Vol. 5 No. 2 JOURNAL OF COMPUTATIONAL MATHEMATICS April 1987

SEVEN-DIAGONAL AND NINE-DIAGONAL
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'§ 1. Introduction

It is well-known that the SIP method™ * is one of the begt methods for solving
systems of linear algebraio equations, but the convergence and the convergence
rate of the method are a difficult problem. Moreover, till now only the case of five—
diagonal matrix has been considered. In this paper we present the SIP algorithm for
the case of seven—diagonal, nine—diagonal and more—diagonal matrices and consider
its convergence and the rate of convergence. when the ocoefficient matrix is a

diagonally dominant matrix.
&
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§ 2. SIP Algorithm

Consider the matrix equation
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If M=LU is the complete decomposition of 4, i.e. LU =4, we have

dij==E 1,
ity 1,511 65 ="y,
8ithi—1, 4+ fis=Lsy
Jii-1,141=0,
di8i1,5-1=0,
CijWi_1, -1+ Big8s_a, 5 -1 My = Gy,
Gistint, -1 6 Wiz, 5+ FisSica, s01 F Mgy, jmq -+ Uis = by, (10)
5i:rti-1- .f-_I_f‘”w‘—i! f+171 Eijui.i ==Cits
Jiitic1.531=0,
[ Mys84,4-1= 0,

M5, j—1+ bisSes = atyy,
m{jth §=1 + I".’Fw‘if e ﬁ”-‘

it =V

Here, we assume that the quaniities which do not appear in (4), (5), (6) and (7)
are zeros. Obviously, the number of equations is more than that of the unknowns
(the nnknown elements of I and U). In general, we ocancel from (10) those
equations whose RHS (right-hand side) are zeros. Then, we add some linear

combinations of the LHS (left—~hand side) of thege equahons to the RHS of the other
equations. Thus, we obtain

dis =&+ Py,
s i1, -1+ €35 =145+ Py,
| @itti—y, s+ fuy=Cu+dly,
GifWi1, 51+ €581, 3 T4y = @i+ Qi |
dﬁfri-i. j-1 8,1, —‘f i58i-1, j41 T ‘??_"biﬂi- -1t Zﬂ e bu o ‘ib:!: (11)
Essly-1, ;+f GWi—1,551 T zﬁuﬁ = Cy+ ‘#’?J:
MuW;, 51+ bis8yy = oy + Ply,
Migbi, 31+ bigt0y = Bis+ i,
Lty =i+ Db,
where ¢'s are the linear combinations mentioned above. The number of the

equations is just the same as that of the unknowns. Thudg, we can solve the

equations and obfain the matrices I and U. Finally, we use the iterative
formula

A

M@ D= Nag® 4 f 5=0,1, ---, (12)

to solve equations (1), where M = LU, N =M — A. We choose the linear combinations

¢’s such that the convergence of (12) is good and the system of equations (11) can
easily be solved. One of our choices is

¢f.f Gic addi.:fsi-ir §—1» ¢E} = Hﬂdijsimlr J—11 #f = _'fiﬂ&i-—ir 41
¢?; = d”s{—li §—13 (){)if S 0.! (ﬁl} e f‘”t‘i—li f+1)
= MSi o1, Q= — 0 futi_1, 501, Py=0%Futi_1,541, (18)
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where 8% and 8% are certain parameters. With these guantities we can solve (11)
recursively, i.e. for each ¢=1, 2, -+, m, we compute the unknowns By, Gugy fity sy
bis, Was, 815, Wy and $; from 1 to » recursively. Here we assume the quantifies which
do not appear in (4), (B), (6) and (7) are zeros. The algorithm (11), (12) is a

nine-diagonal SIP algorithm. Now we consider the seven—diagonal SIP algorithm.
There are two cases:

