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e Abstra.ﬁt

The idsa and technique usad in [7] are apphed to the multiplicative inverse eigenvalue problems as
well. Some sufficient and necessary conditions that the multiplicative inverse eigenvalue problems be.
unsolvable almost everywhers are gn;ren Ths resnlm are mrmlar to those of [7], but the proofs are more

~ -complicated. ; 3f—+ G

§1 lntl'oductmn e W MR | Bl
P
..The multiplicative inverse elgenvalue prnblemﬂ for real” matncea P tha

followmg (see [2], [41): i |
.. Problem M-1. GivenannXn positive deﬁmte symmatnﬁ matmx A & non-~
zero Teal numbers Ay, ¢, Ag and k+1 nonnegative integers re, 71, **y Tk satisfying
ettt =0 (Ic;l), find a real nXxn diagonal matrix O=dmg(ci, ses, 0,) sSuch
" that the matrix A has a zero eigenvalue of mulmplmlty re and mgenvalues_- Mg, *%s
Ay Of multlphmty g4, **+, T, Tespectively. £ = b E D
Problem GM-1. Gwen m real nxn symmetrio matrmes Ai, oo, Am, k& mon-
zero real numbers Ay, +--, A and k41 nonnegative integers ro, ry, *»*, 7% satisfying
rot-ore+r- =1 (k}l), find 7 real numbers ¢y, **+, 6 sSuch that the matrix. ciA4
+ovetCmdm has a zero eigenvalue of mulhphmt-y ro and e:genvalues ?Li, ?.;.; of
multiplicity o5, «*, T, respectively.. * | i
Problem M-2. .Given a real nxn nonsingular mairix 'A- ~k non—’zerﬂ -real
numbers Ay, -+, Ax and E+1 nonnﬂgaﬁv’e integers 7o, 71, ***; T satlsfymg Toto1+ 1
+rn-—n(k;==1), find a real nXn diagonal matrix Osdlag(ci, +ss, ¢,) Such that the
matrix CA is diagonalizable and has a zero eigenvalue of mulhpllmty re and
eigenvalues Ay, *-, A of multiplicity. 115 ***, Ty, Yespeotively.
Problem GM-2. Given m real nx’.n matrices .Ai, '-4-,.;_ Aﬂi‘ 1’:_ non-—zero real

facta I M B |

numbers A1, *++, Ay and & +1 nonnega.twe 1nwgers To, 115 -y.f_;*:iﬁ-% Liyg y Ta'ﬂ'if-;ri+ see
=1 (k}l), find m real numbers .. £y O guch that the ?ﬁﬂli:?xﬁi+"- + Cmdm

is dla.gonahzabla and has a zero egeqwlng af mulmphmtmg" ; and. 6

e Y 0
Ay “". |;'|.r-_=. -E"‘ "i-w;:t Hm__, _1_-.:?";r
« A 1" a

11._ of mufhphoﬂsy T, =%y Ty respmhgfy P s o

,-i'x'

Prnblem M——-l is a elassmal rdalti 1igitive mverse
Pmblm ggiﬂlgfniem-z are gan _. aliiplicab o3 _.L,fh ge Wh;!ﬂ Problemg

g 3111&3’33; %

SN haddsBeun -gtudied *ﬁ
for real ma.tnﬁea asae [3]).-;'1‘1;199@ nq_ :.:._£.==~ Jigyenpeon siudiedsy yﬂgg‘?eml authorﬁ,
S T .-_- L iy . B e A g e Sl e, o _ o S L S 5 - LY LA e it Ton ) r'...‘ i
: 8 v e 1

—_--'_—._—_-—-—_ ] w K ‘:'
o Eeoeivad’.ﬁ‘ebrm:ylﬁ 1935.@ w;gx&ﬁ, bﬁﬁ&%fﬂ TR D

J&ﬂ.'_il-

......
B T
-



298  JOGURNAL OF OOMPUTATIONAL MATHEMATIGS . Yok 4

2T (T

o — O

Thig paper is a continuation of {7]. In this paper we give mma suﬁcmnt and
necessary conditions that the problems M-1, GM-1, M-2 and GM-2 be unsolvable

almost everywhere (a.0.), respectively. |
Notation. The gymbol R™** denotes the set of rml mXn ma.trmea, R =R*1 and
R=R!, I® jg’ the nxn ideniity malbrix and O is the nall matrix. R(A) standa for

the ﬁolumn gpace of A. The supersoript P ig for transpose, and

; Sﬁ'm"{ﬁeﬁ"“ .A.T==A}, qulu{AERn}(n .A.T.A.—I}
and |
“"“F{AESR"" A ig pomliwa dﬂﬁmiie}
Besides, for A= (ay) ER"’" we wrlt-e

141 = Claal, h(A)—mﬂ >l aul)
7

LIRS, e ittt

and

kg(A) —-max(g a:,)”“. N

1<j<n

Now we define the unsolvability of mul@ghqahve inverse eigenvalue problems

Definition 1.1. Pfablm M1 is said to be umlmbl-a almost wsrywham (u:;'s a.e. )

Daﬂnl‘tmn 1, 2 Problmn G}.I:f-—l g8 S{I‘&d to ba %.5.a.6. wf t}w set of mtﬂw&s Ai,---
A € R and veciors A=(A, **° . AT ER® of which @t ¢s aoh:able hasmmswre 2810
Rn){il A 4 : 1 | ‘
mthepq'odwtwotorswﬁ‘ xm3SR’ xR" " . |
, Deﬁnltmnlﬂ Problemﬂf—zmsmwdtabeusma ﬂfﬂw ot of mtmms Aec
R gnd vectors A= (A, ==+, A )T ER* at whrwh it és solvable has measure.zero in ‘the
product vector space t R“’“xﬁ"
Definition 1.4. Pyroblem GM-2 gs sa@d to be ©.8.G.6. ﬁf th-s set of mtrms
Ay, <1, AnER™™ and veotors h={(q, ***y M) T ER® at which @ &8 solua-&e has MeasSUre
zero m t]w produotmmspaoe R2XP % ov xR"’"xR“.. : s Ty o

h‘_"\f'_"'—"
8 7 =

§ 2. Maln Results

Theoremﬁ.l Pmblwn.ﬂf—l%usas,;gfﬂﬂd?ﬂlﬂ*f o
.t *ff. HES .. max{ry, ** 1‘:}?‘1- Gk, wRIE R ;.;-":*i: s e (@)
Theorem 22 Probkm G‘M—l i3 ¥.8. a?e ifs-j S e ok e 5 R s e
B - o ol éﬁ

theu r.‘>1 is a mj’ioim#

Ir . ‘p' ¥ i“‘hi 1—-,‘ ..-c.

e e ‘-~.':-u';’? aFim e peeta
.‘w}m'ﬂ r*mﬂx{fm ”" 1 *n 32 o W el
Re0E3804Y oowd%mnﬂfrﬁd mbﬁhtﬂ! ﬂfP”H AP 1 e S
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max{sy, *-, 3> 1. - g i (2.3)
Theorem 2.4. Problem GM-2 is v.s.a.e. of S
n—m+r{r—1)>0, | (2.4)

where r=max{ry, T1, **+, ry}. In addition, of m=n, then ¢r>11sa suffiodent and
necessary condition for the unsolvability of Problem GM-2 a.e.

