinear form a(-,-) in (1.1) is given by

6.9) = s (1= V)ed): e(w) + V- 07 -4,
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where V- is the divergence operator, €(¢) = %[qu +Ve¢'],and -1 <v < %

An obvious numerical procedure for the Reissner-Mindlin model would be a
Galerkin finite element method based on the weak formulation (1.1) in which w
and ¢ are both approximated by continuous piecewise polynomials over a pre-
scribed finite element partition 7" of Q. However, such schemes are known to have
“locking” difficulty in that the resulting numerical approximations behave poorly
when the thickness parameter ¢ tends to zero. Many researchers have been working
on the Reissner-Mindlin model by aiming at designing efficient and “locking free”
numerical schemes. Among a few of successes, we mention the work of Brezzi and
Fortin [3] who derived a formulation for the Reissner-Mindlin model by introducing
two variables (the irrotational and solenoidal parts of the transverse shear strain)
in addition to the primitive variables (the transverse displacement and the rotation
vector) and developed a finite element method which is locking free. Inspired by
the work of Brezzi and Fortin, Arnold and Falk [1] developed an efficient trian-
gular element for the Reissner-Mindlin model in the primitive variables using the
P1 nonconforming linear element for the transverse displacement and conforming
linear element with bubbles for the rotation to the Reissner-Mindlin model. They
proved that the method converges with an optimal order uniformly with respect to
the thickness. For more literature, the reader is referred to [5] [6], [2], [4], [9] and
references therein.

The objective of this paper is to propose and analyze a modified scheme for
the Brezzi-Fortin method [3], which will yield numerical approximations for the
Reissner-Mindlin plate model with high order of accuracy. There are two challenges
to this task: (1) modification of the Brezzi-Fortin’s method, and (2) tedious analysis
for the postprocessing projection method of Wang [11]. Our result has potential
impact in practical computation for Reissner-Mindlin model in that it can provide
an efficient a posteriori error estimator for adaptive grid local refinement.

2. The Brezzi-Fortin Formulation and Approximation

We first introduce some standard notations. Denote by H™ () for any integer
m > 0 the Sobolev space:

H™Q) ={v: 00'052v € L*(Q),0; > 0,01 + 2 <}

with norm given by

Nl

lolls =1 > oz ag=ol?

ar+az<m

For non-integer values of m, H™(Q) is defined via the standard interpolation
method. Let D(2) be the linear space of infinitely differentiable functions with
compact support on 2. As usual, H(12) is the closure of D(€2) with respect to the
norm | - ||s. For any function ¢ € Hg (), denote its curl by

VX ¢ = 01 — 01¢2.
Denote by V+ the formal adjoint of Vx given by

-0
v (). ser@.

Following [1], without loss of generality we may assume that A = 1 and
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The formulation of Brezzi and Fortin [3] for the problem (1.1) was based on the
following Helmholtz decomposition of the shear strain vector:
(2.1) t72(Vw — ¢) = Vr + Vip,

with (r, p) € H}(Q) x H'()/R. Through a careful calculation, Brezzi and Fortin
[3, 1] proved that the solution w and ¢ to the Reissner-Mindlin plate model (1.1)
can be obtained from the following sequential procedure:

(1) Find r € H} () such that
(2.2) (Vr, Vs) = (9,9),
for all s € HL ().
(2) Find (¢,p) € [HE(Q)]? x HY(Q)/R such that
(23) <V¢7 V"/’) - (vlp’ d’) - (VT', ¢)7
(2.4) —(¢, Vg —t(Vp,Vig) = 0,
for all ¢ € [HE(Q)]? and ¢ € H(Q)/R.
(3) Find w € HY(Q) such that
(2.5) (Vw, Vu) = (¢ + t2Vr, V).
for all uw € HL(Q).
Observe that the equation in the third step can be reduced to
(2.6) (Vw, Vu) = (¢, Vu) + t2(g,u).

Based on the above sequential formulation, Brezzi and Fortin proposed and
analyzed a finite element method which can be described as follows. Let 7" be
a finite element partition of the domain 2 with mesh size h. Assume that the
partition 77" is quasi-uniform; i.e., it is regular and satisfies the inverse assumption
[7]. Denote by Py the space of polynomials of degree no more than k. Let Pr
be a finite dimensional space defined on T € T" such that Py, C Pr C CY(T).
Associated with the partition 7", define

M, = {u: weH}Q), ulr € P, VT €T"},
My = {4: e HY}? Y|r € PrxPp, VT cT"},
My = {q: q€HYQ), ¢r€P,, VT eT"}
My = {u: weH}Q), ulp € Py, VT € T"}.

