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A FAMILY OF VISCOSITY SPLITTING SCHEME FOR THE
NAVIER-STOKES EQUATIONS"

Zhang Ping-wen
(Depariment of Mathematics, Peking University, Beijing, China)

ok 3 Albinet

In the paper, a family of viscosity sphtting method is introduced for solving
the initial boundary value problems of Navier-Stokes equation. Some stability and
~ _convergence estimates of the method are proved. - . .

§h1._ Introduction

Since the publication of"Chorin’s work in 1973, the convergence problem of viscous
gplitting for the Navier-Stokes equation has been considered by several authors. Beale
and Majda proved a convergence theorem for the Cauchy problems. Chorin, Hughes,
McCracken and Marsden suggested a product formula for the initial boundary value
problem, without convergence proof, follows:

ua(t) = (H(Z) 040 E(2))"o (11)

L.
-

where H(-) is the Stokes solver, E(-) is the Euler solver and ¢ is a so called “vorticity
creation operator”, the capacitya of which is to maintain the no-slip condition at the
surface. Ying Long-an considered this scheme and proved that (1.1) does not converge;
he also proved that if a nonhomogeneous term is added fo the Stokes equation to
peutralize the error arising from the operator ¢, then this scheme converges, the rate of
convergence is O(k) in L=(0,T; (H*(£))?) for the two dimensional case, and O(k) in
L"ﬁ(ﬁ,T; (L3(02))?) for the three dimensional case, where k is the length of time step.
Alessandrini, Douglis and Fabes also .considered  the initial boundary value problems
and proved the convergence of the scheme
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where Ep () is an approximate Euler solver with thie sohutions of the Euler equation
replaced by polynomials. Zheng and Huang considered fﬂ%cileme similar to (1.2}, where
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there is also no operator ¢, but Epm(°) is replaced by E (i they proved that the rate
i g R G LN Vgpt ittt B PRod Frp ORI DG sl Yhitele o e B o

|.'.‘ It A
AN e T

* Received September 4, 1990. bl R R



A Pamily of Viscosity Splitting Scheme for the Navier-Stokes Equatinna' o | 21

of ‘convergence for the two dimensional case is O{h ~€) in Lm(o T ( LZ(Q))E)’ o —
0 < £ <1/4. Recently, Ying Long-an considered a scheine L -

w®)= (@B w (13)

where H (- ) is the Stokes solver w1th nnnhnmﬂgeneaus on boundary conditions; he
proved that the rate of convergence for the two dimensional case is O(k) in L*°(0,T;

(H *(2))%).

. To understand those schemes clearly, let us give a chart.

li ﬁk . T(l‘l..lk . f)

Chorin’s scheme —

é|

ik 1 (: + l)k
Zheng and Huahg’s scheme

F
In the chart, % are the solutions of the Euler &qua.thns, u; are the solutions of the

Stﬂkes equations, and 7 is the tagent vector. -
.- The purpose of this paper is to study a family of viscosity sphttmg scheme smular to
(1 3) We will prove.a cunvergence theorem where the rate of convergence for the two-

dimensional case is O(k"") in L*(0,T;(H'(9Q))?*), where 0 < ¢ < 1/4. For simplicity,
we only consider sunpl}r connected bounded domains in R?. |

§2. The Scheme and the Main Theorem

~Let 2 = (21,22) and y = (31,42) be points in R* and Q2 be a simply connected do-
main in R? with sufficiently smooth boundary 861. The initial boundary value problem
of the Navier-Stokes equatinn is given' as

B VA VP=vlurf, semes0 (1
v -u‘“ﬁ'-'(], oz 6 1,1 > 0, S | . 1(2'-2)
£ LE) ‘tfe=o = tio (z) ¢ P AR e o (2.4)
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Eu@ﬁ; § Hﬁ?}: 1;53,] t,he vg]oclty, P 1p1the pressﬁ;}e', and ﬁ Bpos:twe canstants

Thmughout this’ papel: ¢ we assume that the solutmn (ugm }Ef{é e above pmb}em is

sufﬁclently smooth -oni € x 10,7}, and the usuaf ati lﬁi th o and {Wﬁ"?(n) for
Sobolev spaces and I *ﬂl. and || - ||,,,,; for )mmm Sabolev spaces are apphed
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We divide the interval [0,7] into equal subintervals with length k. Then we solve

ﬁ},(t) Pi(t), u(t), Pi(t) on each interval (ik, (i + l)k),: = 0,1, a.ccordmg to the

f(]]l(_mmg procedure:
O '
Bt — + (T - V)% + ﬂ? Pk = f, (2.5)
\V/ "_U:k = ‘3, | - a (2.6)
Uy, - ﬂlzéan = 0, N | (2.7)
iu(ik) = un(ik — 0) - - (2.8)
where n is the unit outward normal vector 'and uz(—0) = uo,
3;‘° + -V b= v Dugy, o (2.9)
T g = 0 o om  C ' oo w g o e (2.10)
wrhoeon = o(&2 ”" by + Dk - O)l<con (2.11)
(2.12)

U} (:k) = ﬂjc(t -I- l)k 0)

where g(t) € C?[0,1], g(ﬂ) = 0, g(l) =1,and .
19(t)] <m0, 1¢'(E)] < @, lg" ()l S @z VEE[D, 1;

g(t) exists, for example, “g(t) = t*, where ap = 1, = n,a3 = n{n-1).