§ 3. Proofs of Thecrem 2.1—Theorem 2.4
‘The proofs of Theorem 2. 1—-—-Theorem 2:4 will be based on the following
lemmas (see Theorem 3.1, Theorem 3,2 and Lemma 3.1 of [7], pp. 34—42 of [1]
and pp. 46—55 of [61). - |
- Lemma 3.1. Let f=(fs, -, f,.) be a d@ﬂ'&r&nt@aﬂe vector—valued function defined
in R, and lo cmcﬁ-% tho ssé of points 2= (€1, -~ £.)"€R" suoh that

' fi(a) =0, -, fr(m) =0,
Ammne that for each point x€MM the matris

. .3,_f,,= 351 3'51
oz - |

| ﬁﬁ 2 _f_

6. = O

where each partial derivative is evaluated. at o has rank 1. Theen. ‘.IR is an Mm-—1r-
dimensional submanifold of R".

Lemma 8.2, Lst M be an m-dimensional Marmmble submamfﬁld af an n—
dimensional Euoclidean space &, £ be a k—dimensional Buclidean space, k<n, and let

Fbea d@ﬁ'&rﬂﬂm&a mapping of iU?-—r.:Jf’ deﬁmd by .
™= §11 m-Elfw m“ (gi: WA gl Tem M y’-(ﬂir :l m)TEf

Then F(IN) és a set of measure zafro e S (reprmnted by meas F(EUF:) =0) ¢f m<k.
Now we prove Theorem 2. 1—Theorem 2.4,
Proof of Theorem 2.1.
1) Suppose that Problem M=1 is solvable at

A= (ay) CSRY™, A=(M, *+, M)TER" B

mth Ao M0 A1 > -~>Ay. Then there amt an n'—dimensional principal
submatrix 4’ of 4 and a real ' Xn' non-singular diagonal matriz O’ =diag(ey,*+,Cw)
such that the matrix €°A’ hag sigenvalues Ay, -:s,-Au0f multiplicity w3, <=, s
raspeohvely, in which n =-¢r1+- £y, Lot ng=oy4-r-11 Observe that by the law of
inertia for quadratio forms (see [8], p. 297) the matrix diag(I¥, —1I ‘“"") A’ has' %
poditive: eigen?alues and n'—£-negative e1gan‘valuea. "Henoe there are ny positive
numbers and n'—ny pegative numbers in the  gel: {%}L v oy}, Withops-dosg, of
'genera.hty we ma.y assume that . - . . TR |

gt *i‘?’i}.ﬂtﬂ’ ﬂ s ¢ ’h q.,>0 cuﬂr nﬂyﬁ,‘fﬂr ¥ ibas U TV PP T A
Firstwa mnsiderthamseof B t’ad& {é:d '.:“::-«- 7.0 i h)

F
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o . Gurs “**  Oww "8
Let
1 o2 2B T e _ 1
di"ﬂ:ﬁ: ey Oy, = ﬂ—g dn1+1=*(_cn;+1)-!1 sery thy== (_cn')-'f: -
D-diag(ds, - .;z,..) A=‘=c'l_i_a,g (AL, =ee, AgIV) (3.8)
¥ Lo reost t e W
T w=diag (I, : S ) e | (8.4)

Then ihere axist nonsingular matrices ¥, Z € R*** guch that
A'=DJYAZD, .. R C R

..-where - e - CE -,
X (Y:t, Yﬂ: Ty Yk): Z (.Z:l; Zﬂ; ok zt), Yi, Z{Gﬁ"’”‘ I 'I-'=1 . IG (36)

| R Y T 3D
and P 3

ZITZ=1, d=1, -, k. . (3.8)
It follows from (3.5) a.nd A" = A’ that L, 0w
Z"JZA-=AZTJZ Y"JI”A==.(1YTJY
thereirom we h&ve 5 g o b ,
—_— Z{J.Z,-—O YTJY;-uO 1%%{3{16 ' (3.9)
From (3 T)and (3 9) Weseethat | g pmeny,  FF
| @(Yi)_l_gf((zh , Zi—:l.: Zi+1: 't Ziﬁ))r ?'*'"‘1, f'_';lk

and
. ﬁ(JZ;)_Lﬁ((_Z;, R ZI-—:I: ZH:I: i Zk)).r ¢~=1, " k,
a.nd 80 thara exlat nonsingu.'lﬂ.r matrices R, € R auch that |
4 T Y =d Z:R., g=1, <o, kb, (3.10)
Combining with (3.7) we gel I _
ZTTZ Ry=I%, §=1; -+, k.' - ¢ (3.11)
The relations (3. 11) show that R, SR for é=1, , k. We decompose
| R. Q;Q;Q."’ @=1 i:,_ S - 5 -
| | Q.EO"""‘ Q.:-dJag(mﬂ, aky m;,‘,., : ]',[m.nﬁﬂ - 9-=1 -s, k. (8.13)
T e § et Ui-m, s-l mnt- EETRELEE N L
Theﬁffrom (3 10), (3. 12) a.nd (8.14) ¢ SESEEE 3 2 . F
Cygr-JuQul, =1,k (3.18)

| Wlthout loss of generahty #ﬁ"m&y ‘assume th:af‘( rfﬂ- max{lr;, , r;.} It follows from
(8.5), (3.1 and (3.16) that - i ARTE PE
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A'=DJ [MI+(M—M)Y,Z,+ 4 (M= li)Yth]D .