1. Eu=ruy=0. (14)
In this case, we take

dyy=1;;=0 (15)
and (11) becomes
="y, Gijth_1,4 +fu = gih fiﬂ-ﬂi-:l. 1417 0:
BiSi—1, 5T My = Giz, BiuWi—1,4 +f 03S1-1, 51T M, j—1-1 Iu s bm
Foswi—a, 41t Lty = Cu (16)
MiiSi,i—1=0, MyW, .1+ Lis8i5 = iy, Lywi; = Bys-
As before, we cancel those equations whose RHS are zeros. i.e.
» Fathict,441= 0, oy, 4-1=0, (17)

and add some linear combinations of f i1, 151 80d mMy8;, -1 to the RHS of the other
equations. We obtain

Cis = Th4 + 9‘553 y G-, §+f = Cu g = ‘ib{h
6iSi_1.9F My =@+ DG, 6wy, s FuSi—1, g1t Mgy, g1 lis = byy -+ by,
f i Wi—1, 44171 bijily = Cas + ‘F!’i?: MWy, 511 zu"u = Gigyt+ ‘ﬂh : (18)
liswiy = B 965
Woe call this algorithm the 7y SIP algorithm.
Onse of our choices for the ¢’s is
Cf?fj ={), Cf-’{j = _flﬂ'&i-—inf-l-ll qbl? = _gmmiisi,f—lr
Pl = 0™ msy, 11+ 0 it 1,041, Q= O f ifhia1, 3415 (19)
¢} = — Mg, 5-1, Piy=0,
with these quantities we can solve (18) recursively.
2. {iy=ay=0. (20)
In this case, we lake

fu=8;=0 (21)
and (11) becomes

diyy=ECy, Geglhi1,5-1T8™=Mygy Buylls_1,9™ 0,
GiyWi—1, 91T My = Gy, Gisti~1, 3-1+ Gy Wi—z, g+ Mgy, -1 -t Iu o blh | (22)
Gisbi-a, 17 bistlss = Cusy
Mg Wi, j-1== 0, Mily, 311 Liswiy = Bugy by = Yae
We proceed as before and obtain
By =Ey+ bl digtly1,5-17F 8=yt Dl
i Wi1, -1t Muy=ais+ Pl
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Bisbi1,s-1F €501, 5+ Mugtts, 31+ by = by + Py,
ubi_1, 1+ Lty == e+ @, (23)
Mughi, -1+ bty =By + P, Ly =vy-+diy,

where ¢y, ¢f eic. are some linear combinations of eyu.s,; and muwi,e.y, We call
this algorithm the 7; SIP algorithm. A choico of ¢'s is

d5=0, &= —aiti_y,3

Py = — 0" muw, o1, Gy =0"mywy, 4oy + eitly_y, s,
bis = — 0641, 4,

O = — My, g1, Piy=0. (24)
With these quantities we can solve (23) recursively. i
In particular, if 4 is a five~diagonal matrix, i.e.

Su=_{i=ay=r,;=0, (25)
we lake

dy=fy=s;=1t;=0 (26)

and (11) becomes
» 6y =", Giyli-q,5=0,
Ty = iz, CuWi—1, 5+ Mgy, 53+ liyy= by, listhey =0y,
MWy, 5-1=0, lywy=By.
To determine L and U, we solve the system of equations
ey =niyt Py, My=ay+Py,
8isWi—1, 57T Mgy, j_1+ Ly = by + Ply, (27)
sty = Cy+ iy, Liswyy= Bis+ by,
where &%, &, @i, ¢ and ¢f are some linear combinations of eyuws—y,; and
9405, j—1- FOT example,
Pl = —Pety_s,5, P = —0"muawi,g_q,
9‘5:5 = " migws, 5.1+ 0%, fs
Py = —B'etli_1,5, P§ = — 0 myw, ;1. (28)
With these ¢’s, (27) is the classical five-diagonal SIP algorithm.

In general, if A i3 a matrix with an arbitrary number of diagonals different
from zero, we cun proceed similarly and obtain SIP algorithms of other types.