Our main result is the following
Theorem. If uo' € (H(02))" N (Ho 1)), T - u = 0 f € L2(0,T;(HY(D)))
NW2(0,T; (Hﬂ(ﬂ))z), u i5 “the solution of problem (2 1)}-(2. 4]

of pmblem (2.5)-(2.12), 0 <8 < 3, then

sup_({{ue(t)lls+1.] |“k(t)“-+1) < M,
0<t<T |
sup “(u(t) — us(®)lln, llu() — TDlh) < M (214)
0<t<T
far any 0 < ¢ <1 / 4; ‘where the canstants M M' depend only on the_ dornain (1, constants
e, v,8,T, ﬂfo,ﬂl,az, ﬁnchons f ug andu | Bl GO e B e

uk,-uk 1s the solution

(2.13)

.
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§3. Solutmn of the Stokes Equatlnn
_- ;,:1_-‘-We consider the linear_‘ Stakes aquatlﬂﬂ

; . “n b at E'_.x p . .
couplegl with equatl 2 2) m;tlal cond.ltmn (2 4) anﬁ‘a mmdary cond.ltlon (2 3) and
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where u; satisfies

o /m t; -nds =0, ﬂl(t 0) uﬁ(’)':é“

We extend function u, contmunnsly to the domain Q at every tune t, such that u; is

the solution of the stationary Stokes problem
. |
—VP—PQ'IH,. vu1 = 0. o (3.3)

Then b)r the estimate of the Stokes pmblemﬁ

lulhe < s ||ﬂ1||; on- - (34)

Here and hereafter we a.lways denote by C a genenc consta.nt which depends only
on the domain §2 and constants ; v, s,T; by Cp a generic constant w]:mh depends only on

the domain £, congtants v,s,T, the knu,wn function f,uo and the solution u of prob-
lem (2 1)-(2.4); by G'l,Cg, ' % ,}A’u,Ml -;+,+ some other constants which are determined

according to special requirements.

Ouy
=1 is also a solutlm of :equation (3 3), 50 We ha.ve

- Bt |
|5e)0 < ||‘9'“”‘llu,m @9

Similarly to Lemma 1 of [1], we have
Lemma 1. fetv—u u;, then

L - 5 au ; .
_ 2w Avllﬁ < (|51 0 +1713) e
wheévh#(a,a) | !
dz, Oz
We will use the Heimhultz operator P and the Stokes operator A frequently. It is
known that

(1;2(0))**l XeG
X = Cius;ﬁre-'in (L"(ﬂ))2 of {uec (C(N))? v u=0},
G = {‘I?P:P € Hl(n)}

P is the orthogonal pm_}ectlon P: (IF(Q))2 - X, ‘which is a bnunded nperator from
H*(2))? to (H'(Q))’ fnr any nom;ega.twe 8., A is defined as A = —~PA with domain
DA =Xn{ue(H 2{"l))2 u|an 0} which admlts the’ fo]lowmg propertles

- =

—llﬂllza<||A"“||o<cllﬂllzm weﬂ(Aﬂ),w _30 (38)

%

o oy o e A w WL RS T T-'-—‘. ! ——

andlfO <s<1/2,uc xn(H-(n))= thenu € D(Aa), ;_fl‘f: s<Bue D(A)n
(Ht+1(n))2 ihen - D(A+) - . 2 r;r AT o i.ﬁ”“é"*f*ii N |
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Similarly to Lemma 2 of [1], we have .
Lemma 2. If uo € D(A) n{HH(Q))?0 < s < 3/2, f € Lm(ﬂ T (H"(ﬂ))’) 8
~1 < r<1/2, u is a solution ofpmb!em (3. 1), (2 2) (2. 4) then.

(t)less < € ((luolless + sup o). 69
Now we apply scheme (2.5)-(2.12) to pmblem (3 1] (2 2)-—(2 4). Equa.tlon (2. 5) is
reduced to polfe oo & 7
3“]: 1 e _ |

We a.pply the operatnr P to 11: and obtmn ﬂu;, fat P _f Thus

Tt ) o

NE ﬂk(t) ﬂk(tk) +j Pf("r)df - ‘.I-k {t {. (‘I -T-ﬂ].)ﬁ 1 (310)

T b lgh"--"t.:.