=D+ (a=3)UsBT o (a WOGIID, - (3.16)

where Ug, ++-, Uy satlsfy o P, : _
U.;=I“'" _ §=2, b T (3.17)
JU,-=0 2@{9«@ (318

and | e By wle b " _ |

' U"JU;Q,; -1, §=2, e, ke (319

Let e
¢= (@11, G1a, **, aa.., ﬂﬁ, \ s, =ty Gy a)TERTT (3.20)
m(u,‘: z)reﬁn* ! | (3.21)
as (i, R)TERY (8.22)
o= (@2, *° ma.;., mﬁ:, Tm;.;-., ., Gy ,:g:o::.r. e =L 0 (3.28)

Usg, -, Us) = (u'r;+:l: y Uw), U= (u'r.-l-:l: ey, !ﬂn)reﬁ"'["_"’ (3-24)
and s | - i
' &= Sﬁ“"' X REX R X S -
Because of the re]ahons (8. 16) (3.19) we define dlﬁ'erentmble real-valued

functions gy (1<¢, j<n’), by (1-@% ygﬂ. ﬁ) and Zﬂ (1@3%9‘;, 2« i<<k) in the
Euclidean space & as follows: |

(yﬁ) "'1-1' D[Md + (Aa— M)UsQaU 3 e +(?~n M)UnQuU w1 D
hhﬂ‘f_{u,.ﬁ;um;—-l 1<é<n' ~— 1y,
Ty, 1O, JS0 1y, 04,

_ lé;“ﬁ?-‘,+m+rﬁi+1J t&,-.l.l._._,_,.H_,_,mH—:-i, 1§ji@.§ﬁ,. 2<is<k.
‘Then we sot * " Fa |
g "“.1.(::‘?'11, G139, ***s igiﬁ’;y;ﬂj#gﬂ.ﬂ; cso) Gawy ***y Gue)
b= (hy1, ==+, M, n'-—r;; .hﬂﬂj ; Rayw—ry **°s Pt pay w11 3
= (lagy oy ..-., 13 P *t%s b, "_"..'* bu,re)
and ' P
f - (9: 2

Lot My, g, .., & be the set nf ]?Ollltﬂ X = {A A, d @, U} €4 such thﬁ;" f(X) -0.

With each point, I-={A A, d - u} €S asmma.tes & vector

& ) : Lk .
. gt ,%.l, : ,t'f r} E R ‘;{ :;w—}‘\‘zl i
iR e -——— m-ﬂn-—nh' Gy f - “'r“ 4}1"} - E-"‘r'.- :__. “\?I‘;..-'-‘l ..E_.'l:' 0
. HIE LT . "'" ..-I‘_"‘ i el

Eniy WA v : FORNP PSR '—r}
m—(a" W, & o, TR i 1

rhéib A8, ?-,**J i%w, Wire mpreﬁnﬁq Byf-(a 1y ‘and, (3 m 3 myr sms *és.aywm
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i B =
da oOa O 1
fe -8 Sk &0 DY
oA oA oA « 0 0
of l2g @& ok 1. 0 0
ov | dd od od | j
o0 @ onf\* T2
e, dw Ow « « H
o9 & o
ou ou ou
where
; I%3% -0 0 - O 0y, . -
0 0. -0« 0 0jn—n &
0 I(nf-—l} 0 _0 0
o o 0. 0 0pm—n
G=29 _ o 2 « "7 |7
oz | ) ) : -
0 0 0 .- 0 1
. %lo o0 0 0 0n—n
| 1 _(n—n’)(n—n'-l—l) _
0 — 3
i - g
L—“ P dlﬂg (un+1J Uyy 41, tf'rl+:J urri-ﬂ:- ‘s u’nJ un')
and | | 5 .
(2url+1 JUppa. - o0 JUy 0 0 oee g . 0
~J.un+1; 21.6,-1_,.5_ JUp gz = o Uy 0 \
HI _éu_-, ] - .*"' O | I‘F'f1+ﬂl.. 0 I. E 3
\ 0 J_.u'frl-i O | e .Ju'l'rl'ﬂ o 21'&-" /
Obviously

G"G==I( e ) dot I—T det R 0.

1=2

Besides, utilizing the relations (3. 17 (3 19) from
H'I.'r'-ﬂ ‘UE R{n’—-n}(u'—-r;+1)fﬂ

‘We can deduﬂe w—O Therefora

I‘ﬂ-ﬂk(@) 2 "‘ﬂ +]—'l ra.nk(L) =n —g-:h- mnk(H) 1 _fi.)gﬂ —T1+12

Henoe for each point - X €My, .,w the matrix —f-m whlch each pg.rlg.w.l dqnvahve is
evuluated at X has
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rﬂﬂ]{ (_i)m 1“r(ﬂ' +1) +ﬂ Ty + E 4‘1) (; '_r;['l'l!
By Lemma 3. 1, it follows from . - .

dira (&) ...1*(“;‘1) Rk + 20 — ryn (0~ 1s)
tha.t My, 9, .« is a submanifold of & with

dim (B3, 3,-, ) dlm(é”)—ra.nk(af )- “("“) ol olnol),  (3.25)

Let - '
.?E" = Sﬁ”“" % RY,
and we deﬁne a differentiable mapping 7 of ﬂlh,,,.__..--r.ﬁf’ |
F(X)= {A A} E X for X’—{A A, 4, o, u}GﬂR;_,__.;

and write x
i'ni‘"'“'=F(§D}112r”l")'.'
B . o B dim(.ﬁf)=ﬂﬂ;1,l{k,
and from ,-" .
: | | | d]ﬂ].(x‘) _dlm(ml Ay =y H')-E £ ('rlg_ 1)-
it fu]lows that dJm(EUI‘L,,_,.ﬂ <dim (") if | | L :
ry>1. : (8.26)
Therafure by Lemma 3.2 the set My,,..,w ha.s measurs zero undar the assumptuon of
(3. 26)
Let
2 W .%"+=Sﬁ“x">( R‘

and let Z1,9,.,w dennte the set of pointg XV ={4, A} < X, for which there exist non-
2610 Teal numbers ¢y, *++, 0w Such that the matrix diag(es, <+, c», 09).4 has a zero
| eigenvalue of: mulhplmlty ro and non-zero eigenvalues A4, -+, Ay of muliiplicity
£1,%+, Ty, respectively. Observe that for any point X W {4, A} E Yy, q,..,n there exish
dGR"’, wC R " and u ER¥®-" gnch that the point X ={4, A, ¢, o, u} =L T
for this reason %y g, wC M e v, and thus under the assumption of (3. 26) the
get Fy,3,.., » Das measure zero in tha space .