§ 3. The convergence of SIP algorithm

In general, it is very difficult to determine whether a certain SIP algorithm is
convergent or not. Here, we assume that the matrix 4 is a diagonally dominant

mabrix ag it is the case in many problems. Without loss of generality, we may
assume the diagonal elements of 4 to be one, i.e. in (5)

b{ § = 15 (29}
Otherwise, we may consgider the equivalent equation
D Ax=Df,
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P SRCER;

where D=diag A. Under the condition that A is diagonally dominant, the

quantities ai, C, £, My, Cigs O3y Bid and vy are all less than one in absolute value.

Thus we may assume
&g 50(7'?); T4 -""-O(k); Zii ='O(L'):
ay=0(h), cy=0(h), (30).

a;=0(k), Buy=0(k), yu=0(k),
e convergenos of the iterative

where b and k are small. Now, in order o consider th
adius p(M*N) of the matrix

formula (12), it is necessary to consider the spectral r
M-IN, but
M3AN=(A+N)"N=(I+ A *N)"147*N,

and if | A"*N[<1, where [|@] is an arbitrary norm of the matrix G, we have

-1 a7y —1 -1 AT L 1 ca
[(I+AN)<i+]4 N+ AN [+ =AD"

Hence
a(M‘iN)QHM‘:‘N[]-ES;HA"INII/'(L— | AN (). (31)

T we denote the lements of A by a; and those of N by ngy, under the condition

that A is striotly diagonally dominant, from [3] we have
“A_iNﬁm‘Qm‘ﬂ'K[JZ|W|/(\“HI —Elﬂiﬂ)]- (32)

From (81) and (82), we can immediately obtain an upper bound of p(MN).
Now, we consider the nine—diagonal SIP algorithm (11), (12). I A and k are

11, it can easily be verified by mathematical induction that
dy=Ey+ORP+E), ey =0y +ORE+E), fu= L+ ORP+F7),
my=ai;+0ER+E), ly=1+0G+E), = cy + O (R +E7), (83)
sy =ay+ OB+ k), wy=By+0 (R2+-K2), ty= v+ 0@+ %),

Sma

But if
A NB NE
i 2 2 p
N = : (34)
A B
L -ATm N o
where
" g . &
o) 'ﬂ-f:t 'n'gi r-ﬂ'?l i1
N4 M T M nés | T2 Mgr N2
4 3 e ?
--------------------------- 1¢-|---1;4-.--------..r--i-
i 8
= nlifn n:]nd. s ﬁ?ﬂ ﬂ?ﬂ ﬂ’iﬂ-l
e . _
Ny T4 'n'ii-l'-
it b ¥ e :
| T o Te Tz
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g b

[ ﬁi!lﬂ n?n “«m l

from (8), (9), (4) and (B) we have
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‘nf! e qbffr Ty = ﬁf’ff: nfj =§+¢{h ﬂfj" '=.fiﬂ"'£-1. J41s
nGt =dy8_1,5-1, Ny=PY, =y,
ng =y, g = fiti-1.i41, (36)
NG = MasSi i1, N = Pl ng =iy, M=

Bince the t;b’S are some linear combinations of fiju‘i—l.:f—l-ir d-”&_j_,;_i, f{jt{-l.’,{,l and
mys;, 1, it follows from (33), (84), (35) and (86) that

nf, =0 R +%2), ny=0R2+k), -, aj=0(R*+F).
We denote these by the notation
=0(R*+%?), - (87)

which represents that the elements of the matrix N are O(A*+%"). On the other
hand, due to (29) and (30),

aul — 3} o] =1~ 0Ch-+B).
-
It follows from (82}, that

| AN [ <O R +Ek7).
Hence, from (31) we have
- p(MN)<OR'+%7). (38)
In partmular, if the ¢’s are faken as in (13), it may be seen that
ny=0(2), nfj=0(), nf=0(@k), nff=0(k),
n =00, =00, ny=0, =00, ni=0(@"),

=0kk), nz=0(hk), ng=00F), ng=0(k"). (39)
Hence
p(MAN) <O(F*+hk). (40)

The estimates (38) and (40) imply that if A is diagonally dominant and the
off-diagonal elements of A4 are sufficiently small with respect 1o the diagonal

eloments on the same row, the nine—diagonal SIP algorithm (11), {(12) is convergent
and the estimate (38) holds.