Let | e ol e

 + 1=t .. T T e ¢ o S s
o) = wlt) - o EEE Y@ G+ DRSOy TR 7 (31)
Then by (2.8)-(2.12), v is the solutiﬂnz'ofj ky
5 Dk—t. . . . —
3{—+—vp,,._pm+ug((‘+z ) A (x((G + 1)k — 0) — Tx(ik))

Dk—t.,_ .. I R

LG k-0 - AGR), (312

V=0, | e T, (3.13)

v|zcon = 0, Vo (3.14)

v(ik) = Tk (ik) = ug(ik — 0) = v(ik — 0). r W 2 - (3.15)

Therefore v is a continuous function on Q x [0,T].
By (3.8), {3.10), we have | |

- L (+1)k ; 1)k
o il +1 k-— *+) _
)=t 3 [ eiapg(EET j XSO
i=0 ik e T |
1, (i+1)k—T f(”k o
kg( S k ) ; ! Pf({)df}d‘r ”L’;P;-H?;“ . .
[ et ([;;]+1)k o Elap e Lo
+][ )it (t ]A{ 9( g ¢ Jj{...l - nehd] ’éff@)d& e BT
L)k — 7. pREHDEE s 0T T
((["] EoT /, Pf(f)ds dar- "
[i]k ‘i‘-’ It,ﬁt’ﬁi .' N J,'z].,-éz
| ([7;]+1)k-f” (=I-.-l+1)ﬁt Rkl " i)
- + : T df 3.16
ALY ﬂ( sk o 0 .[f]k SRR 11 .*f(gi)_f ) L el il L B 4B (ﬁf;;&;,a )

where [ ] denates the integral part of a ﬂumber AR T R R R
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Lemma 3. If0 < s<3/2,s-1<7r< 1/2 Uy € D(A)n (Hs+1(ﬂ))z~;fqe
L>(0,T; (HH*(Q))?nWIm({} T; (Hf(ﬂ))*) then |

. - 5 e B 3 S
[ (E)lss1 < C(Hﬂu”-ﬂ ik ﬂup Ilf(C)l|z+r + 5iip IIf(C)ll
o<C<([£]4+ )k . I}{C{{[ +1)e
* C(([ S+ Dk—t) - sup |I.f(C)|l.+1 (3.17)
R £~ ]Hc{([,‘]+1)k : .
Proof. The estimate of the first term i8 abvlnus Besldes we have
S l+1 : |
Jemvt-ma, ((‘“”’ ") f PAPf(c')dfM
- (:+1 k
< CllatF e vmn)A f;, AP A Pf(f)dﬂ]
<Ck “sup' \If(C)IIz+r(t - -ri W
tk{C{(t-l-l Y | )
and _ o )
vieemyal (4 Dk —x pGHDE fom
|ee-nal, ¢ 3 7 ] PMf(s)df .
» 1o G+i)k -
< C”A e / A5P A Pf(£)de L} |
<Ck  sup IIf(C)llr(f- = T)" =
th<{<(s4+1)k e 5
By the mean value theorem, ‘
t+ 1)k -7 i1 - T
o(ERET) gy (1T
where 0 < ( < l‘“lk' k<1< (34 l)k |
(4] + 1)k — ¢ pCEHDK | s
I8 gy IOl < c(([ ;J +1)k ” t)nfn.ﬂ .
. S ,:-}3:&:- :

Then (3.17) follows. |
Lemma 4. If0 < s < 3{25—1 <r< 1/2; ug = D(A)r"l(ﬂ%*’-__ _

L>(0,T, (Hz""(ﬂ))zﬂWl'm(O T: (H'(ﬂ))z), and the 3alutmnu af  pro fu

(2.4) is sufficiently smooth, then for any 0 <& < (3.+2s)/4, ' B

o202, (1(0) = (O, (0 - uk(tan.m <G “”*’éifﬁié;ié‘g‘“*&‘tﬁ
P"oof By (3 6) aﬂd g B o, vewE s Ealaegae B0 ;—:!.'.;E'.é.‘*'r’fﬁi’-. Fﬁ’}“{:"* G

.3 i
.-"-;J; ﬂi 3#:" ﬁlﬂé. e E A

m, u(t) ﬂﬂ+ / fs)!ﬁn M"M o1l ﬂﬁﬂ““”}“i
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we have ., - _
[£)-1 (i+1)k . e AV (G4+1)k
u(t) — u(t) = Y ] L e VUE=T)AL_yg( (‘ +_ J): ") _[ . * A Pf (f)dE
i=0 “? =, '

$PR(T) -7 9 (i + 1)k -7y /{i+1)k gl ‘
t _u(t 'r)A 5 ([E] +1)k—-T ([i—]+1)k oA P
' j“]" O S )} A Pf(€)de

k Ik
__f.([L]iﬂk_I plis ”"P i
+Pf() o (R )Aw_ F(€)de
([E]+1)k-—t ([F1+1)k 1_ o
( ) fo IOV

Some estlmates are the same as in the prnof of Lemma 3. A.nd we have

f(t+ )k ""'("'T)A(Pf( ) — _g ((t + lzk —_ 1') ‘/i:n+1]k Pf(f dng“

ke

_ ./(: 1)k —u(t QAPf(C)‘k ]:"*'”k 1 ((l 4+ 1)k . T) j‘ (i+1)k Pf(C)dCdf"

Jik
_ [(i+1)k ((t +1£k-,..--r)/:+1]k( —w(t-T)A _ ~V(t- c]A)Pf(C)dCdr“
S| [ —erematg (CRDRZT) (B -0ty paQacar],,,
_“‘/".l-l-l)k —u(t r]A:': ((:-I-l}): —T) /[‘*‘l‘l)kA/T— ““fAdEPf(C)dCdT“