For numerical stability consideration, assume that the finite element spaces M5 and
M3 satisfy the following inf-sup condition:

(2.7) sup M

Zﬁ*HqHa qu?n
neds |l

where 5* > 0 is an absolute constant independent of the mesh parameter h.
The corresponding finite element method of Brezzi and Fortin for the problems
(2.2)-(2.5) can be stated as follows:

(1) Find 7y, € My such that
(28) (V/th VS) = (ga S)a
for all s € Mj.
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(2) Find (¢y,,pn) € My x M3/R such that
(2.9) (Vo V) — (V1pr,¥) = (Vin,¥),
(2.10) —(@,, V+q) —t3(Vi,, Vg = 0,

for all 4 € My and g € M3/R.
(3) Find wy, € My such that

(2.11) (Vion, Vu) = (¢, + 12V, V).
for all u € My.

The numerical approximation obtained from the above finite element procedure
has the following error estimates:

Theorem 2.1. Let (r,¢,p,w) and (71, Gy, pr,wn) be the solutions of (2.2)-(2.5)
and (2.8)-(2.11) respectively. Assume that the inf-sup condition (2.7) is satisfied
for the finite element spaces My and Ms. Then, there there exists a constant C
independent of h such that

(2.12) [r —7alli <C inf |lr —ully,
we M,

¢ = dplls + llp = Dl + tllp —pulli < C| inf [l¢ =l
PeM,

(213 +t inf o=l + i o= ol + 190 m)l).
and
@10 u- = (g o= ol + -l + V0=l )

For a detailed proof, readers are referred to either the original paper by Brezzi
and Fortin [3] or a subsequent discussion by Arnold and Falk [1].

For the purpose of error analysis, we state a regularity result for the solution of
a general problem which seeks (r, ¢, p,w) € H}(Q) x [H}(Q)]2 x HY()/R x HL(Q)
such that

(2.15) (Vr, Vs) =(g,8) Vs € H} (),
(2.16) (Vo, V) = (Vip, o) = (f.9) Vap € [Hy ()%,
(217) (6, V') =3 (V'p, Vg = (k) Vg e H'(Q)/R,
(2.18) (Vw,Vu) = (L,u) Yu € Hy(Q).

It is not hard to see the following regularity result [3, 1].

Proposition 2.1. Let r,¢,p,w be the solution of (2.15)-(2.18). Assume that the
domain Q is sufficiently regular. Then, there exists a constant C such that

I7lls + ll@lls + [[plls—1 + tllplls + [lwlls < C ([lglls—2
(2.19) 1 lls—2 + lslls—1 + (1€l s—2) ,

for any fixed s > 1, provided that the data g, f, Kk, and £ are smooth enough so that
the right-hand side of (2.19) is well-defined.
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3. A Remark to the Brezzi-Fortin Formulation

The Brezzi-Fortin scheme (2.8)-(2.11) is based on the Brezzi-Fortin formulation
(2.2)-(2.5) for the Reissner-Mindlin plate model. As pointed out in the previous
section, the equation (2.5) can be replaced by (2.6) in the reformulation of the
Reissner-Mindlin plate problem, yielding a variational form that does not explicitly
depend upon the variable r. Consequently, the last step (2.11) in the Brezzi-Fortin
scheme can be replaced by the following one:

(3’) Find wy, € My such that
(3.1) (Viy, Vu) = (@, Vu) + (g, u).
for all w € My.

Note that if My C M, then the scheme (3.1) is the same as the original Brezzi-
Fortin scheme (2.11). In general, (3.1) is easier, simpler, and more accurate than
(2.11).

With the above modification, the new approximation wy of w has the following
simplified and more accurate error estimate:

52) o= dnly < (g o=l + 16 - Gl
vEMy
The proof for (3.2) is straightforward and is left as an exercise.

4. A Finite Element Scheme based on the Least-Squares Surface Fitting

The post-processing technique introduced by Wang [11] is to project (in L2
space) the finite element solution to another finite element space with different and
carefully-designed approximation properties. The projection space is constructed
as a finite element space associated with a coarser mesh with higher order of polyno-
mials than the originally used finite element space in the numerical discretization.
This is essentially a coarsening procedure which eliminates the dominating error of
high oscillation modes in the solution.

