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Abstract

In this paper we prove the solution of explicit difference scheme for a semilinear
parabolic equation converges to the solution of difference scheme for the relevant
nonlinear stationary problem as ¢t — oco. For nonlinear parabolic problem, we ob-
tain the long time asymptotic behavior of its discrete solution which is analogous to
that of its continuous solution. For simplicity, we discuss one-dimensional problem.

Key words: Asymptotic behavior, Explicit difference scheme, Semilinear parabolic
equation.

1. Introduction

Let Q = (0,1), f(z) € HY(Q), uo(z) € H*(Q) N H} (), ¢(u) = u3, we consider the
following initial-boundary value problem:

ou  0%u i
azﬁ—qb(u)—i—f(x) in Qx Ry
X
w(0,8) = u(l,t) = 0 (1.1)

u(z,0) = up(z), =z €.

By the usual approach® 4 we can get the global existence of the solution of (1.1),
furthermore, the solution of (1.1) converges to the solution of the following stationary
problem (1.2) as t — co.

O*u .
@—qﬁ(u)—l-f(ﬂs =0 in Q (1.2)
u(0,t) = u(l,t) = 0.
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In [6], [7], the authors considered the explicit scheme for (1.1) as f(z) = 0 and only
the estimate in Ly for discrete solution was obtained.

In this paper we prove that the solution of explicit difference scheme for (1.1)
converges to the solution of difference scheme for (1.2) as t — oc.

2. Finite Difference Scheme

The domain € is divided into small segments by points z; = jh (j = 0,1,---,J),
where Jh = [, J is an integer and h is the stepsize. Let At be time stepsize. For any
function w(z,t) we denote the values w(jh,nAt) by w? (0 < j < J, n=0,1,2,---)
and denote the discrete function wgl(O <j<J,n=0,1,2,---) by wp. We introduce
the following notations: Ajw? = wi, —w} (0 < j < J—1,n = 0,1,2,---) and
A_w} = wi —wi (1<j<Jn=0172--). We denote the discrete function
Arwi : L . . Ajwf

(0<j<J—-1,n=0,1,2,---) by dwy. Similarly, the discrete function 12

(0<j<J-2,n=0,1,2,---) is denoted by 5*w}.
Denote the scalar product of two discrete functions uj and v by (up,v;") =

J
Zu?vjmh.
=0
Tk Ak, (1
For 2 > k > 0, define discrete norms ||6*w?|, = (Z ‘ ;k . ‘ h)p, +oo >p>1
j=0
Ak w?
k — + 77
and || 05w | oo _j:O,IR%),(J—k’ o ‘
The difference equation associate with (1.1) is:
Wt —u? ALA W
j i _ j .
At - 12 - ¢(u?) + f; (2.1)
forj=1,---,J—landn=1,2,------ , where f; = f(z;),j=1,---,J —1,

The boundary condition of (2.1) is of the form uf = u’; = 0.
The discrete form corresponding to (1.2) is:

A+A7U;
h2

uy=uy=0

—o(uj)+f;=0, 0<j<J (2.2)

Let the discrete function u} and uj be the solution of difference equation (2.1) and
(2.2) respectively. For n =0,1,2,---, the discrete function vy = {v} | j =0,1,---,J}

is defined as v} = u} — ’U,;k(j =0,1,---,J). Then v} satisfies

o ALA T
LS S ) () (2.3

forj=1,---,J—-1and n=0,1,2,--- Obviously, vjf =v7=0,n=0,1,2,---
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3. Preliminary Results

Lemma 1. For any discrete function up, = {u; | j = 0,1,---,J} satisfying the
homogeneous discrete boundary condition ug = uy = 0, we have ||up|l2 < kil|dupl2,
l6un|l2 < k1]|0%un|2, where k1 is a constant independent of uy and h.

