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Abstract

Predictor-corrector algorithm for linear programming, proposed by Mizuno et
al.l| becomes the best well known in the interior point methods. The purpose
of this paper is to extend these results in two directions. First, we modify the
algorithm in order to solve convex quadratic programming with upper bounds.
Second, we replace the corrector step with an iteration of Monteiro and Adler’s
algorithm(?l. With these modifications, the duality gap is reduced by a constant
factor after each corrector step for convex quadratic programming. It is shown
that the new algorithm has a O(y/nL)-iteration complexity.

1. Introduction

The predictor-corrector method for linear programming is a well known interior
point method developed by Mizuno et al.lll, due to its quadratically convergent analysis.
This kind of analysis usually contains two steps, i.e., predictor step and corrector step
as one iteration. The corrector step is used only to ensure that the iterates stay close
to the central path so that large step can be taken during the predictor step. The
duality gap remains unchanged at corrector step for linear programming, but in case of
convex quadratic programming, as shown later of this paper, this gap even increases.
In this paper, we extend these results in order to solve convex quadratic programming
with upper bounds. The predictor directions generated by our algorithm are similar
to those generated by the algorithm presented in [1]. However, the corrector directions
are replaced by the Monteiro and Adler’s algorithm?). With these modifications, the
duality gap is reduced by a constant factor after each corrector step. Therefore, we
obtain a faster algorithm for convex quadratic programming.

The paper is organized as follows. In section 2, we outline the procedure of a
predictor-corrector method. In section 3, we present convergence results for the algo-
rithm. Final section contains further discussions.

* Received March 12, 1994.
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2. The Algorithm

We consider the following quadratic programming problem in standard form

: T 1,.T
min ¢’z + 57" Qx

(QP) s.t. AX:b7
r+z=d,
>0, 2z>0,

where c € R", A € R™*™, b€ R™, d € R", and Q € R™™*" are given, and @ is positive
semi-definite, z € R"™, z € R™, and the superscript T' denotes the transpose. The
standard logarithmic barrier interior point method is to incorporate the inequalities
into a logarithmic barrier term and then append it to the objective function to obtain
the following problem

min 'z + 327Qr — p Y Inw; — p > Inz
(QP,) st Ax =b,
T+ z=d.

The first order optimality conditions for (QP) are

Az —b =0, (1)
r+z—d=0, (2)
ATy+s—w—Qxr—c=0, (3)
XSe =0, (4)
ZWe =0, (5)
r,z,8,w >0, (6)

where X, .S, Z and W are diagonal matrices with the elements x;, s;, z;, and w; respec-
tively, y, w and s are dual variables and e denotes the n dimensional vector of all 1’s
Similarly, the first order optimality conditions for (QP,) are

Az —b=0, (7)
r+2z—d=0, (8)
ATy+s—w—Qz—c=0, (9)
XSe — pe =0, (10)
ZWe — pe = 0. (11)

The primal-dual method, proposed by Monteiro and Adlerl? | Carpenter B, applies
Newton’s method directly to (7)-(11). Denote by F the set of all (z,2) and (y, s, w)
that are feasible for the primal and dual, respectively. Denote by F? the set of all



Predictor-corrector Algorithm for Convex Quadratic Programming with Upper Bounds 163

points with (z,z,s,w) > 0 in F. We note that (7)-(11) define a path in F?:

X T T
C:{(x,z,y,s,w)EFO: (Zzi) :xs;—#e}’ (12)

which is usually called central path for (QP). We define the neighbourhood of the path
as

N(a) = {(z,z,y,s,w) cFY. H(?j}) — pe

T T
< S, where = “jinw} (13)

for a € (0,1). We obtain the predictor direction of predictor-corrector method by
applying Newton’s method to (1)-(6). This entails solving the system

Adyy =0, (14)
dup + dzp = 0, (15)
ATdyy + dgp — dup — Qdyp = 0, (16)
Sdyp + Xdsp = —Xs, (17)
Wd,, + Zdy, = —Zw, (18)

its solution is the predictor direction (dgp, d.p, dyp, dsp, dwp). As the predictor step may
stray from the central path, we need to pull back a little bit along corrector direction
(dge, dze, dye, dse, dye) which is obtained by solving the system

Ady. = 0, (19)

dye +dye =0, (20)

ATdyc +dse — dwe — Qdge = 0, (21)

Sdye + Xdge = fie — X s, (22)

Wdye + Zdye = fie — Zw. (23)
Algorithm
Initialization

Let a € (0,1) and 7 > 0 be such that
a? + 72 T T a? + 72
<all-——), = — > 0. 24
l—a — ( \/Zn) V2n  8n(l—«a) 29

Set k = 0.
One can check that (24) is satisfied if & = 7 = 0.25. Take a strictly feasible point