The objective of this section is to propose a modification of the Brezzi-Fortin
scheme by using the projection method [11]. To this end, let 7, (i = 1,2,3,4) be
four finite element partitions with mesh size 7; (i = 1,2,3,4) such that h << 7.
Assume that 7, and h have the following relation:

(4.1) m=h", i=1,234.

with «; € (0,1). We will see that a; plays an important role in achieving a super-
convergence for the Brezzi-Fortin’s finite element approximation of the Reissner-
Mindlin plate model.

Let R, ®,,, P-, and W, be four finite element spaces consisting of piece-
wise polynomials of degree ni, na, ng, and n4 associated with the partition 7,,
i =1,2,3,4, respectively. Define R,,, ¥,,, Pr, and W,, to be the four L? projec-
tion operators from L?({)) onto the finite element spaces R,,, ®,,, P, and W,
respectively. Our modified Brezzi-Fortin finite element scheme is given as follows.

(1) Find ry, € My such that
(42) (V’I"h, VS) = (ga S)a
for all s € Mj.
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(2) Find (¢y,,pn) € Mz x Ms/R such that
(4.3) (Vn, Vo) = (V- i, ) (VRzmn, %),
(4.4) —(¢p, Vq) = *(Vpn, Vig) = 0,

for all ¥ € My and q € M3/R.
(3) Find w, € My such that

(4.5) (Vwn, Vu) = (Ur, ¢, Vu) +1%(g, u).
for all u € My.

Analogous to Theorem 2.1, we have the following result.

Theorem 4.1. Let (r,¢,p,w) and (1, ¢, n, wp) be the solutions of (2.2)-(2.4),
(2.6) and (4.2)-(4.5), respectively. If the inf-sup condition (2.7) is satisfied for the
finite element spaces My and Ms, then there exists a constant C' independent of h
such that

4. — < inf —
(46) Ir=rally < € inf |Ir = ull,

16~ dull+ o=l +tlp =l < € int I~ vl

@n et gl nt lpal +1V0 - Roml )

and

(4.8) ||wwh|130< inf ||wv||1+||¢wf2¢h||).
vEMy

The above error estimates do not imply any superconvergence for the Reissner-
Mindlin plate problem. However, they do indicate that the error pollution in the
sequential procedure (from r to ¢ then to w) can be significantly reduced by us-
ing the projection method. For example, the error estimate (4.7) shows that the
accuracy for ¢, is dominated by the approximation property of the finite element
spaces My and Ms, provided that ||V(r — R, )| is arbitrarily small. The same
statement can be made for the numerical approximation wy, from the error estimate
(4.8).

5. Superconvergence by L? Projections

The goal of this section is to show that an appropriately-defined L? projection
of the finite element approximation (rp, @y, pn,wn) obtained from (4.2)-(4.5) is
superconvergent to the exact solution (r, ¢, p, w) of the system (2.2)-(2.4) and (2.6).
The results are stated in Theorem 5.2 for the approximation of ¢ (the rotation of
the plate fibers normal to §2) and Theorem 5.4 for the approximation of w (the
transverse deflection of Q).

With that said, we begin our detailed and tedious analysis as follows.

Lemma 5.1. Assume that the reqularity (2.19) holds true with 1 < s < min(2, k; +
1) and R,, C H*"2(Q). Then there exists a constant C independent of h and
such that

(5.1) 1Rey7 = Ry || < CRFFemtbenmin @229y 4y

where ay € (0,1) is as defined in (4.1).
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Proof. See Wang [11].
If the solution of (2.2), r, is sufficiently smooth, then

(5:2) Ir = Reyrl| < CT FH irllng 41 = CR 4D Iy
Combining (5.1) with (5.2), we obtain the following result.

Theorem 5.1. Assume that the reqularity (2.19) holds true with 1 < s < min(2, k1+
1) and R,, C H*72(2). Then, we have

(5.3) 7 = Reyrnll + Vo, (1 = Reyrn) | < CHP (|7 lnyg1 + I7llky 1)
where a; = m&g—m and 1 = ai(n1 + 1) and the gradient V., should be

taken element by element over 7., .
Next, we move to the analysis for the solution of (4.3)-(4.4).

