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Abstract

In this paper, we consider some multigrid algorithms for the biharmonic prob-
lem discretized by Morley element on nonnested meshes. Through taking the aver-
ages of the nodal variables we construct an intergrid transfer operator that satisfies
a certain stable approximation property. The so-called regularity-approximation
assumption is then established. Optimal convergence properties of the W-cycle
and a uniform condition number estimate for the variable V-cycle preconditioner
are presented. This technique is applicable to other nonconforming plate elements.
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1. Introduction

We consider some multigrid algorithms for the biharmonic equation discretized by
Morley element on nonnested meshes. To define a multigrid algorithm, certain in-
tergrid transfer operator has to be constructed. Through taking the averages of the
nodal variables, we construct an intergrid transfer operator for Morley element on
nonnested meshes that satisfies a certain stable approximation property which plays a
key role in multigrid methods for nonconforming plate elements on nonnested meshes.
The so-called regularity-approximation assumption is established by using the stable
approximation property of the intergrid transfer operator. Optimal convergence prop-
erties of the W-cycle and a uniform condition number estimate for the variable V-cycle
preconditioner are obtained by applying the abstract theory of Bramble, Pasciak and
Xu [2]. This technique is applicable to other nonconforming plate elements.

There are some earlier papers on multigrid methods for nonconforming plate ele-
ments. Peisker and Braess [6] considered the W —cycle for the Morley element. Brenner
[3] studied the W-cycle for Morley element through defining the intergrid transfer op-
erator by taking the averages of the nodal variables and simplified the algorithms and
analysis. Shi, Yu and Xie [8] studied the W-cycle for Bergan’s energy-orthogonal plate

* Received October 21, 1996
YD This work was supported by Chinese National Key Project of Fundamental Research: Methods
and Theories in Large-scale Scientific and Engineering Computing.



386 Z.C. SHI AND Z.H. XIE

element through defining the intergrid transfer operator by taking a linear combination
of the nodal parameters of the same coarse grid element. Recently, Bramble [1] dis-
cussed variable V-cycle preconditioner for Morley element. All these papers consider
the case when the triangulations are nested.

The paper is organized as follows. In section 2, we briefly describe the Morley
approximation of the biharmonic Dirichlet problem. In section 3, we define an intergrid
transfer operator and establish a certain stable approximation property of the intergrid
transfer operator using a direct technique [9]. In section 4, we describe the multigrid
methods, and establish the optimal convergence properties of the W-cycle and a uniform
condition number estimate for the variable V-cycle preconditioner for Morley element
on nonnested meshes.

2. Morley Element Approximation

We consider the biharmonic problem in € with Dirichlet boundary conditions A%y =

0
f,in Q and u = a—u =0, on 99, where (2 is a convex polygon in R?, f € H7!(1 =0,1).
n
The variational form of the problem is: Find u € HZ(Q) such that

a(u,v) = (f,v), Yo € HZ(Q), (2.1)

where
a(u,v) = Z / D%uD%vdz, (f,v) = / fudz.
=22 Q

Let {I'x},k > 1, be a family of quasi-uniform triangulations of 2. Let hy =
max {diam7; 7 € I'y}. We allow nonnested triangulations; however, we assume that
the mesh parameters hy satisfy 0 < v1 < hg1/hi < 72 < 1, where v;(i = 1,2) are
constants independent of k. From this assumption we see that for 7 € I'j, the number
of elements {7/ € T'y_1 or 7/ € Ty41; T N7 # ¢} is finite and is independent of k. Let
Vi be Morley element space with respect to I'y, [4,7] such that

a) for each triangle 7 € ', ul, is a quadratic polynomial,

b) w is continuous at vertices and vanishes at vertices along 02,

0
c¢) the normal derivative 9% is continuous at the midpoints of each 7 € I'y, and
n
vanishes at midpoints along 9f2.
The finite element method of the problem (2.1) is: Find uy € Vj such that
ar(uk, vi) = (f,v), Yo € Vg, (2.2)

where
ax(u,v) = Z Z D%uD%vdz.
7€l |a|=2"T
Denote the induced norm |ullas, = (ax(u,u))/2. Let II; be the nodal interpolation
operator of Morley element from H3(Q) N H3(Q) onto V. The following estimate for
the interpolation error is known (cf.[4, 7]):
[w = gw2,p, < Chi|w|gsq) (2.3)

for all w € H3(2) N HZ($2). Through this paper we let C' (with or without subscripts)
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be a generic positive constant independent of the mesh parameter k. The following
error estimate of Morley element is known [7]

[l = g fl2,py < Chi([lul

3,0 + bl fllo,), (2.4)

where and from now on ||ul; 0 = [[ul| gi()-

3. Intergrid Transfer Operator

The intergrid transfer operator from a coarse grid to fine grid plays an important
role in the analysis of multigrid methods.