For arbitrary n’ indexes éy, g, ***, 4w from the set {1, 2, -, n.}, @1-(%3{- {w,
we consider the case of ;

‘_l -:_,l' : E_H-{ , 2 ﬂi:l. .il ; l-q" i ﬂ‘h i“'. z ; | :
_ Al=| ¢ 3 St
: "-*:.?"4.,.’..3:"_.; s ‘ i
.Li 8 ﬂ ;""" I;,,S' 1 ... 5 S B #'f : v a‘i"" : SN a‘ﬂ"‘-' : . L
i[g, ch the same wny_maa above we daﬁarmine ! aubma.njfold EUI,,,;,,...,;,, of & and a
DOGY: Lt tey st of Jf'... an& we oan proge tha.t tha se*h 3".,,,.,,.._,_, has measure zero in
%6 x ke B -t gs ""Ji - "'L"'

I.et"‘.ﬂ’ deno*ha the aet of poi.nte X‘”-{A a.}e.xq, at whwh Problem M‘lﬁlﬂ
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solvable. Since = = - s * | | ,
..('.Z?= U fiu"r"':i.fj

1dy <ty < <ipr st

the set % has measure zero in the space 2. This means that Problem M-1 is 1.8.8.0.

if the condition (2.1) is fulfilled. _
2) Suppose that k 1s an arbitrarily fixed index in the set {1, 2, «+-, nj. Lot

e =S8R X R,
A =S8Ry xR",

d(A) = min [M—2g] VA= (Ag, ==, )T ERY,
1-:&1’;:1: & v b F o

d - dleTakEg s e WA = B B
wn-{amed a=(% ), s >0
kE n—k e _

and e .
oHo={14, 1€t A gy oy W) 1T 0],

Hadeler (see [4], Satz 4) has proved that if {4, A} EX LN X then Problem M-1
has a solution O =digg(es, =+, On 0 € RP*», Observe that At N A is a nonemply
open set of the Euclidean spaoe 2 and so meas (AN H )0 ry=-- =r,=1; henoe
inequality (2.1) is no?b only 2 sufficiéent but also a neoessary ocondition for the
unsolvability of Problem M-1 a.e. | - A B

" Proof of Theorem 2.2. LR
- 1) First observe that if Problem GM-1 is solvable at A, -, An€SR™" and

-

A= (Ag, =+, M)T ERY, then there oxish 8 matrix U €0 and a Veotor o= (01, ***, Cm)"
€ R™ such that | ‘
01 Ay + oo+ Omdn=U diag (0, 2T, ==, A L NUT, (3.27)
Where - i : T |
‘ & " A (ﬂﬁj): #—"‘"111'": m, U= (U'h gy =3 Us); U R, 0'5;@'&}5. (3'28)
Sup'];ioée--tha’o ry==Tax{Te, 71, ***; ryt for some index §€ 10, 1,' -s«, k}. Then
s dy b roet Omd=MI —AUDE+ 2 N-WOTT. - (3.29)
: | i+] | | ' '

We wrile | .
Lo s {ng Uil!f "__'.'l U’—ij U’_f-i—lr_ t":,Uﬁ)__ﬂ.: (u’ij ta, .--_-_j _?{‘g-—f)-._
Sinoe [ € C*** we have ' . | |

(s, U, =y Unery) {3, Uas =%y tonmr) o Sulie (3.30)
I1et | '
" . = (ﬂ&l ’ ﬂ?l :'f":ﬂ‘ﬁ?;_@%f as, r'-‘._'; agyy +** GL”)’G R__ﬂ_%ﬂ,f l<i<sm, (3.31)
and- [ ¢ 1 o B onE ow B SR glelue T, w0l ]
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& = SR™" K oer X SR" “: x R¥ 5 R™ X R"‘{“'?-".

g~

m

Eeaa.usé of the relations (8.29) and (3. 30) we deﬁne d1ff'erent1ahla rea.l-—valued

functions gy, (1%9, g<n) and h,q (1<p, qgn-—rf) in the Euﬁhdea.n gpace & as
follows:

(g9a) “‘z ﬁtﬁt“lfz'l*}-ﬂoUu _E(?“I A UUS,

{44
(hﬁ) e (251, *s u‘n-ﬂ)r(ui: 0 uﬂ—l‘_';) I{“_.ﬂi}r
and then set T . i
g= (911: O18y ***y Jiny Jo3, Ta3, *°*y G2my "':1gnn): | |
h= (b haa, 2 o B, aerys Prasy hsd, =ty Baun-rp,**%s -h""'f""f"*')

and

f=(g, h)
Let M & be the set of points X = {457, Am, A, 0, uE& such ihal f(X) (),
W1th ea.oh pomt ,X - {Ai, . A,,., A, o, uy EE assoo:mtes a vector

e kg = —t .
* “a L ] -l

- e ___ mn(ntl) +k+m+n{n—r,}
T 2"
ﬂ:=(ﬂ1, am, 1." c’ uFJ ER

where Ay, *++, Apm, @1, ==, Gmy Ay ¢, ware representad by (3.28) and (3. 31)-—-(3 33).
It is easy tc; venfy that -

e oy
i Begel HE% & S8 8§ HP fm 3@\ < ol
fi N oM . # 01.
oz |29 oh| |\~ Of
3(? Vel « H
9y on
where |
mein41)
Q== G:T: "% ﬂ;)TER"_Q_,
' " n ; ﬂﬂ-f-l) . ﬁg-l-i!
and
bt s 0 0 sns 0 aee 0
i 2wa Ug ﬂ.:;: Y-ty 1,;1122',«-..; 9 .
S lﬂu **%ir;m ‘?Hﬁ @ *ﬂ;Aa rang ot

wy ZEi
T k. 1 ™ !
B LT DRI 4 A

bR

--l-l.-"I

Y ,ﬁfh = K-4giog o6 mﬁ 3

» b
X g .o ey 1 E .
: . T H A = -:'l' 4... .:'l....-_--:;_'r .'"_ b. -|-l = T :
: ! ; T e TRLHG XTI i : :
i S, R T R T e L
. : L - I . < el - S - ! ‘.I ] l nfiey
* = i - Tl el . Y ok ¥ 0 1} -l! 2 {
. . L Ty Ly i o e
Ill i i A e PR R =
: PR e e G ] - o e L et LR
Bt ) - L S NE o s .
. -] - '
T ) '
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and | - y & :
HTH =diag (4, 2I®Y, 4, 2T "D, 4, 2,— 4)
weo see that | | '

rank(G)Q-n(ngl), rank(H) (n fr;)(ﬂl—-r;+11

Henoce for each point X €I the matrix'—g-vg in which ‘each partial derivative is
evaluated at X has - | |