Now, we consider the case (14) and the seven—diagonal SIP algorithm (18),
(12). Under the conditions (29) and (30), we have

Fittic1,132=0(RE), my8,3-1=0ChE).
'We proceed as before. In place of (38), we obtain the estimate

o(MAN)<O(hk), (41)
gince those ¢’s are some linear combinations of fiuk_ 1,504 and 78, 1.
Similarly, if A is a seven-diagonal matrix with (20) and we apply the seven-
diagonal SIP algerithm (23), (12), we have also the estimate (41).
Finally, for the five-diagonal matrix with (25) and the five—diagonal S
algorithm (27), (12), the estimate (41) also holds.

Now, we may use the estimates obtained above to compare the SLP method

with other methods for solving systems of linear algebraic equations. For example,
if we apply the estimate

32N |.<max []ng] /(| mu] = Z|mul)] (42)
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in [3] to the Jacobi method (J method) or the Gaunss—Seidel method (GS method),
we can only obfain the estimate

p(MINY<O(h+E),
which is worse than that for the SIP method. Computational results also show that
the SIP method is much better than the J method and the GS method and it is also
better than the SOR method. Moreover, when A is a seven—diagonal or nine-diagonal
matrix, it is very difficult to find the opiimum relaxation factor.

The SIP method with diagonals other than five, seven and nine can be
considered analogously and similar resulis can be obtained.

§ 4. SIP Method of Higher Accuracy

In § 3, we take the diagonals of L and U, on which the elements are different
from zero, 1o be the same as those of A. In practice, we may also take the former to
be different from the latter. In particular, the former may involve the latter in if.
For example, we may apply the seven—diagonal or nine-diagonal SIP algorithm to
a five-diagonal matrlx A and the nine-diagonal SIP algorithm to a seven—diagonal
matriz A. The rate Of convergence of such a SIP algorithm may be better than that
of the corresponding SIP algorithm in § 2. Let us consider it here.

For convenience, in this section, we assume that (29) holds and all the
quantities on the LHS of (30) are O(h). Now, if 4 is a five-diagonal matrix with
(25) and we apply the seven—diagonal SIP algorithm (18), (12), under our
conditions, the estimates (33) with O(%*+4*) roplaced by O(A") hold. But due to
(14), we have

fu=0(?), sy=0(%).

Thus,
Jetio1,431= O®), musi,s-1=0 (ha) » (43)
Hence, ingtead of the estimate (41) which becomes |
p(M—N) <O(%*) (44)
now we have
p(M™IN)<O(R%). (45)

From this, we conclude that the rate of convergence is modified when we apply the
seven—diagonal SIP algorithm (18), (12) instead of the five—diagonal SIP algorithm
to the five—diagonal matrix A.

Now, if A is a five—diagonal matrix mentioned above and we apply the seven—
diagonal SIP algorithm (20), (12), we obtain

G U—1,5 O (}?fﬂ) y  Myly, 517 O (hﬂ) .

Thus, we still have the estimate (44). In other words, the rate of convergence can

not be modified.
If we apply the nine-diagonal SIP algorithm (11), (12) to the above five-
diagonal matrix A, since the LHS of (86) are all the linear combinations of

f Ui-1, 3425 Os%—1,5-15 Jiibi-1s541 and my8;,;_1 and
f U1, §41= 0 (hﬂ) 3 dl:‘& —lpf=1" O (hi) 3
fiti-1,i42=0(h*), mu8,5-1=0 (A°),
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we algo have the estimate (45). This shows that to solve the system of equations (1)
where A is the familiar five-diagonal matrix, the use of the nine-diagonal SIP
algorithm (11), (12) is perhaps no beiter than the use of the seven-diagonal SIP
algorithm (18), (12).