For Morley element on nested meshes, Brenner [3] has defined an intergrid transfer
operator by taking averages of the nodal parameters between two adjacent elements.
For Bergan’s energy-orthogonal plate element, Shi, Yu and Xie [8] defined an intergrid
transfer operator by taking a linear combination of the nodal parameters of the same
coarse grid element. For Morley element on nonnested meshes, we now define an
intergrid transfer operator Iy : Vi1 — V} as follows.

For v € Vi_1, Iyv € V}, is defined so that

a) if p is a vertex of I', which is also a vertex of I'y,_1 or in the interior of 7 € I'y_1,
then (Iyv)(p) = v(p);

b) for other vertices p of I'y, v may have jumps at p and Iv takes the average of
all values of v at p;

c¢) if m is a midpoint of an edge of I'y which is in the interior of 7 € I'y_y, then
OUkv) () 901,
on on* 7’

ov
d) for other midpoints m associated with Ty, I, ey have jumps and
n

9(v)

takes the average value of ——= at m.

O(Ixv)
o (m)

n
Our analysis is based on the three properties of the intergrid transfer operator I
as follows

[ kvll2n, < Clvll2p,_,, Yv€ Vi1, (3.1)
Juk — Irug—1ll2,n,, < Chi([lulls.o + Al fllo),

and
1% — "ol < Chyllvllap,_,, Vo € Vi, (3.3)

where uy and ug_; are Morley approximations to the solution u of (2.1) on I'y, and
T';_1, respectively. I~ 1v refers to the I'y_;-linear interpolation of v and I*I;v is the
I';-linear interpolation of Ijwv.

Brenner [3] proved (3.1)—(3.3) for Morley element on nested meshes. We will use a
direct technique (cf.[9]) to prove that (3.1)—(3.3) are still valid on nonnested meshes.

Lemma 1. Let G be the interior of the union of two adjacent triangles 1 and o
in € Tx_1. Let p be an arbitrary point on the common edge pipz (cf. Figure 1). For
v € Vi_1, let vi = v|;,. Then for Vv € Vi_q,

{ [v1(p) — v2(p)| < Chi—1(|v]m2(ry) + V]2 (r))

3.4
Vor(p) — Vea®)| < Colazemn + [0l (3.4)



388 Z.C. SHI AND Z.H. XIE

Proof. Using inverse estimates and the theory of discontinuous finite element in
Feng [5] yields (3.4).

Lemma 2. Given w € H?(G), let wy (respectively wy) be the T'y_1-Morley
interpolation of w on 1 (respectively 12), i.e. w; = (Ilx_qw)|;, (i =1,2). There exists
a positive constant C' such that for all w € H3(S2)

{ lwi(p) — wa(p)| < Chi_i|w| sy,

3.5
V1 (p) — Veoa(p)] < Chis ol s (3.5)

Proof. Since w € H?(G) C CY(G), (3.5) follows from standard interpolation error
estimates(cf.[4]).

Lemma 3. (3.1) holds.

Proof. Let 7 = Ap1paps € T'k. The essential step is to establish the estimate

[Lolipey <C Y0 [ol30, Vo€ Vi (3.6)
Edakar)
€Ty _q
It is easy to see that
3
Titls(ry < C D 10n(Tew) (me) = (T (), (37)

i=1
where m;, ¢ = 1,2, 3, are the midpoints of the edges of the element 7.

