Vol. 5 No. 3 JOURNAL OF COMPUTATIONAL MATHEMATICS July 1987

A DIFFERENCE SCHEME FOR A CLASS
OF NONLINEAR SCHRODINGER
'EQUATIONS OF HIGH ORDER’

Cmao HoNG-YANG (40 4= B)
(Zhongshan Universily, Guangzhot, Ching)

§ 1. Introduction

T+ ig well known that the nonlinear equations of Schrodinger type are of greak
importance to physics and can e used to desoribe extensive physical phenomena™*.
Many authors have disoussed the equations of Schrodinger type theoretically and a

lot of numerical methods have heen presented® %,
In this paper, we will consider a olass of system of nonlinear Schrdidinger

equations of high order

24 (—ym Zo(46) T8 ) +B@(ulDut @ u=0, - (D

with the initial condition

| 2| 0=to(2), IS, (1.2)
and the homeogeneous boundary conditions
ou __ d'u »
._éFI n:l}_“ 3;1:1' =D 0? I Dr ¥ m 1! t}ﬂ, (13)

where 4=+/—1, 8= (11 (2, £, e-r, uu (s, £)) 19 an anknown M-dimensional veocior
funoction, |u|“=lu1l”—l—---+|u,;{“. Both F(w, t)={(fur(z, 8 )uxu and A(z)=
diag (a1(x), ***, Ox (x)) are given real funoction matrices which are symmeiric, 8(z)
and g¢(z) are given real functions, and we(x) is a given M-dimensional complex
vector function satisfying condition (1.8).

Corresponding to the problem (1.1)—(1.8), we present & class of difference
sohemes which satisfy some important conservation laws of equations (1.L). Lhg
convergence and stability of the proposed scheme is derived.

§ 2. Establishment of the Differenee Scheme

Tirst we introduce some notations. et Q=1[0, D], Qr=8X [0, T] be =&
rectangular region. We divide the domain Qp into small gridg by the parallel lines
@=m;=ih; t=ta=nk (j=0, -+, J: n=0, -+, N) where Jh=D, Nk=T. Let Qx—
{(=, t); &= jh, t=nk, j=0, -+, J; n=0, -, N)Y}, and let ¢3(5=0, -, J;n=0, -y N)
denote the vector valued discrete fanction on the grid point (@4, Tn)e
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diVi=V3pa—V;, AV=V i~V 1, f1(a, ) = [f(w, £) ~f(=z, ¢ —k)1/%.

Wo also introduce the inner product and norms appropriate to functions defined
on the lattice Qy. Suppose f=(fy, -+, fu)?, g=(gs, -+, gx)*. Then

J =11

(£, 9v= 33 <F (@), g(edh,
7= 5 Pr 1fla=_sup £,

M <J—m

_ " ]

where {f(z), g(@)> =21 fi(@)g.(2), | f|2=<], f>. The norms corresponding to the
=1 :

space of square integrable functions are

D : _
L=, 17() |22, | f 1o =esssup| £ ()]
Corresponding to (1.1)—(1.3), we construct following difference scheme

; : An(A . 4mrte
i ,+_1—¢, F(=1)m . 2 ¢, )IﬁfP(lqb}‘”l“, R vk
J +F TG0, e, e, Tom, 2.1)
.I¢?=¢M: 'j=01 e J: | b E .(2-2)
Ly =A =0, O<n<N;1=0, +--, m—1, @8

where ¢:+% =%—<§b?+1 ‘#fl): F;+% =F(m!: t,,—["‘%' k): P(tﬁ, 1") e (Q(ﬂ-) _"Q(‘”))/(”“jwjr’j

uv; Py, u)=g(u), Q(ﬁ)qu(S)ds, Pr=Uo (%) (fj=m, -, J—m). and ¢ = 0
(§=0, -, m—1; J —~m+1, +»+, J). For convenience, we will replace ¢; with ¢?,
#(z, 1) with u(a, ¢) and so on. |
By the method in [7], we can got . | .
Theorem 2.1. The solution ¢ (j=1, +; J; n=1, -+, N) of the difference
problem (2.1)—(2.8) ewists, and s unique if g(r) EOL[0, o) and k is small enough, .