Similarly, if we apply the nine-diagonal SIP algorithm (11), (12) t0 a seven—
diagonal matrix 4 for which (14) holds, we have the estimate (44), while if we
apply the same algorithm to a seven—diagonal matrix A for which (20) holds, we
have the egtimate (45).

Computational results also show that the convergence of the SIP algorithm with
higher accuracy in § 4 is better than that of the ordinary SIP algorithm in § 2.

Finally, we point out thaf the regulis in § 4 can also be generalized io the
matrix and the SIP algorithm with more non-—zero diagonals,

§ 5. Computational Results

It is interesting that although the theoretical estimates in this paper are
established under the agsumpiions that A4 is sfrictly diagonally dominani such that
(29) and (30) hold, the computational results show that the estimates still hold for
the weakly diagonally dominant matrices. My colleague Mr. Liu Sing-ping has
solved the I:aplaee equation du=0 in two dimensions on the unit square 0<<r<1,
O0<y<{1 with the SIP algorithms in this paper. The resulis are as follows.

Tablel (6=0)
Method s/CPU 20 30 40 50
505 * 260 537 508 1368
CPU 0.0628 0.281 0.831 1.96
o s 260 537 908 1368
’ CPU 0.119 0.537 1,66 3.86
- 2 107 2190 368 554
% CPU 0.0504 0.237 0.679 1.63
a0 8 107 219 368 554
CPU 0.0586 0.271 0.803 1.88
Tabe2 (6=0.9)
Method s/CPU 20 30 40 50
- s 70 137 925 336
CPU 0.0184 0.0748 0.211 0,487
% P 70 137 995 336
5 CPU 0.0349 0.143 0.423 0.966
| 8 39 59 06 143
5711
CPU 0.0172 0.0662 0.184 0.436
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Table 3 (§=0)

wm

Method s/CPU 20 30 40 50
- s 260 537 908 1368
£ CPU 0.119 0,549 1.63 3.93
- g 107 219 268 554
: CPU 0.0589 0.265 . 0.793 1.87
g 107 219 368 554
fhsiba
CPU | 0.0497 0.223 0.667 1.85
2 107 219 368 554
70100 |
CPU 0.0588 0.265 0.791 1.84
Table 4 (7=0.9)
Method s/CPU 20 30 40 50
s 2 70 |. 137 295 336
N CPU 0.0343 0,145 0,413 0.974
. s, 39 50 97 144
o CPU 0.0203 0.0773 0.920 0.503
- s 29 59 96 143
H OPU 0.0171 0.0654 0.183 0,435
2 32 .59 97 144
700 |
CPU 0.0203 0.0778 0.220 0.504

In these tables and OPU are the numbers of iferations and the computational
time (minutes) by the machine such that the. iterate ' gatisfies the assigned
relative error, the first number 5, 7; and Ty denote that the coeflicient matrix A is a
five—diagonal matrix, a seven—diagonal mafrix with {;;=0=qay; and a seven-diagonal
matrix with £,;=0=,; respectively and the lagt numbers 05, T;, Ty and 09 dencte
that we apply the five-diagonal, seven-diagonal T;, seven—diagonal 7 and nine-
diagonal SIP algorithmg regpectively to solve the problem. From thess tables, we
can see that the computational results and the theoretical egtimates in thig paper
coincide very well with each ¢ther and that the SIP algorithm with #=0.9 is muoch
better than that with #=0. On the other hand, from tables 1 and 2, we can sees that
if A ig the classical five—diagonal matrix, it is preferable fo use the 57y algorithm
egpecially in view of the number of iferations. Besides, & number of computations
by Mr. Liu Sing-ping show that the SIP method is in preference to other splitting
nmethods,
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