—— (Ei) __ﬂ(n; _1_)___,_ (n—ry) (;Lil)_
By Lemma 3. 1 it follows from L
| dim (&) = "“‘“("“"—l +k+m+n(n-f,)
~ that IR is a submanifold of & with

dim (M) =dim (&) —rank (2L 3;

n(m—-l)(ﬂ+1) Lk m q_g’iﬂ.‘)_("_'.lﬂl 3 (334)

let | o, | . |
| d’-SR‘“‘x xSR"" x RY,

LB

and let ¥ denote the set of poinis Xm—{Ai e A,, AYEX at whmh Problem
GM-1 is solvable. We define a differentiable mapping ¥ of M—»¢:

F(.Z) {-A:b °» -A-ﬂ: l}GXfor -X“{-A:l: g .A.., }"J C, u}em:

and write -
M= F(AN).
Observe tha.t
dim () = @ﬂ(;+1)-+k,
and from n

dim () - dim (M) =n—m+ -2 ré-— A
it follows that dim (M) <dim (¥ if

n—m+—’(r’2 11}0 e % (3.85)

Therefore by Lemma 8.2 the set I’ has measure zero under the assumption of
(8.86). Observe that tor any point X V== {4, ---, A, A} €& there exigt 0 CR™ and
u € R*»—*2 gaoh that the point X {4y, oy A, 7«, e, u} €I Jémnee LW, and thus
thesatfhasmeasurezerorin the  gpace ' This Teans thblem GM-1 is
u.s.a.e. if condition (2.2) is fulfilled. : Lo b |
2) We consider the case of m=n, Iﬁt | e
= BRA*% 3¢ o2e % SR> XR"

3 e R
h——-——w——d A )
% ’
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Ey el et
>

and : . | _ . e
f.—{{ﬁl:{, "y An l}eﬁ -At='(ﬂﬁ}):' 1‘(55?“":2& "‘IE} I{‘E: é"qét: 1'%@:#«“}:

where 8 is a fixed positive numbér satisfying e n}- 7 Obviously, o, i8 an open set

of the Euclidean space X, and the matTix
: E= (GE‘I)) f1 =1 = nt
is nonsingular provided {4, *-, 4,, A} € #.. Let
" 1 (1), p= .

¥ :aﬂ ):P" “"Ti?fi}fmi i

B L e L
and | ' _
S-S\ 4, 8-FZi], Vids - 4y NEX,

a0 = min =), VA= (h, 5 MTERT
and | | |
o *={{4y, ~% Ay, A}EX A(V) >2mﬂlﬂmk5(ﬂ){[3+n“ﬁﬂk2(ﬂ)’]'}+mbh(3)}}-
kﬂ(_g)“;nﬂkﬂ(‘g): ‘#{A:l: =¥y Aﬂ! ?‘}E'-%’/;

‘we gee that if =1 and {4,, «-+, 4., A}E€X" then by Theorem 6 of [2] Problem

GM-1 has 3 solution ¢= (¢, +=, 6,)T ER" Observe that o™ is a nonempty open set of
o and 50 meas X *>0 if r=1, Henoce in the case of m=n the ineguality £>>1 is not
only a sufficient but also a necessary condition for the unsolvability of Problem
GM-1 a.e. | | i

Proof of Theorem 2.8.

1) Suppose that Problem M-2 is solvable at | o

A=(ay) ER™*,  A=(, ***s M) ERP, | (8.86)

Then there exist an n'-dimensional principal submatrix A’ of A and a real n'xXn’
nongingular diagonal matrix O'-=diag(es, -, ¢y) such that the matrix 0’4’ has
eigonvalues Ay, *++, Ay of multiplicity ri, ==+, 7 respectively; in which n' =g+ +s
By hypothesis the maftrix OA js diagonalizable. From -thig . the- matrix 0’4’
is dia.gona.lizabla_ t00; thus there exist nponsingular .matrices Y, Z€ R¥* and
nonsingular diagonal matrices 5 R o d e g %
. DmOimding(dy, v+ dv), A=diag(aI®, =, 2I) . (3.8D)

atm T Pt & 1 e ] —e e -u o5
- - E s 5 -u . .

1'*- i, E ey -E'* N

at S SO ] k - - by y

where

w1, ;i; Pl e ;..-'“-":.. 5 ;. ._'__ = _-I‘ St s _..ﬁ_.d-:
. oy ma

. : Lia R SO 2 N L LA *
£ . & L ] : . PR R R S g . . : . e -i 1
: ek P Ty i = ] 3 SRR : i ' o : L b
b et v ; [ o sy i W M T -_:'"'_n'l;-:.-' "'Z-t‘.‘..-'.i'. ¢ " i ;
e e R ' ; S Sy umdld ) A ST IR i U Y G A e
= Y Bl R e B i N s = iy . i o B # 2 e e SN e WU g - :
: h & : = ] : B - : kA 1y R F
o _ ’ -I , bl "i:"-\. ".* : ity o e l'. = T .
1’ rn b TR SRR o) TSN o - e '
TPt Pk 5 4 ~s " T a
H : - = = ¥ y -I"-mi, L]
- ‘1! ¥ f it R Feian i ] T ; ¥ “ia - - N e, 2. o a0 - W '1 g - - L s Mt b =
- i = L T - Ir(i: o Foadigtn ] B e b B o R T ;-, ﬁ\. . e N T - i
7 - ‘ E - s - it e - s N i o L | . s o3k - P R g -
S -{1’.‘:"‘. e . S } g y By ﬂ--’.r\- : i :E-L S ...-!:--‘1..._-!;# i, N . "'-1)‘ ; B e : . .-- B ¥, 5 % *
H x ] - / x ! e s r ol ey e e e
: : R Pt o e A R el SRRy R R L
o -~ . AT - e PR SR i ' g
: " - b H - . 1 ‘. o P Hn T2 -,::'i' o
T L - P, "~ -F ;i : '
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First we consider the case of