($0, 2090, So,wo), such that
XO 0
06

Predictor step
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For each even integer 2k (k = 0,1,2,---), we have (z2¢, 2%F, y%¢, s2F w?) ¢ FY

satisfying
2k 2k
X"s 2k
72k 2k H

Replace (z, 2,7, s,w) by (¢, 2%, y?*, 2% 12*) and solve the linear system (14)-(18) in

(dap, dzp, dyp, dsp, dusp). Let (di’;, d%’;, dgf,, dg’;, di’;) be a solution and let

a o
< — .
< S

2(0) = 2°F + 0d2h,
2(0) = 2°% + 0d2,
y(0) = y** + 0dy,
s(0) = s2F + 0d2h,
w(f) = w + Hd?u’;.
Calculate
6% = max {0 : (2(9), 2(6), (), 5(6),w(f)) € N(2a)}.
Set
p2k+1 — $(92k)’
2R = o (g2h),
y2k+1 — y(92k)’

$2F1 = 5(2

Y
w2k = p(974),
(22FH1)T g2h+1 | (p2KH1YT ) 2k

2n

2k+1 _

I

Corrector Step
For each odd integer 2k+1 (k = 0,1,---), we have (x2FF1, 22k+1 g2k+1 g2k+1 4 2k+1)

€ N(2a), in other words
2k+1 2k+1
XL _ 2R
72k+1,,,2k+1

2k+1 2k+1
72 )

< ap2tl,

y2Rt L g2k H1 p2k+1) and g2k +! respectively
2%k+1

Replace (z, z,y, s,w) and fi by (z
and solve the linear system (19)-(23) in (dge,dze, dye, dse, dwe), Where [i

= (1—7/V2n)p® 1. Let (d26+1, a2itt @2kt @21 @2k +1) be a solution and let

g2+ = g2kl 2kl

Y

22h+2 = 2kl g 2kl

Y

2k+2 _ . 2k+1 | J2k+1
+dye ™,

yrE =y
22 = g2kl g g2kt
w2 = 2+ 4 g2k

(222)T g2h+2 | (p2K+2)T 2%+

2n

2k+2 _

I
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3. Convergence Results

In this section, we present convergence results for the new algorithm. Firstly, to
g2RHl G241 2kl Dkl g2k g

. It is extended to quadratic

implement the corrector step, it is necessary that (
in N(2a). In the linear case, this condition is satisfied!
objective in this section. Secondly, to ensure the predictor step in the next iteration

$2k+27 Z2k+27 y2k—|-27 S2k+27 w2k+2) obtained from

is implementable, it is necessary that (
the current corrector step is in N(«).

Clearly the direction (ds,d;, dy, ds, d,,) satisfies

Ad, =0, (25)
de 4+ d, =0, (26)
ATd, +ds —dy — Qd, =0, (27)

then we can get the following lemma.
Lemma 3.1. For any (dg,d,dy,ds,dy,) satisfying (25)—(27),

dld, +dtd, = d-Qd, > 0. (28)
Proof. Using (25)—(27), ds = Qdy + dy — ATdy and d, = —d_, we have
dtds +drd, = dL(Qdy + dy — ATd,) + dLd,
= dg Qdy — d dyy — (Ady)"dy + dZ dy
=drQd, > 0.

The following lemma is a direct extension of a result in Mizuno et al.l}l.

Lemma 3.2. Suppose (z,z,y,s,w) € FO and (d,d,,dy,ds, dy,) satisfies (25)-(27).
Let (z(8),2(0),y(0),s(0),w(0)) = (z,2,9,s,w) + 0(dy,d.,dy,ds,dy). If there exists
some 0 < 1 such that

X (0)s(6
OO _ L ore
Z(0)w(0)
then (2(6), 2(8), y(8), 5(6), w(8)) € FO, where u(8) = (x(6)75(8) + 2(6)Tw(8))/(2n).
The following two lemmas describe the functions of the predictor step and the

< au(h), for all § € [0, 0],

corrector step respectively.
Lemma 3.3.  Suppose, (z,z,y,s,w) € N(a) and (dgp, dzp, dyp, dsp, dwyp) satisfies
(14)—(18). Let

(x(0),2(0), y(0), 5(0), w(0)) = (2, 2,y, 8, w) + (dap, dzp, dyp, dsp, dup),

va? +8na —«
4n ’
then for any 6 € [0,0], (x(0),2(0),y(0),s(0),w(d)) € N(2«a), that is

0=

uw(@e|l < au(d), for any 6 € [0,6],
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and pu(0) < (1—6/2)*u < (1 —60/2), where p(0) = (x(6)"s(0) + 2(6)"w(8))/(2n).