Proof. The first inequality is from [5], since

J-1 J-1
Z (A+UJ = Z uj AL A_uj,
7=0 J=1

we can get the second inequality. m
By [5], we have the following Lemma 2:

Lemma 2. For any discrete function up, = {u; | j = 0,1,---,J}, there is
2k+1

6% uplloo < kallunlly 2™ (||6™unll2 + HuhHg)%, where 0 < k < n and ky is a constant
independent of up and h.

Lemma 3. Let the discrete function uj, = {u; | j = 0,1,---J} be the solution of
the difference equation (2.2), there are

6% |2 < ks,
[0uplloo < k4, [luplloc < ks,

where ks, kq, ks are constants independent of h.
Proof. From (2.2) it follows that

JZLALA ut 2 LALAL u u*
+ +
Z( B2 ])h_z h2 h ij Jh_o
j=1 j=1
Since
=1 AL A_uk -1 wh, g —ul
Z (U‘j)3 h2 : h - = Z[(uj+1)3 - (uj)g] J+h2 : h
j=1 Jj=1
J-1 (ut ) +ul g ul + (u )2
j=0
we have

J—-1 A A u*?
+
———2L h< Z fih (3.1)
j=1
By (3.1) and the previous Lemmas, we complete the proof. m
Lemma 4. For any discrete function up, = {u; | j = 0,1,---,J} satisfying the
homogeneous discrete boundary condition ug = uy = 0, we have

4
lunllSe < 5 llunll:

Proof. By [5],
l[un|2, = max | s [P< 2l|upll2)|0un 2,
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it is obvious that 4
16unll3 < ﬁll%llgv

which implies the lemma. m
Lemma 5. Let the discrete function uy and uj, be the solution of difference equation
(2.1) and (2.2) respectively. For given € € (0,1),€9 € (0,1), if At, h satisfy

2(1+¢€)At

h2 § 1-— €0, (32)

there exist positive constants ke and o independent of h,n, At such that ||u} —u}||3 <
k,6efomAt'

Proof. Similar to [6] and [7].

Lemma 6. Let the discrete function uy be the solution of difference equation (2.1).
If At,h satisfy (3.2), there exists constant k7 > 0 independent of h,n, At such that
uplloc < k7.

Proof. Define the discrete function wy,n = 0,1,2,--- such that

n _

U;

w? + axj(l — .%'j),

where a > . It is evident that

|1/ lloo
2

n+l _ ,.n n
w; wy _ AL A_wj

—2a — (u})*(w} + az;(1 — z;)) + fj,

At h?
this inequality is equivalent to
w; +1 :ﬁ(wﬂl +wi_y) + (1 - W)wj — 2aAt + f;At — (u] )2(wj +ax;(l — zj))At
At, n 2At n n
— 2aAt + fjAt — (u?)anj(l —x;)At. (3.3)
By Lemma 4,

n 4 n
(wp)* < 2(S IR 13 + 43),
then if At, h satisfy (3.2), from Lemma 5,

20t
== - (u})?At > 0. (3.4)

It follows from (3.3) and (3.4) that

w}‘“ <(1- (u;-‘)QAt) max{w}_y, w;, wj}. (3.5)

The inequality (3.5) yields

1<j<J—1 7 1<5<J—1
max w"t! < =)= =)=

1<5<J—1 7 0, when max wj <0,

{ max wj, when max wji >0,
1<5<J-1
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By (3.6), there is a constant T} independent At, h,n such that

max w;‘ <Ti.
1<j<J—1

Similarly, there is a constant 75 independent At, h,n such that

>
1<I]m<1tr1l 1 wi =15,
the Lemma follows from (3.7) and (3,8). m
A simple computation shows that
Lemma 7. Suppose the sequence {a,} satisfies

Ani1 < e_clAtan+62€_c3(n+1)AtAt,

D75

(3.7)

(3.8)

where a, > 0,Yn € N,¢; > 0,1 = 1,2,3, then there exist c4 > 0,0 > 0 such that

an S C4e—O'TLAt.