-3

(‘-I-+1)k e —H(t—f)A ]_y ((: 4 l)k T -/(i"l"l]k —( A"T;t'"!'c

X e':"f“‘dei‘"P f(C)d(’dT“
' s )k
<C./( e -T) 1”" f(H (r—-¢) 7 EdC”f"—-adT |
<C. - sup Il.f(C)\IL_E

i (+1)k
s ‘/ (t=7)~1%3 dr.
1&-‘2({(1-[-1)& ik

Then the estimate for |left) — uk(t)||,+1 is obtained.
Now we estmate ||u(t) - uk(t)" e+1- Smce u is squi':.ue:m:l],lr smooth we have

||“(t) “('k)||-+1 < Cok, -~ 1 6 ik, (3 4 1)k):
By (3 10) and the m.ltlal;mnd.ltmn (2.8),

Iluk(t)—ua(tk 0)II-+1 <Ck mg: tllf(‘r)llm .
&7 W a7y

Therefore
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Now, we state some results about the Euler equation:

Su 1 | | | o |
'a't"J'(" 'i;?)u+pvP f | T (3.20)
vu=0, | - (321
- nlzeon = 0, L o (3.22)
uli=0 = uo(z). - (3.23)

Lemma §. If mteger m 2 3, \Iﬂo“m < My, u0 € X, then them i3 a can.stunt C’ > 0
such that ;

ko= 1
- C(M; + supgcecr ||f(t)"m +1)

where 0 < ¢ { ko: solution u of (3: 20)—(3 23) satisfies
e Scl(““0||#+ 1) N L -
where o < m, the constant __Cl_ depénd; only on the domain 1, constants m,o,T and
SUPogI<T llf ()llm.-: " ® 3 | |
" Now, u is assumed to be an arbltrary smmth functmn u( t) € X E(y,'r t) is the
characteristic which satmﬁes | P ' ke
'a?-'f(y’”t) = u(é(y,7;t)t), &y, 757} =y

up € H(2), w is the si:rlutidn of
| Ow

E+u Vw=~-VAf=F, wle=o = — V Atlg = wpo

and ¥ is the stream function which satisfies |

(3:24)

»

Let .
¥(y) = ¥(£(.1;0)), 0=—-ALVY.

Then we have
Lemma 6. If ugp € D(A), then

1008~ (o)l < Catllull + AL - (328)

where the mnstant Cz depends ﬂnly on the damum Q :md functwn u. B
The above results were prmred in [1] i 1{
= gk X ol 2 e WSl Eh.riiiﬁ 5 3 4 AL oA

56

LI — ] iy - - L : »
L A e . 2 e S "f W bt I i o o] ' ; ! 2 -
T = ¢ : . AR P <o SEo ; — ; PRI e - = e
i l:rr . ;_ _‘ - ? A .:I'. g : ' al: H 't. 1 l-l ; ': J ‘E_;.:’ h - ) . S L e '_- =0 ‘i ot . R _.. ;I - -,..;. 3 Moy

§4 Some Estxmates Afor the Vlscos:ty Sphttmg:ﬁeheme: i amp el L

In thsiiedtmn, we, gwe some eahﬂ:ates for the wlutlogspf,schﬂngm{lﬁ)—@ 12). We |
always denote by u and w the solution of pmblem (2 1)—(2 4} a.nd assomted vorticity,

and by wg a.lfd wg. the! assdcmtéd}wrtmty of ukhaﬁd T Yegg
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Lemma 7. If0 < r <1, then - .
oL I (-l < Clwlillols - 4D
for w € (H*(Q))? and S _
(o - Phwllaer < Cllwlaliwlle )

PrwE BN . . . comw w sBy T __
Proof. By the imbedding thebreiil, ‘the iﬂtarpnlaﬁtm inequality and the Holder
inequality, letting p = < , We have _”, e e, -
| - - r— et : T i -

- )oll. < Clitw: Twho< C(tlh"“hu_"w“z i) -
Lo < (il + ol < Cllwlllell + _uwuluwuu,-) ;_cnwnlnwuz-

The proof of (4.2) is similar. = ol st '-;;i;f;a' TRET WA RIFL AR " AL
We have assumed in the main theorem that 1o € D(A) N (H 4(0))2: It was proved
in [6] that the solution of the Eulex equation. belongs to L™ (0, T;(Ch J‘(ﬁ) )?) globally
pmvlded u € X N (G‘1 *(ﬂ))z By the equation e T s

Efty‘r;t)"—'.““(f(yrif; t)ft)r £y, 7i7) = #1

o(z,t) = wolf(z 50 + | FE( 60,0,
Cu=gAp —B¥Ew, Phen=0

it is easy to see that u € L=(0,7; (H4(0))?). Applying ‘this result to scheme (2.5)-
(2.12), we get U € L7(0, k; . (H4(R))?). We will prove in the next lemma that ux(jk —
0) € (H*(Q))* provided ur(t) € (H""""l(ﬂ))2 [0, jk) by induction #x(t) € (H4(Q))?
for all ¢ € [0,T).