§ 3. Priori Estimations for Difference Solution

In this section, we will get a series of priori estimates for the solution of
ference equation (2.1)-—(2.3).

Lemma 3.8. For any {u;} and {93 (5=0, +--, J) there is a relation

J—1 o
%u;.ﬁlw; = — ; V34 %5 — UV -+ 150;.
— 2}

Lemma 3.1. Suppose u, () €O0(Q). Then there extsts ho, such that

e

I .
4713 = 193132 [uo(@) |*do=Bo, n=0, --., N; 0o, (3.1)

The first equality of (3.1) indicates that the solution of the difference problem
(2.1)—(2.3) is oonservative of energy like the original problem,

Lemma 3.2. Supposs the following condittons are satisfied
(1) 8'=B(z) >0, for z€ [0, D],

(2) for any s€ [0, o), ¢(5)=>0, ¢'(s) >0, ¢(s) €O,

(8) for any 1<I< M, 0<<a<< D, 0<a,<ai(z) <a",
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-—'-"-_"__—-—_._-

_ . |
* max 2|fi.(o, H|<F, max 2 3);;,,- (z, &) | <F*, (=, t)€Qn

1.:: vl 1<, r<¥M

@ L% cow@).
Then we hawe the following estimate for the di fference soluiion:

‘A;fﬂ thh =1, -, Ny (3.2)

where Ky ©8 independent of b and k.
Proof. From the hypothesm of this lemma, we have kn}ﬂ such that

- J, I, r=1, «-+, M; Oﬂik‘&:ku,

If:f?r_ IQF.: I(f:-f‘,.f)‘f[ QF*: ﬁ%l, i N —1; .?I=D; T
and we can select hy>>0, such that

Jm ‘ ﬁ+u}.:"(‘mf) ‘lﬂkggjﬂ[ o™ u;(im). . ﬂdw'# Kﬂ, e
i= m]
Taking the inner produﬁ’u of (] +1) with aquatiun (2.1) yields

_wzlwﬂ) 24 (= 1)*32 A7(A, . o 4765 E), (@71 o/

MDA ORI, ,E<F?*f &7, (Grvh=0. (3.3)
(3.8). Using Temma 3.0 repeatedly and noticing condition

.'

_ §=m1n
QOonsider every item in
(2.3), we have .

(—1)™Re z‘.<ﬁ"‘(A, L ARSI, (1Y)

= E RB{AH— Am¢:+ﬁ- (L‘I ¢“+1) 2 j—E e ﬂi,j‘+%"|ﬁm¢u+llf‘ (3 '4)

Bince

Ro[(¢15 +ps) (Br)e] +Re[ (@55 + 7,40 (i)l =2[Re (fﬁ"*i 95“"'1):] ’

frém the symmetry of the matrix F (=, t), we can gel

N R R T ANCIOEIEE I5pp [fiv5 Ra(15°F5)];

1J—mH

.'.f mi= Jé(f?trj)r R.B(qb” ‘ib -J)r (35)

| 4
P(|5+1%, 14717 -Reddy 7, (@30 =QU 11N (3.6)
Substituting (3.4)—(3.6) into (3.3) and taking the real part, we have
Am¢n+1

—1mi

LS s e IS 3, (fivh Re

n+1 ¢n+1

“"""E E (fLrj)IRe(¢E!‘$¥.f)-

-'-mlr*-

Summing up for n=0, ---, No—1, we get
AT(I)E; 2 J=m el & J-m M N.-—% Ne TNe
Tm h+j=2m BR(|¢7 )h+!§m ”gifl,r.i, Re(pii-Pry)h

L|*ht 3 BQUSDE

J—m M
2 E ﬂ I-J"I"%

J—m M

- 2 1 ﬂﬂ‘:lJ"I"'ﬂl-ﬂ--Ir

f=nl=

i
R
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+ _Em ”2_ f: 71 Re (¢ ;¢7,5) — }21:2: :,1221 (f:ﬁ iRé(qbi‘:jﬁ,,). _ (37)

It follows that

pap Ry sETIQIIDY

_"ﬂl-

<(¢"K+8"Qo+2F" ME,+ F"MT'E,) /ﬂ A Ky, QoéQ(mEﬂf | 2o (@) |?).
The proof is completed.