Proof.  To simplify the notations, (x,z) and (s,w) are denoted by Z, and 3,
(dgp, d.p) and (dgp, dyyp) are denoted by (ixp and ch,, respectively, let 7 = 2n. Then from
Lemma 3.1, we have

L dy, = d2Qd, > 0. (29)
From (17) and (18) we can get
Xdgp + Sdyp = —X5. (30)
Multiply both sides of (30) by (X$)~ 1, we can obtain
X35t 4 GERhdL, = —(X9)h (31)

Then, we get

[ X282, +[|57% 2| = (%42 Ty =375 — 200 dyp. (32)

From (31) and the properties of diagonal matrices, we have

0< dngZSp = (S%X_%‘iwp)T( %S_%dsz’)
_ 182X 2 duy |2 + [[(X 2572 dy |
- 2
275 —2dL dy,
e
then
0<dldy < 111 (33)

From the definition of z(#) and 5(f) we know that
X(0)3(0) = (X + 0Dap) (5 + 0dsp)
= X5+ 0(Sdyp + Xdgp) + 60°Dypdsy
= (1-0)X5+0°Dy,ds, (34)
where the last equality is due to (30). Next, we use (34) to estimate #(6)73(9),

2(0)73(0) = e X(0)3(0) = (1 — 0)27s + 0°dL dsp,
then

X TS 2
wio) =200 o Lind, > 1oy (35)

where the second equality follows from y = #73/#, and the inequality is due to (29).
Using the properties of diagonal matrices, we have

A3 Glo_la sla 1
||Dmpdsp||:||52X ZDmeZS 2 Sp”
< 182X 2dyy|| x | X257 2d,|
< HS%X_% AIPH2 + ‘|X%§_%dsp||2
N 2
Ty odT g
Tt § —2d,,.d 1 .
= . apsp _ §jT§ - Jgpdsp, (36)
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where the second equality is due to (32). Combining (34),(35) and (36) yields

~ A~

R R R 2
X(0)3(0) — u(8)e = (1 — 0)X5 + 02D,pdsp — (1 — ) e — %d”f dspe

xp

(1= 0)(X5 — jie) + 02(Daydsy — ~d%.dupe).

n r
Thus

ap _'_HQHﬁmpdspH —i—dgpdspHeH/ﬁ
2u(0) 1(6)
10& + 92 ||D:EpdspH + dgpdsp/\/ﬁ
2 (1—0)pu
1
2

(1-19)

,278/2 — dL dg, + dL dsp /N7
(1—0)u

1 5 N
e R Tr
1 nh?
3 T30
1 1 -
=5 + ga=o (for 6 € [0,0]) (37)
where the first inequality follows from (z, z,y, s, w) € N(a) and the second inequality
is due to (35), the third inequality follows from (36), the fourth inequality is due to
the facts that v2 > 1 and (29) and the last inequality is due to that the function
f(0) =n6?/(2(1 —0)), 6 €[0,1) is a monotonic increasing function for # € [0,1), and

when 6 = 0, f(0) = 1/(2a). Also from (35) and (33) we get

02 . 62
<(1-— ——3Ts=(1- —
pO) <=0+ =2 8= (1-0)ut p
62 0.,
=(1-0+u=>10-3)
0
< — =) lL.
S(A=3u

This completes the proof.

2k+1 2k+1 ,2k+1 2k+1 2k+1
x , 2 ) yS , W )

Lemma 3.4. Suppose, for some k > 0, ( Y s gen-
erated by the predictor step, so it satisfies (x2FF1, Z2KH1 g2k 1 ght1 4y2k+1) € N(2a),
then (x2k+2, 22K+2 g 2k+2 ok+2 0,2k42) ¢ N(a). Thus the algorithm is well defined.
Moreover, we have p?2 < (1 — §)u?*+1, where § = T % > 0.

Proof.  To simplify the notations, (x2**1, 22k+1) and (s?#+1 w?#+1) are denoted
by 2, and 3, (@251 @25+1) and (d2F+1, d2k+1) are denoted by dg. and d., p2F*!, @2+l

)y Yze » Fwe
are denoted by u, [i, respectively. Then from Lemma 3.2 and the algorithm, we know

that £ >0, § >0 and
Xdse + Sdye = —(X§ — fie). (38)
Also, we use superscript ‘+’ to denote the superscript 2k + 2, that is, 27 and 8T

denote (x2F+2, 22k+2) and (s2#+2 w?#+2), respectively, and p* denotes p?*+2,
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Multiplying both sides of (38) by (X.S)~ 3, one obtains
X258 2d,. + S2 X" 2dy, = (XS) "2 (e — X3). (39)
Then we get
X35 3d, )" + |93 %34 = = [[(X3) _%(,ue—XS)H — 24 d,.. (40)