Lemma 8. If sup |[Ee(t)|l1 < < M.;., where _1 is a posttwe tnteger, then
o<tk - %

i T | - i : _ il i
lun(ik - O)llo < Csk —“—( 3“P_||ul=(f)"s+1+1) e (4.8)
Y D{r{gk

where s+1<0<4,1<s< -2- the con.stant 03 depends fmly on dommn ﬂ constants

o,s,v,T, Mﬂ,aﬁ,ﬂhﬂg and the functmn f' e - ** e 5:-..;-:5;_:?:,2‘“..*1
Proof. We denote by C3 a generic constant whch pﬂssesses ejaimve prop erty. Let

o X = s where (v, P;) is the solution of (3.11)—(3.14). Then we differentiate

~8 T ot
thnse equatlﬂns“tfarma.ﬂy mﬁl‘respemm f and obtmm mms 3#,..1 T8t

o Bl e mw-—-*~y’(-~-": 5t ’)@(uk(akhﬁ}ﬂm((r-l)k))

A} T"w _;;:_':;i.s:-;:'_:-&r,,ﬂ ,c..-::,r” L 0 g A ] ﬁi&iﬂi‘ug 1o peizisloe 8w D v

~ 33 QH(J a){i!rk(i k D) ﬂﬂkﬂ(j rjl)l‘-));u} g =




A Family of Viscosity Splitting Scheme for the Nﬁvi&r—Stﬁk&e Equatiunul , ' | ‘ 39 |

vw=0 v Ehvb wdinbe, WD aiein ndd ¥

k
a

wl:Eaﬂ — U : | ;
w((j - 1)k) =vP A “k(Jk 0) + (U(“k(.?k 0) = uk((J : 1)3‘))

v /0t is its weak solution, but the above problem pussesses a strong snlutmn

_ =t~ (j-1)k)A a j gmrlt-r)A( _ Y jk —1
w(t) =e w((J l)k) v - ( k ( & )&(uk(jk O)
Jk

)(uk(:k 0) ~ (7 — 1)K)))dr (44)

,ﬁi;ei

f

(G- w) - Lo

Hence (4.4) is the expression ¢ of 61:]81‘, . - iy
We estimate IIw((J = 1)ij| .1 by equa.tmn (2 5) a.:nd Lemma 7 Because

|lajuk(ak o, --|IP(I G Qllr

<Cs( " sup ||uk(r)uluuk(r)u= ¥ 1)
] . (J'l)k{f{;'k kB ,f A oo _“_. g - . .j..._..'! .. : N
I cs( oup [[y(r)ll +1) S (49

j{j e (J_l)k{r{Jk - ’: e B ll i o LA £, 5 - .-.,; i

therefore | o

uw((:—l)knu-lwa( Csup  [fEk(T)lerr +1).
(;; l}k(r{Jk"

By (4.4),
_; —pt—={5— =1
lw(®)lls < C(IA* T e -G DDA L T w((j ~ l)k)llo

1 1t .
b [0 At m(u,,((,k 0) - %l - DB)lodn
(:lr---lll=

1t gzl u(e-r)A 4450
i jh_muAl (DAL (ol - 0) = Tl —~ DRYlod? |

< Ot~ - DB AT (i - 1)k)llu. E LR

C 4
+ T e k(t o F T ||A Pﬁ* (1'“1':((:!"c 0) ~ (4 - 1)33))J|0d"'
:— o Btk

C . T
) (j--l)i:(t = T) lf 2 ||A_ (Hk(Jk*"(‘ 9) ""'*‘:“k((? = 1)")”0‘{‘_"} I - & ¥ TS

| '..? ¢ bl '...----.-"'-""1 t‘_ ,—x.l k 31—1“ = ”i’l ‘“Jh ' .

RS Cs((t# - l)kﬁ ;1-+ 2 ( (J k = )((,1 1?;1-5 <j k"#""”’l * 1)
~— T r.:l :

07 it prgyed 40 - A Jaw {0 e bm(ﬁiﬁ

iT.2) g Do regyeil SRSITEI TS

Ast ’—;k - 0, we have ' S RE R woags gt s {g
& (i k- ~0)ff2 < Cs k-Hm_( ' osup ﬁwﬂﬁihﬂ '

o : m {f{ S TRER L T S R B
aen YRALY B T FRRTL 5 Y58 o *1*1"10$J.Q’& :._ Wy P L S R e e
We apply the operator P to equatlon (3 12) f&f "‘“@ Mobtain 2o -

o= - -| " .'.":' -* . b + o e ey o Y = L -". =k - ey L &
:-u o Lat -r - 7 I :{"' R 'r"_ ] --.'rq _|.:-.- 1 ) _._r, ip— ._: J-" lu""l o Lt A e M
4L . e v T - P o .l"’ Pt = i bR
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Smta s v J o 3 &
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By the interpolation inequality and (4.5),

1.

l”ﬁk(jk ~ 0) = &((j — 1)kl < —"“k(Jk 0) — u((j - 1)k)ll.+1'-_

l—l
x |1tk (ik - 0) — W ((7 - 1)k)l| i £ C k'“ ? ( sup  |[iE]fa41 + 1)-
(5-1)k<r<ik

By (46)1 |

Aok = O S O sup [l +1)
(J'llk{r{.?k

By (311, '
Mee(sk — Ol = llvlsk - 0)II4<CIIAH(:1= “O)llz-

K% B RS ERL “'f; HESR

Therefore o . :"* )