Lemma 5.2. Assume that the reqularity estimate (2.19) holds true with 1 < s <
min(2, ks + 1) and ®,, C H5~2(Q). Then there exists a constant C independent of
h and 19 such that

Vo — Wiy | < Cpmintersmlboremmn@2=9) (g,
(5-4) + plkosr + 17l + el 1)
where ag € (0,1) is as defined in (4.1).
Proof. The definition of || - || and ¥, implies that

H\IJT2¢_\IIT2¢hH = sSup |(\IIT2¢_‘IJT2¢h7’7)|
YE[L2(Q)]2,]IvII=1

and
(\IIT2¢ - \IJTz(ﬁh,’Y) = (¢ - ¢h7\IjT27)‘
Thus,

H\IJT2¢_\I/7'2¢}LH = sup |(¢_¢h7\p7’27)"
YE[L2(D)2,|lvlI=1

Consider the following problem: find (x, \) € [H(Q2)]? x HY(Q)/R such that for
all (¥,q) € [Hg(Q)]? x H'(Q)/R
(5.5) Vi, VX) = (@, VEX) = (¥r,7,%)
(5.6) (Vg 0) - (VA Vg = 0.
Let ¢ = ¢ — ¢, and ¢ = p — pp, in (5.5) and (5.6) respectively. Then adding (5.5)
and (5.6) gives

(\Ij‘rz’y?¢_¢h) = (v(d)_d)h)aVX) - (d)_d)hva)‘)

(5.7) ~(VE(p =), x) — (V- (p = pr), V).
Subtracting (4.3) from (2.3) and (4.4) from (2.4) and adding the resulting equations
give that for all ¢ € My and q € M3

(V¢ — 1), V) = (V(p —pn),¥) — (¢ — ¢y, V'q)
(5.8) —tQ(Vl(p —pn), VLq) = (V(r—=Ryrn),¥).
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Subtracting the above equation from (5.7) and using (2.19), we have
|(\IIT273¢_¢h)| < inf |(v(¢_¢h)7v(x_’l/)))_(¢_¢h7vJ—(A_Q))

PYEMs,qE M3
(VE(p—pn),x — ) =3 (V (0 —pn), VI (A = q))
(V(’I“ - Rnrh)7¢)|

< Ch Mo — @pllillxlls + 7o — @pllilIAs—1

+ 2 Hlp = pallixlls

+ 2R lp = pall M + e = Reyralllxlls

< O Y@l k1 [Ty Ylls—2 + A Ipl ey 11 | Wy 52
+ AP (Il sr + 17k ) 127 Yl s —2-

Hence, the desired estimate (5.4) follows from the above with an application of the
inverse inequality. [

Theorem 5.2. Assume that the regularity estimate (2.19) holds true with 1 < s <
min(2, ky + 1) and ®,, C H*72(2). Then, we have

lp = Vrdnll + h2[Vry(d = Vrydp)ll < CO= ([ Bllnssr + [ Dlliats + [D]lko+1
(5.9) + el + D7l +2)

ke
where g = % and B2 = as(ns +1).

Proof. By the definition of ¥,,, we have

(5.10) 16 = Urbnll < CT5* M @llnz 1 = Ch™> 5V bz 1.
Combining (5.4) and (5.10) gives

16 = Trtpll < &= Vr@ll + [ ¥r,¢0 = Urppy|| < ChO224D b, 0
t Opminthats =160 +az min (0.2-5) (|| gl
+ Mpllkosr + 17l + 17l )
The above error estimate can be optimized by choosing as such that
az(ng +1) =min (k2 + s — 1, 61) + azmin (0,2 — s).
Solving the above equation gives

min(ky + s — 1, 61)

5.11 _ .
( ) a2 ng + 1 —min(0,2 — s)

Thus,

1 = Wryppll < OB ([ Bllnats + 1 Dllkasr + IDlkats + [7lmgsr + Il 1)
. in (ka+s—1,
with /82 = mlr;;fltsmml(.}é,)ér—]li‘)kl)
The gradient term ||V, (¢ — ¥, ;)| can be estimated in a similar manner, and
is thus omitted. g

Lemma 5.3. Assume that (2.19) holds true with 1 < s < min(2,ks + 1) and
P., C H572(Q). Then there exists a constant C independent of h and T3 such that

1Prop = Propnl| < Cprintatsmtfntasmmn@2=9) (), 4y
(5.12) + plkosr + 17l + el 1)
where az € (0,1) is as defined in (4.1).
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Proof. The definition of || - || and P, gives

|Prop — Prypnll = sup |(Pryp — Prypn, )|
YEL2(Q),[|ly]|=1
and
(Prsp — Prypn,¥) = (P — Phs Pry)-
Then

|Prsp — Prypall = sup |(p = phs PryY)|-
YEL2(Q),]l]]=1

Consider the following problem: find (&, ) € [H}(Q)]? x H*(Q)/R such that for
all (1,q) € [Hy(Q)]* x H'(Q)/R
(514) _(VL(L 5) - tQ(VL/uﬁ VLQ) = (’P'r3’7> q)‘
Let ¥ = ¢ — ¢, and ¢ = p — pp, in (5.13) and (5.14) respectively. Then adding
(5.13) and (5.14) gives

(PTS'Yap - ph) = (V(¢ - ¢h)? v&) - (¢ - ¢ha VL/’(‘)

(5.15) = (VP =P, = (VP = pn), V).