VA= - (3.41)
) Aure  ***  Gprw ,
‘Without loss of generality we may assume fhﬂﬁ o
fi;ﬂ;lﬂx‘:[fn. e '?_‘n} ;
and _
JTye=1, - =1, o, 0. | (8.42)
Then the relations (8.38), (8. 40) and (3.42) show thab
A= DI+ (Uroszy -+ Yor)ding((ha—2Ag) 1T, oos, (hn 20) I%) (2ru23, ***s 20)71

(3.48)

‘and - ou  wt oy
(Zriety =5 Zw) T (Yrass *22a Sr'n’) =Iw ", Y 3’:-1 '1',“'1"1+1; ey W, (3.44)

Let | -
a= (a1, C1a, ***y T1xy Ca1, P23, ***5 Qany ***; iy Tnzy *" % 2. ERY, (345)
A= (g, oy M)TERY, - dom (ds, -, du)TERY, (346
Y= (Y1, =+ Yu)7, 2= (27,41, : za) T € R (8.47)
and

|  d g — R"““ x R’ X R"’ X ﬁ""""’" % R"'"'""ﬂ

Benause nf the rela.tmns (3. 43) a.nd (3. 44) we deﬁne dlﬁ'arantmble real—valued
functions g (1<, j'ﬂﬂ-’), (13, j<n’—7ry) and I, (].'Qmﬁﬂ- —ry) in the Euclidean
space & ad follows: e © eme 4 ' § o«

(gu) =4"— D[MI
+(y..-,+1, vy yﬂ)diﬂg((?‘@"—li) Ifr'): Ty (}‘@_M)I{rﬂ) (zr:+1: "% ﬁn’)ﬂ:
(Pag) = (Zrasts = 2) T (Yrua, <05 Y) =107,
| ll“yrﬁyrﬁi 1 - ﬁ"’l Cos , BTy,
and then seb Sl .
. y (9:1:1, 9'19, : gil": 5’21: gﬂﬂ:r e B ] ***y Gn1; Gway _-.--_, 'l‘:"l')'.;
- h= (hu h:l.ﬂ, Pety hﬂ n’—ru hﬂ:h hﬂﬂ; 'y hﬂ.n'-ru 1y hs’-rui: :
P —gre9) =% hﬂ—ﬂuf—r;): .' -
l“(zi, In"-ﬂ) |
Let ﬂJEi,,,_,,,cé’ be the. sat of points X‘n{A A, d, 9, 2+ €& such that (X) -,
Wﬂ;h each point X = {4, A, &, y, 2} € & assooiates a vector

m—(th, &I’ dI' y:ll z!')!'ERnHHl-’-I-ﬂn’[n"—rd

Here 4, a, A, d, y, 5arerepremntedby(333)and(34ﬁ) —(3. 47) I} is easy 10
venfjrthat s B x
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. |8 &k ﬂ\
/E_"-EE oa
| 829 oh O /G 0
o fen an or i 0
of log ah @ l_| . ¢
od od Jd pe
; _@E_ﬂi .\_"’_, y :u/
8y oy &y H, ©
o9
02

oh af
" e 32" az L HER & R
w here

0
i 0 I(ﬂ"} 0 e
;- 5

i b b B B e F e , rank(@)=u"?,
i o WY Q0 ; " '

-
o
-

/5n+1 : O f-'-fﬁ+_ﬂ_ ‘.___- O e B % 0
1, =20 - | e T | e.49)
IIy "'Ey'" 3 0 .- ‘_:-‘.:..._ bR 0 .'*. | b O | -'.‘ [
\ ..2n+1 __ .i«’r;+2 v 'Z.;r
{Yias: Yresa ** Y O . O o O o

ey B 3 ER AW y,.r._' "~ 0 : | (3'49)

< o - " . 1 f : . .
: \ | x - : aa
. gl - ;
7 i . '
g i, E - - -
. 1 ! L - 12 N Y : L8 i
" a f N, - -
: x x i, =
- A
- 3 £ ] L] o
1 ) e

e Yl Yries v Yw

¢ s yn-l-i\ &
L ; al 2 yrl'l'ﬂ ". L (3 r50)
y::. ay i l. ". .
" Y s g
o gV | .-_1:..3"?&-: iUt Tena ez g :;-,.1'.7_.-:-' D Pt B e A e
Iiﬁt i i A A Vi i T ] ™ 7 .-. . ;

.‘,‘ 'I
;".? RN :'4.. " '.‘:'!_-.'“:h'._r'!l' " ] e ¥ R Ay
T H L ) Eﬁﬂn"(ﬁ’-—hh{h’-—ﬁl(ﬂ'—‘ﬂ+ﬁ Vi Dl

st E ARG BE Y Hﬂ ;0 .

From Tﬂzﬁn-i} for any veetﬂr w Eﬁ""”"‘}""""‘"‘” one ¢an deduﬂe =0, Themfore .

NG
rank (7Y = (a'r 1), (n'-'ﬁ'Fl)-

G AR B S T TR B IR
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Hence for each point X €My, s, ...~ the matrix -g—mf— in 'W]:'_Liﬁh each partiall defivativa
is evaluated at X has |

rank(2) o4 (o —52) (= 41,

By Lemma 3.1, it follﬂws from - -
dlm(e‘?’) ==n”+k+n +2n (0’ — fri)
that M1.,4,...0 19 2 submamfold of & with

dimn (Py, 5, w) =dim (&) — rank(—i) W+ ks (g —1). (3.51)

Let | -
| ‘_.x?'.: Rn:-:n ¢ RI: ";i
and let #s,a,.... donote the set of points X ”"=={A AMES fﬂI‘ whioh there exist
non-zero real numbers ¢4, ¢, **+, 0w such that the matrix dwg (01, **, Cn, 04 ig
liagonalizable and hag a zero eigenvalue of muliiplioity r, and: non—zero eigenvalues
\;, -+, M of mulbiplicity.sy, ---, 5 respectively. Then we define a differentiable
mapping F of Py, ,, ...,,..—>x* '

F(X)={4, A} €. for X-={A A d, g, 2t €Ma, 0w

and write
. - mi' ﬂi."‘""i at = F(EUI!J 2 "'I ﬂ") .
Obgerve that
; dim (f) =n"+k,
?,nd _frﬂm