Making use of Sobolev’s inequality™, we can obfain

Lemma 8.8. Supposs that the conditions for Lemma 3.2 are satisfied. Then there
43 a constant K, éindependent of b and k, such that -

dﬂ-‘i’" E | n|2 E _0 i N
e ‘Q 2y IQ(I(}& I )" = a " 3 3 .

Next, we will continue dlS(}'llSS'II]g the priori estimation of the solution of the
difference equation. Let

= (P — D) /k.
From equations (2.1) and (2 .3), we have

F m m ""‘%
£}'+1 n + (-AJ m ﬁ—ﬁj )

HooE g (—nym g P, 165190
~B:P (|45 % lq&ﬂﬂ)gﬁfﬁwﬁ);qﬁ, 7% 4 o,
pe=1, «eo, N—1; j=m, -, J—m, (3.8)
A+z3+1—ALf,ﬂ+1_o ity oy Wl s 8.0
On the other hand, we define |
d’"‘(.él quf,t}) | | .3 | A
2y =C~1)" 5 FiBig (|47 pf+iF 2], j=my, o», J—m; (3.10)
{z}’=0, j=0, <=, m—1; J —m+1, «-, J,
Aoccording to (2.1), when n=0 and (8.10), we have
-—z, | £ (A Aﬁz). 118 0[a 08 3
[?f L~ e +BLP(¢51% 167" —a(l717) 15
| —-q(|¢?lﬂ)z}+(F%>z¢?+lF?z}=o, jmm, ey T—m,  (3.10)
Apt=A2l=0, =0, ., m—1.
Therefore, we obtain the ﬂystem of equa,tmns (83.8)— (3 11) &bout {23} ( 3=0
J; n=0, ---, N}.

Lemma 3.4. Suppose that the conditions for Lemma 3.2 hold, and assume

-

2 (4@) L) e0@), ¢([ul?) €0Q), Ei=max |¢E)],

O0<f < B}
oF (x, )
ot

(2) 3{,;;" (2, 1) EC(Qp), I, r=1, +=-, M; K5=2 max

{w, ) €@
Then there exists @ constant EE @-ndependenﬁ 7 f h and kb, such that

ﬂ.+:l.
r1+:L] |

ey (3.12)

.fml
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gf 1—-2k(8EZK 8"+ K'5) >0.
" Proof. From condition (1) and equation (3.10), there exists a constant K,
independent of %2 and %, such that

|2°] <K
Mean while, according to condition (2), we can find a consfani £,>0, such thab

- 1 :
“ (F,+T);HEEQK5} =0, N—1; 0<b<lo.
(a) Making the inner product of 7} with equation (8.11) and taking the
imaginary part, we have

31513 |41+ 208" STA| PCIH1%, 1491 —aC1981%) |15, 2>

+2 3 K(FT)s, o |h. (3.13)

Binoce
| P(|¢il% |63 —g (171D |
= [g" (€D | (1@}|2— |9 D <2K . Eo|2}|, &€ 145D, (3.14)
<D, B <IED e 1881 18] < 5 Kal 512 +151), (3.15)

substituting (3.14) and (3.15) into (3.13), we obtain

' J—m
[1—}5(8E§E—4B*+KE)JJ=E h]z}PQKu—l—% EHE{}EL

Tt follows that there is & constant Kg, such that
|Zj i< K.

1

(b) Making the inner product of z'}+f with equations (3.8) and taking the
imaginary part, there is .