4. Asymptotic Behavior of Explicit Difference Solution

In this section, we intend to study the asymptotic behavior of solution of (2.1).

By difference equation (2.3), we have

5013 = l5v 13+ 22816207 13 = 2Atz ()= )*) =

From Lemma 1 it follows that there exists 8 > 0 such that

A+A U

n n 6+ 60 n n
607118 = WSR3 + (2 = ) AHIOeR I3 + 6 8v7 1
-1 ALA_vf
n * +

<20ty ((uf)’ - (%)3)T + |0 (vt

AN ot —
Notie et 5 ) < 250

h? At
n n 6+6 n n
508 —~ I5eR 1B + (2= 57 7 o )AHIT R 15 +6Ad] e
J-1 a3 A+A U 4At2 2 2
<2AL Y ((uh)? = (u))?) 2 Lh+ —5[lI6%vp I3
j=1

J—1 ALA_ v

n\2 +
+Z<vj>{ uj, w)Ph 22 )

A+A 'U 2(1

— &
< 2A
tz ) h? h+ 1+e

%)

A+A U

h?

— vl

NI

-

2
. if At,h satisfy (3.2), we have

d

+o(op T —v)l3
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J—1
€+ ¢éo 2. m)|2 ny2 no o2
<(2- 1+€)At|]5 vh||2+CAtj§:1: (VM2 [H (u}, ul)]h. (4.1)

By Lemma 3 and Lemma 6, H(u},u}) < 2|ujt[|3, +2[|uj||2, < 2(k% 4 k3), then by (4.1),
there exists constant y independent of h,n, At such that
€+ €p

16vp 3 = lovilI3 + mmné%m% +OAt|dvp |3 < pAtllopl3.  (42)

From (4.2) and Lemma 5, there is constant p independent of h,n, At such that
15051113 = 107113 + OAL[6uR |3 < pAte "4, (4.3)

Therefore by Lemma 7, we have

Theorem 1. Let the discrete function uy and uj be the solution of difference
equation (2.1) and (2.2) respectively. If At,h satisfy (3.2), there exist constants My >
0, > 0 independent of h,n, At such that ||§(u}} — u})||3 < Mye PnAt,

By (4.2), it suffices to show that from Theorem 1:

Theorem 2. Let the discrete function uy and uj be the solution of difference
equation (2.1) and (2.2) respectively. If At,h satisfy (3.2), for any positive integer s,
there exist constants Ms > 0, A > 0 independent of h,n, At such that

S
I8t — i) [3At < Mpe A,
=0

Remark. Let u* be the solution of (1.2), ¢, = {¢; | 7 = 0,1,---, J} be the discrete
function satisfies ¢; = u*(z;),j = 0.1,---,J. By the well-known energy method, there
is C > 0 such that [|6(uj — ¢n)|l2 < Ch%.
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References

[1] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,
Springer-Verlag, New York, 1983.

[2] D. Henry, Geometric Theory of Semilinear Parabolic equations, Lecture Notes in Mathe-
matics, Vol. 840, Springer-Verlag, New York, 1981.

[3] Q.X. Ye, Z.Y. Lee, Introduction to Reaction-Diffusion Equations, (in Chinese) Chinese
Science Press, Beijing, 1990.

[4] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Springer-
Verlag, New York, 1988.

[5] Y.L. Zhou, Applications of Discrete Functional Analysis to the Finite Difference Method,
International Academic Publishers, Beijing, 1990.

[6] C.M. Elliott, A.M. Stuart, The global dynamics of discrete semilinear parabolic equations,
SIAM J. Numer. Anal., 30:6 (1993).

[7] J.M. Sang-serna, A.M. Stuart, A note on uniform in time error estimates for approximations
to reaction -diffusion equations, IMA. J. Numer. Anal., 12 (1992), 457-462.