"“k(Jk 0)”4 > Ck_H a ( sup  |[Ue]]esr F '-l) ' (4.7)
. {: l)k{-r{_;k g 3
Applying (3.19) to problem (3. 12) (3 15) WE get B

- 0) = e s - vlgi-r)a (Jk—-r
o(jk - 0) = e~ HAu((G — 1)k) + L (vo(ZE2T) A (it - 0)

22T ) @ik - 0) - (G — D))

'

— @ ((j — 1)k)) + g'(

Therefore
lo(ik — 0)[ls41 < Clle™ A A 0 ((7 — 1)E)lo «

ik ﬂc T4
+C (|l4e~*E=-)4g'(¢) P &(ﬂk(sk - 0) — ﬂk((J ~ 1)k))

(J-l)k
Jk

1
+ 4= F" ek g

< Cllta((d — V)kDlle+1 + €

L jk : . o e 1 . b : e .
w0 [ (k- r) k= 0) = (G - D)l
(-1)k

where s — 1 <'7 <:1/2. Then by (45)'*@3&5‘" o

oGk - 0)||.+1~¢ca( ; sup |1u;=||.+1+1) o (a8)
(;-l)k{r{.:l: 2 ¥y

~ )A% (fie ik 0) — (s - l)k)))lludf
3k

- k"“"(Jk 0) - (i - 1)k)||.+1dr_

by (3. 15) and t:(gk 0) = u;,(gk 0) Applymg the mterpolatéog mequahty to (4 7)
a.nd (4.8), we nbtam (4.3). " s 'f* s ot %
Similarly to Lemma 9 of [1], we have *r - *-'}' 3 ‘;‘-'?"I:f‘rf&-{ PR LI

Lemm 9. .If sup ||u;,('r)||1 < Mo,%here 3 is a posztwe mteger, and there are

o, BRI OSERIR s AT £y s eV DR s % £ 5 s i
constants C’;Jco, suc tha.t - | ;

"““liua(t)u,sdl(nuﬁuk}llﬁfm Favtie T (49)
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for ik < t < (1 4+ 1)k, where § i{s any mteger sat:sfymgﬂ-i:i‘;, and 1 < 8 < 3/2,
0 < k < kg, then

sup IIHJ;(t)||.+1<M2 | v g (4.10)
0<t{(3+l)k ~

for 0 < k < ky < ko, where the comtants M, ky depend onfy on the domam Q
 constants Cy,v,s, T, My, ag,ay,as and functions f,ug
- If we replace (i, - )t in equation (2.5) by (u - v)u, then (2.6) becomes a linear

equation

St VR f-won o

The solution of pmblem (4. 15) (2. 6)—(2 12) is denoted P" u* P"‘ Let w* w"‘ be the
associated vorticities. By Lemma 4, =

o _03111-" (Ilﬂ(t) ~ (t)||.r+1,|\u(t)_7 (t)lls (4.12)

for any &', 0 < &' < 3/2, D<‘:$<(3 23’)/4 H |
Lemma 10. If1 < s < 3/2, [|uk(t)||.+1 < M, far tk <t < (i+ 1)k, then s .
(& — Bl + Dk - O)lly oo < Csk(_sup & - ukul,n + kA=) (4.13)

tk'i-r{(:-l—l)k

foranye, 0 < ¢ -3 3 where the constant s depends anly on the domain Q, the con.stants
£,8,v, M3, the functions f,ug, and the solution u of (2.1)(24). :
Proof. We denote by Cﬁ a genenc consta.nt mth the a.bnve property By (4.11) and
(2.5} '

Subtracting one equai:idn from the other we obtain

8w* — wy,

s t+u- (& — &) = u- v(i‘&" - w).i_f- (u _—.Ek) . F k. e (4.14)
By Lemma 6, . . o B g e L |
16 — (@ - Wk)((_* + 1)" 0)||u < Cs’«'ll( N “k)(‘k)ul _ -
4 [ e V@ 0) e ) GBedr (419
.where 0=-AT¥y) = t.(:(!;'(y, (t + l)k ;k)) qb 1_3 the stream functmn correspﬂndmg
to (T — Tp)(ik). roilii & TSR
We estlmate the mtegra.nd by (4.12),7 55 i )

lu - (& — w)llo < Calli—ulz < 2 T

for any 0 <6 < 1/4, Let p - 2/(2- a0 sl d) Ben 1 s '

||(" U) ; Vwkllo = f |{u #}QE&%E“) gwm 1 o
AW A = = , 35-*-*4.:1 S -

lﬁi‘i@"“ : “k“u.q
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By the imbedding thecrem and (4.12),
[Gxll1p < l1@lle <C Eikfla 15

||“ — igllog < Cllu — “kHl < Co(lje* — ully + k“"')__

Therefﬂre + |
Nu- (@ - w) — (v ) ‘G’wkﬂo < Cs(ll‘ﬂl - ﬂklll + k<70, -« (4.16)
Substltutmg (4.16}) into (4 15), we obtain b
' - - - @p)((E+ 1)k - o)nu < Cgk( “oup uu ~ Bl + T ) )
— 5B w8 "k{T{("l'l)k e et el
Since Y|zcon and = L4 are zero, we have o N - LA
o g 371 €1l '
S T "( = “k)((‘ + 1)k - 0)“1 an = “ \Y4 Mb (“ = “k)((' 1)"' ﬂ)lll on
< C|| 7 AY - (‘H — @ )((E ¥ 1)k 0)fi1,0- s y.(4:18)

am fanction corresponding o the ve’lamty \V, Ap— (u —u;,_)((: +1)k 0).