1 J—m _ i J—m : .
S b 3 I I<ag EIR, 3 (147 + 41D

J—m :
1 BB+ Ky 33 (4724 141,

Summing up for n=1, -, No—1, we have

 —1m

Ng J—m
SV |2t | *h< K o+ K5 Eo+ 2k (8EK 8"+ K) 21 3 1%

By Bellman’s inequality in disorete form, we can get

J—m
2 |4 |*h<(KsHo+ Ko)exp[ (16 E3K 8"+ 2K) T,

which implies (3.12).
Lemma 8.5. Under the conditions for Lemma 3.4, and assuming

amﬂ:(m) EC"(Q), z"l: R M:

ox™

there ewisls a constant B >0 independent of h and &, such thal

1
rom| A (A, g dmP T,
Ao e v i

o J=m ) ) *hﬂ‘l+i
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e A o g e

Proof. The es iimate (8.16) :t'ﬂllﬁws mmedmtely from tha system (2.1) and

Sobolev’s inequality.
Finally, gs a gide product of the a.hove estimations, we can. Ehow the existence

and uniqueness of the generalized solution of problem (1.1)—(1.3) if we make use
of the method in [7]. The generalized solution

w(w, ) EZ=L"(0, T, W*»2()NL~, T W""‘i‘“(ﬂ)) I"IWI"'(O T, I7(Q)),
which depends on the initial data,

§ 4. Convergence and Stability

Theorem 4.1. Suppose that u(w, t) is the classical solution of problem (1.1)—
.(1.8) and suppose

(D u(-, ) €0*™+L[0, D], WE [0, T']; u(=, -)€C?[0, T], Vae [0, D],

(2) a(z) €O0™3[0, D], I=1, «--, M,

(3) the conditions for Lemma 3. 2 hold.
Then the défference solution of the problem (2, 1)-—(2 3) converges to the classical smooth

solution of problem (1.1)—(1.3) in
Proof. , Taking Kg= max |lu(z, £)|, Ko=  max |¢" (&) | . Lot u}=wu(=y, t.)

(@, 1) €EQy 0cf cmax(E] kD

and substitute it into the difference equation (2.1). By Taylor’s expansion, we
have

ndd L m AM(A Aﬂl “+§-) " 1
i ﬂﬁk Mo (—1)" ;:ﬂm B P(up]3, u Dy F =0F+2%).

Let ¢} =uj — ¢}. Then ¢} satisfies

1
A, (A, 4" T)
B e+ (~ )" — ?m RS o Pt Y R A A T T
ntl i
"P(|¢}+llgr I¢'ﬂﬂ)¢f+7] =O(hﬂ+ka): J=m, P J—'m., (4.1)
sﬁmu(m,) “(f’M=O(h)r j""ﬂ e Jp (4.2)
diez= OB+, A gt=Oh*), n=0, -+, N; I=0, »-+, m—1. (4.3)

e |
Making the inner produet of a,hf with (4.1) and taking the imaginary part
gives

nt+l
d— E(‘A'j dTEf+2 ) gl
Sihlepa |3+ (~1)" Z]h T (e, 47}

I

+EﬁJhEP(Iu}‘“I”, 3|2 — P63+ |% (4711 -Imdd) T, o)t TS

yealle + i ]
~ 2 Im<0 (hﬂ+kﬂ), TN, (4.4)
By the hypothesis of the theorem and boundary condition (4.3), we have
A4, , AmE) PR e SR
J—m + m AU " 1 . g —m +4 m Ty
; ‘“Em< | ?ﬂﬂ ’ 3I+E>'= (_,1)’" ’g HE ) +£:| > } O(h)r (4'5)
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JPAw 12, 1D —PUd3+1% 1651018577, &7 5] E
=[P |?, [ — Pl |651%) + P lug % |¢7+4 %)

—P(|¢rY 41101 T, 6 F3|
=g’ @ED (g [*~ |51 +¢ () (1o |*— | ¢

,; 1
€2K9(|3?+1|"‘ie?l)(Ks‘i“Es)Eﬂﬂ;?ﬁI 5 e 5B
<2K By (Kg+ Hs) (|ejt |2+ | e} | D), (4.6)

<87E, 6|

|[<O(B*+5%), e f>l %‘;-— [(O(h" k”))”+ Pt I‘*]