T1

T2 T

Figure 1 Figure 2 Figure 3

First we consider the case when 7 belongs completely to a single 7/ € T'y_1. In this

case, if 971 NI’ = ¢ (cf. Figure 2), then Iyv = v and (3.6) holds. If 01 NOT’ # ¢, then
there exists at least an edge of 7 C 97N A7, say pipz (cf. Figure 3), or 97 NI = {p1}
or Ot N AT = {p1,p2} or d7 N AT’ = {p1,p2,ps} (cf. Figure 4).
Set w = v|,. We first assume that there exists at least an edge of 7 C 97 N Ad7’. Let
m be the midpoint of an edge pipz of 7 (cf. Figure 3), where pipsz is an arbitrary
common edge of two triangles 7 and 7’ belonging to I'y,_1. Then from the definition of
the operator Iyv, (3.4) in Lemma 1, the mean value theorem, quasi-uniform property
of the triangulations, and an inverse estimate we have

10 (Tv) (m) — 8 (I Ixv) (m)| = 19, (0) (m) — O (I*I0) (m))|

<C Y |ula 4 [0aw(pr) — O (I¥Lyv) (p1)],
#nre (3.8)

T'ely_q
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where and from now on
1
Op(v)(m) = — Z Onv|r(m), ny, is the number of {7/ € Ty_1,7 N T # ¢}.

LLCIE ot S22
/el _q

Now we consider the second term on the right-hand side of (3.8). Using the mean
value theorem and (3.4) in Lemma 1 yields

Iv(pe) — Ipv(p
|Op1pyw(p1) — aplpz(lklkv)(plﬂ = ‘8p1p2w(p1) - : 2|291p2|k ( 1)‘

w(p2) — w(p1) ‘ N |(Ixv(p2) — w(pe)) — (Tgv(p1) — w(p1)|
|p1p2] |p1p2]

< |Opupao(pr) -

< C Z ‘U’ZT"

ek )
/el _q
Similarly,
|Opipsw(p1) — 8p1p3(lklkv)(pl)‘ <C Z V)27
e
/el _q
Therefore,
|Opw(p1) = Bu(I* ko) ()| < C Y Jolar. (3.9)
T
Tlel,_q
and hence

[0 (Ikv)(m) — Bn(I* ) (m)| < € Y |olagr + |0nw(p1) — On(I°Iiv) (p1)]

et
T/El_‘k71

<C Y foba (3.10)

Fnrte

/el _q
Similarly, (3.10) holds for arbitrary edge midpoint m of 7 belong to 7/. For the cases
orNoT" = {p1} or 9rNOT" = {p1,p2} or OTNAT = {p1, p2, p3}, we can discuss similarly.

Therefore, (3.6) follows from (3.7), (3.8) and (3.10) in the first case.

Next we consider the case when 7 does not belong completely to a single 7/ € T'_;.
Let prpz be cut into [ piecewises p1qo, - -+, q1q2, - - - ¢3p2 (cf. Figure 5x), by the coarse

triangles 7, - - - , 7; respectively, and v(-) is a polynomial on each piece, where m € Giqa,
m € T,. Set v; = v|y, i =1,---,1. Let {7/ € T)_1; p1 € 7} = {r",- Tlpl}
{r'ely_1;p2 €7} = {Tf2,~-,7'5)22}, and {7/ € Tj_1; me 7} = {r" ,'-',Tlm}

By the assumption on {I'y}, I, 1y, , lp,, lm < C. Therefore, using the definition of the
operator I, the triangle inequality and (3.4) in Lemma 1 yields

10, Iyv(m) — O I*Iyv(m ] O (I* Iyv) (m )]
20(m) = Bl (m)] + |Ontln () = DI Iv) ()

IN
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< |0ty (p1) = 0], ()] + Ol (1) = DI o) (1)
+C > Py =h+L+C Y |,

FOF£P FOF£ (3]_1)
el _q /el _q
where m € 7.
gz D2
7! oo g P
b3 m
© 7—
A
P2e m -
lo
Figure 4 Figure 5

We now estimate ;. Using the triangle inequality, (3.4) in Lemma 1, the mean
value theorem, and inverse estimates yields

I <|0nv1(p1) — Onv1(qo)| + [Onv1(q0) — Onva(qo)|

+ 4 Ot (@1) = Bpuig (M) < C Y [l (3.12)

FNF#£p
el _q

For I, similarly we have

0919201 (1) = Do (I T (1)