. ._1-' 'I

Let ¢ be the stre
Then it is the solution nf =
= ol ¢ . (@ - Wk)((t + 1)k - 0) 45\6{! =0.

By the estlma.te for the e]hptlc prublems,
16ll2 < Cli6 - (w S @)+ 1)k - - 0)ljo-

By definition, -
AN *:?Mb (u "“k)(("" l)k 0)

Thus (4.17) and (4.18) yield (4.13).
Lemma 11. If 1 < s < 3/2, ||'u;_(t)||.+1 <’. M., then
sup (||u(t) - “L(t)lha H“(f-) “k(t)lll) < Cek*™

O{t(T

far any 0 < € < 4, where the canstunt Cs depends anly on the damam 1, constants

e,v, 8T, Ma,ap, 01,02, functmn fiug and the solution u of (2. 1) (2.4).

. Proof. We denote by Ce 3. genenc constant which possesses | the abcwe prnperty

Taklﬁg inner pmduct (4. 14) with (@ — wk) and notmg that

L] -
= T Ty . T e, g
rtfd v BRG G

({ - VH@™ — Wk):'ﬁ? S ey = 0

' ¥

: 'v‘ﬁ-—: -
5 L .
EEEEE

r t=]{u‘. . -

woeas ot

. 13 —~ e g B0 Plgs o i A e sl T o 3
26— @l < Y- V(e = w) —(u- at) s T@illo > 118" = @llo-
h : IR : _ :r.

. 20t | |
By (4.16), the right hand éidé__ié-’-ﬁénﬁdedt=ﬁy" }) S R
Yo NS ST R IS 11 e A
SRbm : -—é—(“ﬁ* -ﬂﬂﬁ-!— kﬂl E})+}§|[mf “Wk“% f‘i}
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Qince &* — iy is the vorticity corresponding to velocity #* — T, as in the proof .of the
last lemma, we get ' - | L |
18" — G fls < Cll&™ — Qeflo. o - {4.20)

Hence g | o |
21" — @l < Col[1G" — @ullg + ).

By the Gronwall inequality,

1(3° - B)EG < 2HIEE" - BRERNE + ) (4.21)

Lett=(i+1)k—0. Then . P - - |

15" = @) + & - Ol < K1 - ~TEBIR+ R (422)

Applying Lenmla 1 to problem (2.9)~(2.12), we have RS B Ty el
aed Oty o

CIVA - w - VAR Sl 0 (4.23)

where u; is the solution of statmnary Stakes equat:nn (3 3) wu;h boundar]r cnndjtmn

ul(t)izem-g(““ﬁ" @ — )+ D8 - Olecon (424

Then we have”

I(w® = wk)((t £1)k-0) =7 A ul((: % 1)'«' 0)llo

(i+1)k 8
<l — wn)(#) - 7 AR+ L1 et (429)

By uniqueness, ul((t +. 1)k — 0) 0 ‘Then by the estlma.te for the lnlutmn of the
stationary Stokes problem with bﬂunda.ty value (4.24) and by Le:mma 10,

[ (#F)lLa < CHE — B )((E + 1)k — 0)lzeon

<Cok( sup & - @)l + k).
T o\akgr@rre 0 T

Besides, we have

3“1 ' (t 1)k e’
Fheeon = 59 (T )@ WG VR0
Hence | R B
du P o W
oy T —n( ~ W)+ Dk~ Oleen bR ey
<Co( sup i@ - u,,)(-r)nl o+ ki -ﬂ). (4.26)
T 1k{f{(l+1)k CReq w 2 dw vn s v nomd ﬁ“r S

: : ;

._ Substltutmg the above mequalltles into (4 25) we obtmn 19, 29, 1 Aoy e 1R ads

lI(w” — we)((i+ 1)k — U)Hn < fl(w™ — wk)('k)lln ___ﬂj?ll(w i &”;:)(lk)lln

>'~'<’ﬁ’=( swp @ -—uk)(-.-)||1+kr'-'.:-
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4 Cek( - stp (@ - @)} + G
sk<r<(i4+1)k £

By (4.29), |
1(w* — wa)(G + 1)k — O)}13 < (1 + Cek)ll(w" — we)(ik)II3

+Cak( sup @ - @R + ),
ik<r<(i+1}k

Substltutmg (4. 22) in it and noting the mltlal condition (2 12), we get
i (w® = wr)((i + 1)k - 0l < ec"‘(l + Cak)“(w — we )(ik)1lo
g + Cak(|I(@" - wk)(nk)unulﬂf‘-ﬂ)
By the initial condition (2.8), . . . .., - o
Iw® — we)((§ + 1)k - 0)lfg < (1 + Cak)ll(w - Wk)(‘k)uu + Cok?+2(a~2).
o

We get by mductlon tha.t " . e ww
' (w® —wk)(tk)lluf:cf“k""-f’ (by (421)),

(" — GXEIE < Cek™E 0<t<T  (by (420)),
(3" — @)@} < Ce H(‘“-ﬂ 0<t<T  (by (4.23)), (4.27)

I(w” — ue)(®)lii < Ce k"“” 0<t<T.