: e dlﬂl< %f) dlﬂl(ﬂni,g,_ ,.f) ‘1‘1('?'1-1)
it fﬁllnws that dim (M, g, ..., n ) {dlm(f yif

"."1:"1 ' (3 .52)

Therefo 'by Lemma 3.2 the get M. o, .~ has measure Zero .under the agsumption of
(3.52). Qbserve that for any point XD fA A}E Fy.s,...r Phere exist dCR* and
g, 5ERY*-" guch that the point X ={4, A, d, y, 2} €Mya,...w. For this reason
-9.?1,5, ﬂ,nﬁaex 1,3,_..,_,_.:_, and 'IJ]]II'.E thEl got -gj_,ﬂ,...,.r has measure zero in ﬂlﬂ spaoce X

For arbitrary n’ indexes 44, 4s, ***, ¢ from the set {1, 2, «+-, n}, G<dg<Teer <dw,
we congider the case of R

Diai ba e Diss by
| a’"n s §3, '?.' a‘l $A " _
In much the same way as above we determine a submanifold M, ..., of & a.nd &
subset Z,4,, i, O X, and we can pmve that tha get fh.;,, i, has measure zero in

the space ¥ of N CEET
Let & denote thﬁ sot - of pmnts X “’-{A A} E.:F at which Problam M-2 is
EO].Vﬂ.b].% Slnﬂﬁ S sRE ';'_- AE Smy SR g o -;_.;1'-;;‘ PR ¥R R ey L_ .3

{2".: U & turbiv oty

1.¢ﬁq¢,q..a.::¢..¢.
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L

the set % has measure zero in the space. J¢. - This means ‘thas 'P;rdblgam M-2 is
u.s.a.e. if condition (2.3) is fulfilled. .
2) Supposa that k is an ﬂrbltra.rlly fixed index in thﬂ set {1, 2, -+, n}. Let

x"__ R!Jﬁ.‘ﬂ x RH
and .. ¢
Ay = )k

fi-{{ﬁ, ?s}e'.:f: A'=( i Ay= (ﬂi;), ﬂu‘}"l, 1<‘5€k}.

2 . 'H-

¥ a-k .

Obvmusly, X is an open set of the Fuclidean space ¢, and the matrix
B =diag(eq, Gazy - , Gy T479)

.wnﬂnslngular Prﬂvlded{ﬁ 7‘!}6%. Let ' o B g R

.:fi -'\-'_.r* gi’l‘If

A =diag ( I ; 1 . Lo I""““l) A—( ,1. : *') , YVA=(ay) €H;,
“ &

ﬂii &ag Gm ™Y ﬂ—k
=4 : - t ... e k ﬂ“k

d(l)m min |?L|—-l_,v|, VA= (R, *, M) ERE,

1=¢,4 <k
i+j

-

Jf"'-‘{{;, A} E Ay A-'(-‘i" " )k d(h):» 4"“1(‘4’-‘)“" >0}

R P 1—%.(A)
k 'ﬂ—_fﬂl
and |

Jﬂ={{A,'l}€Jﬁ: _l= (A1, -_ lk)f M%O}

I'rom

: . [ Ay s \%
ki(zi).'ﬁh(ﬁx): Vid, Areds, A-(* * )ﬂ—k

| I: n-——k

"..l_i'n-l-.- 1

we see that lf q'1==-----r;,==1 and {A l}e.f ﬂﬂﬁ, thﬂn aocording to Remark 8 of
[2] Problem M-2 has a solution O=diag(es, -, o, 0) €R"™*. Observe that £ ™ .X5

is a nonempty open set of Jﬁ"'and 50 mmﬂ(ﬁf"ﬂﬂ)}ﬁ if yywese g, Hence

inequality (2.3) is not only a sufficient but also a neaessary cundltmn for the
nnsolvability of Problem M-2a.e. - - =~ A L oL

il v

Pq‘uofofﬂ"heoq*m2 4. L.t-.:"-,"' S _
+ 1) First ohserve that if Problem GM-2 is solvable at A1 voss 'A,.E R*** and

A= (g, o5 Taﬁ:ﬁﬁt

| ﬂlﬂrﬂ T.herea exist nonsmgu]ﬂr Iné.trmes Y,Z ER'E!‘ WM% AR

suoh that = '*' . :'3'1 & L e J»& 3R et ,ﬁ o K Srvioy

. ' B st o o EER AR SR B -
g W " iadnnd S - o T T T AR T e s ” i
: hﬁré . A .L}t} &} hﬂ['* "-JH '-‘ L e '_ ." 2 ".'1’:?’£' ﬂ ey I'I'r I_ : Ji_.".:_ ‘ :-'r: h'-" % -'. S J‘ ",;‘ . 5 :;.:I-* E .-“r 4 ili _.’f
.‘ .- i ) d AT e T ,I I BT . o ..,..F-u-r- o _: g oy -'._'\..\_ - St : -

.ﬂ‘

L i o iy . Pt pepliet e "yl ! erar ¥ =
L e Fopdi o e P il . S b oG ]
{t} = R L P o e L e = ;’1 B e Ll : [ 5
i g L 3 ! i T 3 St % T
Wipn it = % ’ .Iz"r gt o B e L N AL ey S - P faiihs ‘:,3 ;
o Lo R CrT o M e = 1" 2 T o : . W I R, o T . "
_..._._ _.-'5. A -ﬂ e -.."-'. _i"_' . - :' it 2 '-'.'.-'E. B L oy . 1‘. - 1_ __. S - H-','I-

= o - Fa - « s [ -
] - i, __: b L -1':-'-" ol pr_ -l ; = Pt '\.: e

-l._ o, LAk e s A k i : T e et
i |.r 2. oy Wiy iy
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Y= (Yo Y, o0, Y1) £ (zo,. Ty, veey Tnds X s Z,Eﬁ"""' 4=0, 1, +=, .k (3.55)
and . - : S -
Y PP ZTY =I'™. - LA (3.56)
Suppose that r;mm&x{rn, 14, ==+, Ty 10T SOME index j€{0, 1, - k}. Then
e ds+ oot CmAn=MI —-?L;Y.;,ZT—I-;](L. —A Y 27 (3.57)
vk f
"We wrile | |
(Yo, Y, > Yoty Y gy = Yo = (Y1, ¥3, ***s Yn-r,)>
- : {Zo, Zsy oty Loty Lgany *0 Zﬁ)"'(zir 23 "1 zﬂ-ﬂ)'
From (3.56) . iy S
(511 Zay **%s 2n-r.;)r(y1:r a2, **"s yn-r;) ot St : (_358)
| Besides, wo ma,y assume without loss of generallty that |
; i y;==1 §=1, 2, - y R— T4 _ - (3.59)
Let
o= (@17, a2, - ﬂﬁ?, “1’, 2. i g, vy alls o, e, alDTERY, 1stwm,
ol (3.60)
R (}.1, oo, M)TERY,  0=(01, ** em)” ER™, (3.61)
| y= (15 = Yamr; % = (ﬁ{: vty Tnr, TERMnr (3 .62)
and -