Note that from (40) and the properties of diagonal matrices, we have

>
>

1Dsedscl| = 152X

3
8
o
D>
=
>
|
Nl— =
»
S

IN
»»
(SIS L mlr—t
>
|
N
0

sliodie
|
ml»—- D= ml»—t
8
S
X
=

w
°_
S
_l_
P
wl=
O}>
m|>-
ISH
»
S
o

IA

)2 (e — X3)||2 — 2d.d,e
2

Due to the fact that (x2FF1, 22k+1 g2k+1 g2k+1 4 2k+1) ¢ N(2a), in other words,

>
wy

(41)

1X5 — pe|l < ap. (42)
Using (42) we obtain that p(1—a) < #;8; < p(l4+a)(i = 1,2,---,7n), then 1/(u(1+a)) <
1/(£Z‘§Z) < 1/(:“(1 - Oé)), (Z = 17 27 T 7ﬁ)7 that is
1 1
<

> A 1
X9z = — . y
S 1XS| ~ pu(l—a) (43)
By combining (43) with (41) we get
o o A
1Dy < MES) 2P x e = X3||* — 2} dee
xcwsce >~ 2
_ a2
e = X8 s
2(1 — )
_ (p = ple + pe — X3|? .,
2(1 — )
_ (i — el + ||pe — X 52 &
2(1 = a)p
a? + 72 o 3
S mu - dscd:(:c- (44)

The second equality is due to the fact that e’ (ue — X §) = 0, and the last 1nequahty
follows from the definition of i = (1—7/v/A)p and (42). Since &1 = Z4dye, §T = §+dye,
then we get

X5t = (X + Dyo) (5 + dse)
= X5 + Dyedse + Xdse + Sdye,
= ue + ) :ccdsc' (45)
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where the last equality is due to (38). Now it follows from (45) that

= (@H)7st _ e"(ie + Dyedye)
D

n
_ ot diedse N 2. ds.

n n
> i, (46)

where the last inequality is due to (29). Therefore
X+t
P

ﬂe + 'DZCCCZSC
M—l—
e+ Dyedse — prell
= o
_ lpe+ Dyedse — pe — (dECJSC/ﬁ)EH
= o
Hljwcdscu + (dECJSC/ﬁ)||€‘|
i

2,2 - s —

Qa(ltg) H—= dzdmc + dzcdmc/\/E
7

— e

<

< a? + 7‘2_ "

2(1 = a)p

a? + 72
2(1 — a)(1 —7//n)
« o+ 72 «o
_Ea(l—a)(l—T/\/ﬁ) Sg’ (47)
where the third equality is due to (46), the second inequality follows from (44), the
third inequality is due to (29) and v/7 > 1 and the last inequality follows from the first
part of (24).
Similar to (44) we get

0<dldy = (X"282d,.)T (X258 2d,.)

A~ N ~ A1l A 1 A~
X282 due|? + | X 25 2d|
- 2

A A 1 Ao ~
_XS) 2 x e — X512 — 2dT,due
- 2

e — X312 o
o1 N, dscdl‘c
21 = a)u
C(a = et pe— X3P
- dschC
2(1 = a)p

NG = el + e = RSP s
21 — a)p serwe
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Hence we get

e < —— . (48)

dr.d T a? 4+ 12
+_ 5 mcSC< 1 —
= e < m)’“‘*zm(l—a)”
T a? 4+ 12
= (1-L —(1-3§
< \/ﬁ+4ﬁ(1—a) p=(1-0)u,

where the first inequality is due to (48) and the last equality is follows from the definition
of 9. The proof is completed.

The main results is stated as follows.

Theorem 3.1. Let {(mk,zk,yk,sk,wk)} be generated by the algorithm, and let

T a?+ 72

0= Vo wai—a)

> 0,

then there holds

(i) 0% > auim_a:O(%)’ 7=0(7)

NG
(11) M2k+2 < Mo(l _ 5)k+1 ﬁ 1— 9_%
B =0 2 .

Thus the algorithm will terminate at an optimal primal-dual pair in O(\/nL) iterations.
Proof. Part (i) is due to Lemma 3.3. Part (ii) follows from Lemma 3.3 and Lemma
3.4. This ends the proof.

4. Final Remarks

In Mizuno, Todd and Ye’s predictor-corrector method for linear programming [,
the corrector steps are used only to ensure that the iterates stay close to the central
path so that large steps can be taken during the predictor steps. In fact, they choose
p2El = 21 From (46) we know that if we also choose a2*T! = ;21 then the
duality gap remains unchanged at corrector step for linear programming, but increases
for convex quadratic programming. In our modified algorithm, we choose p2¢+1 =
(1 -7/ \/ﬁ),u%“, then the duality gap is reduced by a constant factor after each

corrector step for linear and convex quadratic programming.
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