Subtracting (5.8) from (5.15) and using (2.19), we have that for all ¢» € M> and
q € Ms

|(Prav,p —pn)| - < inf_|(V(¢—¢,), V(E—1)) — (¢~ ¢, V(1 —q))

PYEMs,qE M3
(VE(p—pn), € =) = (V- (p = pn), V(1 — q))
(V(’I‘ - Rnrh)?'(/)”

< Ch g = @ulluliélls + 2l — pllullells—1

+ 7 Hlp = pallllEls

+ 0 p = pallallplls + e = Reyralllixlls

< COE= @ llka st IPraylls—z + R pllkgsa [ Pry -2
(5.16) + DIl 1+ 7k 1Pyl
Hence, the desired estimate (5.12) follows from the inverse inequality. g

The following is a superconvergence result for the auxiliary variable p which was
introduced by using the Helmholtz decomposition (2.1).

Theorem 5.3. Assume that (2.19) holds true with 1 < s < min(2,ke + 1) and
P,, C H*72(Q). Then, we have

lp = Prapull + h%2||Vry (p = Prypn) | < CHP ([pllngt1 + 1]l z41
(5.17) + Mpllkosr + 117l + 7l +1)

min (ko+s—1,81) o
Tt —mms—s and s = as(nz +1).

where ag =
Proof. By the definition of P, we have
(5.18) lp = Prypll < CT52* [pllngr1 = CROCH D] || 4.
Combining (5.12) and (5.18) gives

lp = Proprll < llp = Propll + [|Pryp = Propull < ChC 4D [pl| 1

+ CprintatembB)TaaminO2=9) (1), 1+ [|pllg-+1

+ 7l el )-
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The above error estimate can be optimized by choosing ag such that
ag(ns +1) =min(ks +s — 1, 81) + azmin (0,2 — s).
Solving the above equation gives

min(ky + s — 1, 61)

5.19 = .
(5.19) s n3 + 1 —min(0,2 — s)

Thus

lp = Prapull < CR® (Ipllng1 + 10 kat1 + [Plkars + 17llng 1 + il +1)
min(k2+s—1,81)(n3+1)

nz+1—min(0,2—s)

The gradient term ||V, (p — Prypn)|| can be estimated in a similar manner, and
is thus omitted. O

where (33 =

The rest of this section is devoted to a superconvergence for the approximation
of the transverse deflection of the plate.

Lemma 5.4. Assume that (2.19) holds true with 1 < s < min(2,k3 + 1) and
W,, C H*=%(Q). Then there exists a constant C independent of h and 74 such that

Wrow = Wrwy|| < Crmintetsmhfaltasmin @229 (gl 4y 4 [[p]lke1
(5.20) + Mwllks 1 + 1@ llnra + rllng 2 + I7llk 1)
where ay € (0,1) is as defined in (4.1).
Proof. The definition of || - || and W,, gives

[Wr,w — Wrwsl| = sup |(Wr,w = Wrwh, )
YEL2(Q),llv[=1
and
Wraw = Wrwp, ) = (w — wp, Wr, ).
Then

HW‘Mw_meh” = sup |(w_whaWT4 )‘
YEL2(Q),[lvlI=1

Consider the following problem: find w € H}(Q) such that

(5.21) (V. Vw) = Wr1,9) Vo € Hy(9Q).
Subtracting (4.5) from (2.6) gives
(5.22) (V(w —wp),Vu) = (¢ — ¥y, Vu) Yu € My.

Let ¢ = w — wy, in (5.21). Using (5.22), we have
(WM'Ya w = wh) = (V(w - u)? V(w - wh)) + (¢ - \Ij'rzd)hv Vu)
Thus,

(Wriyyw—wn)] < sup [(Viw =), V(w = wn)) + (¢ = Ur by, V)

C (W Hwllkyr1llwlls + [ — rypllwlls)
< ChmintstsmL8) (g1 + |Bllnsr1 + |llkar1
+ IPllkerr + 17y w1 + 7oy +10) Wy lls—2,

which, together with an use of the standard inverse inequality, gives rise to (5.20).
|

IN

A similar analysis can be applied to yield the following result.
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Theorem 5.4. Assume that (2.19) holds true with 1 < s < min(2,ks + 1) and
W,, C H*"%(Q). Then, we have

lw = Wrawnll + bV (w = Wrwn) | < CR*(|[wllngs1 + w1

+ NDllkot1 + 11 @llnot1 + plkatr + 17 llnsr + (171l 41)

min (ks+s—1,82)

where ay = P gy S and B4 = ag(ng + 1).