<= (Ia’*+1|”+laj|”)+0<(h9+kﬂ)“), - (4.7)

where §“+1€(Iu}'”l"‘, |03+, i€ (w12, 5%, j=m, -, J—m.
Substituting (4.5)—(4.7) into (4.4), we obfain

J—m _ ! . : J—m | | ;
SO G Bt B 13 LA+ MO
Bumming up for n=0,:--, No—1, there i |

J’-—-m

> |3"’*]%=€£§] |e?|*h—+T - O((h”+b")”) -+ O(hﬂ)

j=m

| +2k£23'KuEs(Ka+Eﬂ) o # ,Z'l e

By Bellman’s mequallty, it i3 easy to see that if Nok<<T and 1-—-2k(28°K K, (K,
+E3) 4+1) >0, then there is a constant K, independent of » and %, such that

o —m J—m ;
3 Lo 1P Kao 3 |81+ O(+ B +0() ).

This inequality indicates that the coneclusion of the theorem is true.
" Theorem 4.2. Under the conditions for Lemma 8.2, the drz}ﬁ'érenca solution of
the problem (2.1)—(2.38) is stable in the sense of square norm. -
Proof. Suppose both &} and Y} satisfy equation (2.1) and boundary condition
(2.2) and

¢’?=¢hf: . ')b.?=')£’?lh Gr=A); weey J.
Let &} =d¢}— 47, then s} satisfies the following equations

AT(A, , Am 6] T

ok, it | e
i(8} )+ (—1)" “gﬂ,,. —— +Fy T e T+ BIP(11 147104
—P(g 1% 4199 =0, j=m, -, T —m; n=0, -, N1,

85 =¢r—Yng, J=0, -, J,
Adef=4"83=0, 1=0, -, m—1; n=0, ---, N,
The rest of the procof ig similar to that of Theorem 4.1.

Using similar methods, we can also prove that all the resulis of Sections 2-—4
hold for the' periodio boundary and initial value problem of equations (1. 1).
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§ 5. Numerical Examples

(1) Consider the following problem
B+ Uggeo+6 | u | 2 — 150 (sin? ) u=0,
s, T (.%5\/?) (14¢)sina,

% (0, t) =u(m, ) =0,

Yrr (D, t) = Ups (W? ﬁ) =0| \
It has a classical solution | ‘. ¥ _ —

u=u(z, 1) =5 Bxp(é(t—l—-i—" W))sin?:, | Fig. 1.

 The numerical results are written in Table 1 and the pattern of the solution 19
desoribed in Fig, 1, |

Table 1 Result at =1, x= /100

Classical solu. |u|? Num. solu. |u} |2, dt==10-5 Num, solu. [u?|3, =104
acee glo Bl o . , § i

/10 |  2.387287571 - 2.3872876 . 2.3872871
20/10 8.637287571 8.6372881 o 8.6372847
35,/ 10 1.636271243% 10  1.6362712% 10 1.6362710 X 10
a7 /10 | 2.261271243 x 10 2.2612712 % 10 | 2.2613712 x 10
5az,/10 2.5% 10 2.5x 10 2.5000001 X 10
6o /10 2.261271243 % 10 2.2612713 x 10 2.2612711x 10
77/10 1.636271243 % 10 1.6362712 % 10 1.6362710% 10
8 /10 8.687287571 8.6372880 8.6372857
9ar/10 2. 887287571 23872876 2 .3872878

: 0 0 0

{lup

t=31042, ©=34540 + 104ty t=3454t+ 4142, ¢=34546+5040e

LN NN

' Flg. 2 L'It1=ﬂ'_.4:}< lﬂ_ﬂ'} Alg==24t4
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(2) The gecond example is
- Sty Ugpoa+ 6 | ©] =0,
| 3.5+568, wo€[1.48, 2.52];
u(w, 0) =+
0, e € [0, 1.48) U (2.52, 4],
* u(m+4, f‘) -——"EL(:’E_, t)'

F R

The numerical results are depicted in Fig, 2.

[1]
{2]
Lal

£4]
L5]
[6]
[7]
(81
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