1 /12 1
<|Op1pyv1(P1 —< v| 2 (p2) — 7— U#’lp1>
pretn0) = o (7 Dol o) = - Yol o)
v\p2) —v1\p1
<|Opip2v1(p1) — (w(p2) ( ))‘ +C Z ]2,
[p1p2| S
el _1
(vi(p2) — vi(gs)) + (vilgs) —vi-1(g3)) + - -+ + (vi(qo) — vi(p1))
<|Op1pav1(p1) — ‘
|p1p2]
+C Z ‘U|2,T’ = |Op1psv1(P1) — (£10pypov1(€1) + -+ + 11 0py py i (&)
;;emlfk#_‘bl
+C > Pl <C D |ulag, (3.13)
' NT#£p FNT#£p
S Y S Y

where &1 € D1go, -+ ,& € @Bp2, -, and 0 <t; < 1, Zti = 1. Similarly,

‘6p1p3v|1(p1) - 8P1p3(Ikav(p1)’ <C Z |U‘2,T" (3-14)

FINF#£¢
/el _1



Multigrid Methods for Morley Element on Nonnested Meshes 391
Combining (3.13) with (3.14) yields

L<C Y . (3.15)

#Nr#£e
T'ely_q

(3.6) follows from (3.7), (3.11), (3.12) and (3.15) for the second case.

Summing (3.6) over 7 in I'y, and noting that the number of repetitions, for each 7,
in the summation is finite, yield (3.1).

Lemma 4. (3.2) holds.

Proof. By (2.3), (2.4), Lemma 1 and the method similar to Theorem 2 in [3], we
can prove the Lemma.

Lemma 5. (3.3) holds.

Proof. For v € Vi_1, we have

1o = I*(Iw) e < I1¥ 1o = IR o) g + 1M 1o) = IF(Igo) e (3.16)

Now we estimate the first term on the right-hand side of (3.16). Set g = I*~lv —
I*(I*1v). For 7 = Ap1paps € T, we have

’g’%{I(T) < Chz Z |g|ioo,7’ﬂ7" (317)
TTEF]FTZTbl

For arbitrary 7,7 € I'y_1, Omp N O™ # ¢, 71 NT # ¢ and T N T # ¢, by using mean
theorem and inverse estimates we can prove that

IVglrnr = Vlnnrl = ’v(ﬂ#l”)‘nﬁf - V(Ikilv)‘mﬂA
< CO(vlog + [vl25m) <C > vlas. (3.18)

ek
Tlel,_q

For 7 € T'y, set {r1,---,7j,---, 7, } = {7 € Ty_1; 7 NT # ¢}. It follows from (3.18)
that

‘Vg‘TimT - VQ‘T]-QT‘ <C Z "U’ZT’ (717] < lr)- (3-19)

T
/el _q

Since g(p1) = g(p2) = 0, using mean value theorem yields (cf. Figure 5)

9(q1) — g(p1) = Op,po9(&1) (@1 — p1)
9(a2) — 9(q1) = Opyp,9(&2) (a2 — @)

9(p2) — 9(a3) = Op,p,9(&) (P2 — 43)

where &1, -+, & € pP1qo, - - -, q3p2 respectively. Therefore,

0= 8?1?29(51)% + ap1p2g(€2)t/2 et 8p1p2g(fl)t;7 (3~20)

where Zt; =1,t; > 0.
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It follows from (3.19)—(3.20) that

|8p1p2g’7'1ﬁ7'(p1)|§0 Z |U|2,7—7 (3.21)

FINF#£p
7€l _1

and similarly,

|8p1p39‘7—?}1m7—(p1)|§0 Z ‘U’2,7'7 (322)

FNFEP
S

here the sense of 71 and 7/ for p; are the same as the proof of Lemma 2.
It follows from (3.21)-(3.22) and Lemma 1 that

Valn ()l < D |vlar
FNTH£P
TElE 1

Similarly,

‘V9|0,oo,7- <C E ’U|277—. (3.23)
FNT#£D
7€l _1

Combining (3.23) with (3.17) yields

P <C Y i3 (3.24)
ey

Summing (3.24) over all 7 in I'y; and noting that number of repetitions, for each 7, in
the summation is finite, yields

[ TF Yo — T* 1" ||y < Chylvll2n,, - (3.25)

It remains to estimate the second term on the right-hand side of (3.16).
Set h = I*(I*~1v) — I*(Iv), then we have