£ ~Reax - X R X REX RO X R,
m

Bocange of the relations (3. 57')-——(3 59) we define differentiable real-valued

functions gy (1<p, ¢<n), hoo(1<p, g<n—7;) and [ (iée;én-—-r,) in the Euclidean
space & as follows: -

(950 = 5 0= AT 41,7 28— 20— M)V Z,

i f
(hpg) = (21, 72y ***5 Znrs)” (W1 Y35 **° Yu-r,) — I
: ' I,—yfy;rl, 'frr—'.].,. 2, "ty N4y |
n.ndthense‘b | § g |
o 9(9111 giﬂl "_ » y:m 9'21: gﬂﬂ: ***y yﬂ., oot y Ou1y Tezy °°%s 9,“..),
b= (h:li: higs ***s h’lm——rﬂ feas, hﬂﬁ; oon Rg,mrpy *°*s Pospts Ponerpsy -
l"‘ G:L: lﬂr )

and v g

’ hﬂ-—-—l’p L W

f-(glh 1)

“Tet McE be the setb of points I-—{A oy Ay 2y €5 Y z}Eé’suﬁh that f(X)=0.
_W:Lth each point X = {A;, oy Amy X 0 Y z}eé' associates a vector

& .-,‘ ;. 7 = (a“ ;.., ﬁm 3_ ﬂl‘ !Ifa )reﬁwi-wnn(n-n}
'where *Ai, cery Ay G1y2"*s Gmp }L 0, ¥, 2 are repmentadby (8.54) and (3. 60)-—(3 62);.
It is eagy to verify that AT I
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{29 2 fi\

% e Oa Oa |
' 2 oh A| GO0 0
2 h | |+ 0 o \
-éf—= —3'—13{.?_}.?. ﬂ.r. = « 0O |
oz | d¢ Oc e ’
2g oh &l \* H, Lu)
oy oy 3_3I « H, O
\ag o &l
SLE U . * | |
e (ﬂl; neey ﬂm)reﬁmr S B
* G == (0gI™Y, <5, onl™?) :
and H,,, H,, L, are deﬁned as in (8.48)—(8.50). Thus "
rank (@) =n?, rank(( E’ I:] ))=(n—tr;) (n—r;-l-l)

Hence for each point X €I the matrix % in which each partial derivative is
evaluated at X ’ha.s i

L

rank (ﬁi)_ﬁ'n“+(n—?f;) (n—r;+1).
By Lemma 3.1, it follows from | :

. dim (&) —mn’+k+m+2ﬂ(n—ﬁ)
-that N is a submanifﬂld of & with

dim (M) udim(é')'—rank —g-g)= (m'—-i)ﬁﬂ-{-.k+m*-}'-ﬁ(h—-rﬁ (n+r—1). (8.63)

Let
: J'f-'ﬂ.ﬁfx' M ees X ﬁnjn Y Ri:

~v"
m

i 1eb & denote the seh of points XPer{ Ay, -rr, Aa, A} €A a which Problem
GM-2 is solvable. We define a differentiable mapping.F of M-—>4"

I F(.K) —{A:I_, ove # -A-n: h} Gxﬂ fﬂr X - {Ai.'l *) A-G} 2’ ¢, ¥, ‘#’}Eml

and write ’

| W’ = F (D).
L amEn-mith
A '1 m;w dlm(x') &m(ﬁﬂ)—n—m’-}-m{ﬁvl)
it follows that f#igm2_<M(x) if, L ""“x'-f“é“% e &
g -1,# R :::.um g ey o mr-m-i-r;(f, zﬂmi .",';.- | - (3 64)

-_ Therefore b;_v Lem.ma 3. 2 the set T’ has mmu:rﬂ Eﬁl‘? or the aasumphon of (3.64).
Obéerve tha.t for an}r pomt I‘l’— {A;, _---, _Aif ”’3-}63 there exist cC€R™ and

"r""-' :
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- . R i Tkl - AL o e
o -

y, 2E R ggoh that the point X -={A1, ooy Ay Ay 0,7, 2} E‘.I’? Henos .2"(:93}’ and
thus the sot & has measure zero in the space ¢ T}ns means tha.t Pmblem GM-2 is
u.8.a.e. if condition (2.4) is fulfilled. -

2) We oongider the case of m=n. Let

¥R .. XRVAXR

v
4

and | - ' -
= {{ Ay, -y A, ?«}EJ!?’ Ap o= (a:E}}), 1-::::;"«::2 |a£{’|<a, jeat, 1<3, I<<n},

where 8 ig a fixed positive number satisfying s<
of the Huclidean gpace X, and the matrix ... =~

o B (@smteein
is nonsingular provided {4, «-, A.;.A} € ;. Leb

Ei=(l - I
—_— ( H)’ o 1“‘ {J-nj'ﬂnu?ﬂﬁm| “ ‘ :
: l_fi. =

zi“gutﬁ-h t%_lj ey M

n}-l . Obviously ¢, is an open sek

and | »
g=3l4l, 8=3Fel;  Vids, =, Ao FEH
d(A) = min l?q—-i\.,[, VA= (A, ey ADTER®

1“‘;11" 0T IR R e e TR
. Wz e
o = Ay, ey Ay WY E A A>T TS :>-o}.

From
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wo see that if =1 and {4;, -, A ?s.} €™ then by Theorem 1 of [2] Problem
GM-2 has a solution e¢= (g4, <+, cr. T < R". Qbserve that 2¢*.is a nonempty open set of
o and so meas ¢ *>0 if r=1. Henoe in the case of m==n the inequality »>-1 is not

only a sufficient bub also a naaeaaary oondl’ﬂon for the unsolvability of Problem
GM-2 a.e. | s 3
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