6. An Application

In this section, we will apply the results derived in the previous section to an
element introduce by Brezzi and Fortin [3]. In this finite element method, the finite
element spaces M7y, My, M3 and M, are given as follows:

My, = {u: ue€ HYQ), ulr e P, VT €T"},
M, = [M; & Bs)?,

Ms = {q: g€ H(Q), q|r € P, VT € T"},
My = My,

where Bj is the cubic bubble function and T" is a regular triangulation of the
domain Q. Let (r, ¢,p,w) and (7p, @y, Dn, Wp) be the solutions of (2.2)-(2.5) and
(2.8)-(2.11) respectively. The following estimate was obtained in [3].

I = 7nlls + I = @plls + llp = Drll + tllp — Pulls + l[w — @all < Chlg].

Recall that the results established in Section 5 are based on H°®-regularity for
the problems (2.2)-(2.5) with 1 < s < k; + 1 with ¢ = 1,2,3. For this element, we
have k; = ko = k3 = 1. Therefore, the problem (2.2)-(2.5) must have H*-regularity
(1 < s <2) in order to make use of those estimates. For simplicity, assume that
the problem has H2-regularity.

The fitting finite element space R, , ®,,, P, and W,, must be selected to be
subsets of H*~2(§)). Since s = 2, we see that R, ®,,, Py, and W, could be chosen
as finite element spaces consisting of discontinuous piecewise polynomials of degree
n1, na, ng and ny respectively. Let (rp, ¢y, pn, wy) be the solution of (4.2)-(4.5).
Using Theorems 5.1-5.4 we obtain the following estimates:

I = Reyrall < CR2(|[7]lny 1 + [I7]12)
and .
[V (r = Reyrn) | < CRHFT([[r]lny 1 + [I7]l2)-
Since (1 = 2, we have

1 = Tr, @l < CRA([ ]2 + l|bllns 41 + [IPll2 + 7 llny 1 + [17l2),
2ng

Ve, (@ — Wr, )| < Ch72E([[ll2 + | @llnata + [Ipll2 + 7]y 12 + lI7ll2),
lp = Propnll < CR2([@ll2 + [IPllnar1 + [Pll2 + [7llny+1 + lI7ll2),

and

2"3

Vs (p = Prypr) | < Ch7s3 ([ @2 + [Ipllns+1 + lIpll2 + [[7]ln+1 + [I7][2)-
Since (31 = (B2 = 2, it follows that
[w = Wrwn|| < Ch2([|wlln,g1 + [wllz + @l + | @llnss1 + pll2 + [7]lny 41+ [[7]]2),
and
2ny
[Vry(w =Wrwp)|| < ChPaT (wllz + [wlln,+1 + [|@]l2
+ D lnatr + lPll2 + I7llny 1 + [I7]]2)-
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We view ¥, ¢, and W,, w), as new approximate solutions to the unknown func-
tions ¢ and w. The above estimates certainly do not indicate any sort of super-
convergence for this new set of approximations in the L? norm. However, super-
convergence for the gradient of the variables can be achieved. For example, with
ny = ng = ng = ng = 2 (piecewise quadratic elements), the post-processed approx-
imation Rr, 74, Y7, @y, Pr,pn and W, ,wy, have the following superconvergence:

IV, (r = Reyra) | < ChE([I7]ls + [I7l2),

IV (¢ = Uryp)ll < CB5 ([ ]la + I 8lls + [Ipll2 + 1715 + [I7]l2),

4
[Vrs (P = Prypn) [l < Ch3 (|2 + lIplls + [[pll2 + [I7lls + [I7]]2),
and

4
IV (w = Wrywn)|| < Ch3 ([lwlle + [lwlls + [|@ll2 + lIplls + llpll2 + [I7lls + [Ir]l2)-

Assume that the exact solution is sufficiently smooth. Then it can be shown
that
IV (r =Ryl = O(h?), as ng — oo

Similar results can be established for the approximate solution ¥, ¢, and W, , wy,.
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