By (4.12) and the triangle inequality we c;btmn (4.19).
Lemma 12. Ifi > 0,0 < s < 3/2, ‘and NG (o1 < Mg, for ik < t < (i + 1)k,
then ||ui(t)||ls+1 < M3 on the same interval, where the constant M3 depends only on the

domain §}, the constants ¢,v,s,T, Ms, the function f,uo, and the solution u of problem

(2.1)-(2.4).

Proof. Let v = u* — up — ul, where u; is the solutmn of the stationary Siokes
equation (3.3) with bm:tnda.ry condition (4.24). Then v is the snlutmn of

v 1 «_p _ Py - .
.—+—V(P _Pk_Pl) =“IJ"¢{>_1J""' —""l_, V'U= 0, U'meﬂﬂ_—"os

v(:k) = u*(tk) — u;,(:k) -4y (tk).
By (35) (426) (427), = -;- g ;

W s e i [
L

3 J‘--J ]

where the constant C-; has the same property as M3 By (4 24) and the est:ma.te for
the Stokes problem, we get e Gon ikt vEle Yy - et onS

l|ﬂ1||-+m‘<cllﬂlﬂ -1,m<01|(,. --ua)((i+ 1)k o)n.+ o0
< ClIE* ZE)(G L)k o)||.+1;.a- gt (4.28)
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By Lemma 2,
c it e - b
fo)llass < C ([l () — a8 + DBy + sup I\ 3
| e tk{r{(t+1)k
e iy ~ . . | = 2 aul
< CI@ - T)((+ 1)k = O)llsa + loah+ - sup || H
e ' lk{‘r{(t—l-l)k |
R\ Oy —uk)((t-\-l)k n)\\m +c1-kl-=. _ (4.29)

B]r the tnangle inequality,

||“k||:+1 < ||”||-+1 + ||"Jl llatr + Heeflasa-

uuuuuu

We a;:-;:llj;r (4 12) to get the estlmate uf |Iu‘||.+1 and | '||,+1 Then the estimate for
|]iii||.+1 follows from (4. 28) and (4. 29) * e | .

§5. Proof of the Theorem

We may assume that 1 < 8 < 3/2Let My = 2 max jju(t)];. We set m = 4 and

0<t<T
o= 4ora-,a+1mLemma5 Then; take the large C;. Taking ¢ = 4, we determine

constant 6’3 in Lemma 8, and constant Mz in Lemma. 9. Raise M, if necessary, such
that * -~ s | w

Mz 2 Cl(lluullm +1). | (5.1)

lj S

Then we' determme cnnstants 05,03,M3 in Lemmas 10 11 and 12 respectively.

. Let m = 4. From (3.24) and Lemma 8, we_ solve kg by
| 1 : 3z |
R (5-2)
C[Csko’ (Mz it 1) + sup |lf||4 + 1]

C‘[Csk 3 (M, +1) 4 koogg NFe)le + ol = 1.

Smce the left-hand slde is manotone from zero to mﬁmty on the interval kg € [0, 00),
(5.2) admits a unige solution ko > 0. Then we take constant &; mLemma 8, and reduce
ky, if necessary, such that | |

. | . e __'t'.'_?_‘ iy
4*Eﬂ‘“Iﬁ£f C’Bk{ A:b S L ;g;::';i :__.,_i._.;; n Bl P (5 4)

I‘ 1--*-* : -_'.

'th _ dete:rmmed consta.nts, we pmve by mductlm,tg,g_l,g gg Fg.;k < kl 3 then
Ml < Mo, (el < Mol I < St o
Ilu(t) — we(t)lo < < cﬁk%* ||u(t) " u;,(t)llo < cﬁkw-ﬂ (5.5)

L RTL Y e, et ]
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Two cases are considered simmltaneously: (a) j = 0, (b) 7 } 0, and the above assertion
lﬂahdforo-c:t<3k ByLemmaaand(sa) | |

Ju(ik — 0)[la < Cak_(Mz +1)

for 0<1<4,5>0,0r3 =0, Then we set m = 4 in Lemma 5. Because kg satisfies
(5.2) and k1 < ko, the conditions of 'Lemma. 5 are fulfilled provided we take the initial
value to be u,(ik — 0), 0 < i < 7. If 5 > 0, from (3.25) we know the conditions of
Lemma 9 are fulfilled, we get (4.10). If = 0, by (5.1) and Lemma 5, (4.10) is also true,
by Lemma 11, (5.5) holds for 0 < ¢t < (7 + 1)k. By (5.4), Hﬂk||1 < My, |Jlur(t)|h £ Mo
on the same interval. Thus the induction is complete. - . °

Applying Lemma.12 we, obtain the upper.bound of ]|'uk(t)|| e+1- Thus (2.13) and
(2.14) are verified for k < k1 If k > kl, there are at most 1+ [F] steps and the upper
bounds of (2.13) and (2.14) are eas:ly obtained. -

e :
1 . E
< 1
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