A7 - < C(h(p1) = h(p2))? + (h(p2) = h(p3))?) < C(h(p1)* + h(p2)® + h(ps)?), (3.26)

where h(p;) = I*1w(p;) — Lyo(ps). If p; is a vertex of T'y_y, then h(p;) = 0. If p; is
a point of the common edge of 7 and 75 which belong to I'y_1, then by Lemma 1 we
have

1 _ _ 1
|h(pi)| = ‘5(111 +v2)(pi) — I o ()| < Jvi(ps) — IFor(pi)| + ‘5(01 —v2)(pi)
< Chi([vl2m + [Vl2m) < Chie > |vl2,r (3.27)

FNTH£P
7€l _1

If p; is an internal points of 7/ € I';,_1, then

|h(ps)] = [T" 'w(pi) = v(pi)| < Chi > |v]2,00- (3.28)
FNF#£P
TEN L 1
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It follows from (3.26)-(3.28) that

W2, <Cr Y [l (3.20)
FOTFEP
TEE_1
Summing (3.29) over all 7 in Iy yields
|5 — ool < Chylollag, . (3.30)
and hence (3.3) follows from (3.16), (3.25) and (3.30).

4. Multigrid Methods for Morley Element

Consider the discrete problem (2.2). Define Ay : Vj, — Vj, by
(Akuk,vk) = ak(uk, Uk), Vuk,vk € Vk (4.1)

Let Ry : Vi — Vj, be a linear smoother and R; = Ry, if s is odd and R,&S) = RZ if s
is even. Here R}f€ is the (+,-) adjoint of Rj. The spaces Vi1 and Vj are related by the
intergrid transfer operator I : Vi1 — V. Define projection operators Py_1 : Vi —
Vi—1 and Qg1 : Vkx — Vi1 by

ag—1(Pg—1w,v) = ag(w, Ix_1v) (4.2)
and

(Qk—1w> U) = (wa Ikv)v (43)

for all v € Vj,_1.

The multigrid operator By : Vi, — V}, is defined by induction as follows.

Algorithm Set By = Aal. Define Byrg = mek‘ in terms of Bj_1 as follows:

(1) Set 2% = 0, ¢° = 0 and define 2° = x5! + R,(CSJFm’“)(g —Apzth, s =1, ,my.

(2) Define y™ = 2™ + I;.q°, where ¢' fori = 1,---,pis ¢' = ¢""' + Bx_1[Qr_1(g9 —
Akxmk) — Ak_lqi_l].

(3) Define y® for s = my, +1,---,2my by y* =y~ + R,(;erk)(g — Ary*~1). Here
my, is the number of smoothing steps on level k. The case p = 1 and p = 2 corresponds
to the V-cycle and the W-cycle, respectively.

Let Ay be the maximum eigenvalue of Aj. Using the estimates (3.1)—(3.3) we can
prove (cf.[1]) that the regularity-approximation property [2] holds

2
(A1) lap((T = TuPy1)u, u)| < C(M/Ii?b)lﬂ(ak(u, )4

for the Morley element on a convex polygonal domain 2.

Let Ky = I — Ry Ay and Ki = I — Rl Aj; be the adjoint of K}, with respect to
ar(-,). Let Ry = (I — K; K k)A,;!. We need the following two assumptions concerning
the smoother and the number of smoothing steps.

(A.2) CAL Y (u,u) < (Ryu,u),  Yu € V.
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There exist Gy and (1, 1 < By < B1 such that the smoothing steps for variable
V —cycle satisfy

(A.3) Bomy < mp_1 < frmy.

Let dx or ¢ be the contraction number of the multigrid algorithm, that is |ax((I —
BiAg)u,u)| < dgag(u,u). A standard argument now yields the following two theorems.
Theorem 1. If the smoother Ry, satisfies (A.2), and the number of smoothing steps

mg = m is sufficient large, but independent of k, then there exists a constant M > 0
M

M + ml/4’
Theorem 2. If the smoother Ry satisfies (A.2) and the number of smoothing my,
satisfies (A.3), then there exists a constant M > 0 such that the variable V —cycle

preconditioner satisfies

such that the contraction number for W—cycle multigrid satisfies § <

1/4 1/4
m M+m
" e gan(u, ) < ap(BpAgu, u) < — 7 —ag(u, u).
+m, my,
Thus, the condition number of the matrix BpAi is unifoormly bounded, that is
1/4
M +m;’' 42
Cond(Beay) < [
m
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