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FINITE ELEMENT NONLINEAR GALERKIN COUPLINGMETHOD FOR THE EXTERIOR STEADY NAVIER-STOKESPROBLEM�1)Yin-nian He Kai-tai Li Fu-hai Gao(College of Siene, Xi'an Jiaotong University, Xi'an 710049, China)AbstratIn this paper we represent a new numerial method for solving the steadyNavier-Stokes equations in three dimensional unbounded domain. The methodonsists in oupling the boundary integral and the �nite element nonlinear Galerkinmethods. An arti�ial smooth boundary is intrdoued seperating an interior in-homogeneous region from an exterior one. The Navier-Stokes equations in theexterior region are approximated by the Oseen equations and the approximate so-lution is represented by an integral equation over the arti�ial boundary. Moreover,a �nite element nonlinear Galerkin method is used to approximate the resultingvariational problem. Finally, the existene and error estimates are derived.Key words: Navier-Stokes equations, Oseen equations, Boundary integral, Finiteelement, Nonlinear Galerkin method.1. IntrodutionNonlinear Galerkin methods are multilevel shemes for the dissipative evolutionpartial di�erential equations. They orrespond to the splittings of the unknown u :u = y + z, where the omponents are of di�erent order of magnitude with respet toa parameter related to the spatial disretization. The numerial proedure onsists ofintroduing an approximate inertial manifold whih is a simpli�ed approximation forthe small omponent z. In partiular, z is often obtained as a nonlinear funtional of y.These methods have mainly been studied in the ase of Fourier spetral disretizations(see [1-4℄). The Finite elements approximations are onsidered in [5-8℄. However, theseworks do not apply to the steady exterior Navier-Stokes equations.Our purpose here is to present a new numerial method for solving the steadyexterior Navier-Stokes equations. First, we introdue an arti�ial smooth boundary�2 separating an unbounded part 
2 from a bounded part 
1. Then the Navier-Stokes equations in 
2 are approximated by the Oseen equations. By use of the Green� Reeived Deember 5, 1996.1)Supported by NSFC & State Key Major Projet of Basi Researh.



596 Y.N. HE, K.T. LI AND F.H. GAOformula, we derive the oupling problem of the Navier-Stokes equations in 
1 ombiningthe boundary integral equation over �2. Next, we present the oupling method of theboundary integral method and the �nite element nonlinear Galerkin method for solvingthe oupling problem. Finally, we prove the well-posedness of the approximate problemand analyse the ouvergene rate of the approximate solution. Our result show thatthe �nite element nonlinear Galerkin oupling method is superior to the usual �niteelement Galerkin oupling method presented in the paper [9℄.2. Continuous Coupling ProblemLet 
0 be a simply onneted bounded open set of R3 with smooth boundary �and let 
 denote the omplement of 
0 [ �. The steady Navier-Stokes problem for auid oupying 
 onsists in �nding the veloity vetor u of the uid and its pressurep� sah that (N � S)8>>>>><>>>>>: ���u� + (u� �D)u� +rp� = f in 
div u� = 0 in 
u� = � on �u�(x)! w0 as x!1Here the oeÆient � > 0 is the dynami visosity of the uids, f represents a densityvetor of external fores and � is the veloity vetor of the ow on � satisfying theondition Z� � � nds = 0, where n denotes the unit vetor normal to �, exterior to 
,and w0 is a onstant vetor. Moreover, we assume that f has a ompat support in 
.For simpliity, we deal with the homogeneous boundary ondition ase of � = 0 inthe sequel, but all the results stated here will still hold if the trae � on 
 is any givensuÆient smooth funtion that admits a solenoidel extension (div u = 0) in 
.For some suÆient large real number R, we introdue an arti�ial boundary �2 =fx 2 
; jxj = Rg embedded in 
, separating an unbounded region 
2 from a boundedregion 
1 suh that 
1 ontains the support of f and ((u � w0) � r)u is suÆientlysmall in 
2. We shall also denete by n the unit vetor normal (from 
2) to �2.With above assumptions, we introdue an approximation (u; p) of (u�; p�) suh that(u; p) satis�es the following oupling problem
(N � S0)8>>>>>>>>>>><>>>>>>>>>>>:

���u+ (u � r)u+rp = f in 
1div u = 0 in 
1uj� = 0; �(u; p) � nj�2 = �+���u+ (w0 � r)u+rp = 0 in 
2div u = 0 in 
2uj�2 = u�; limjxj!1u(x) = w0



Finite Element Nonlinear Galerkin Coupling Method for � � � 597where �(u; p) � nj�2 = �pnj�2 + � �u�n j�2 ; �+ = �(u+; p+) � nj�2(u�; p�) = limx!�2(uj
1 ; pj
1); (u+; p+) = limx!�2(uj
2 ; pj
2):We are now ready to give an integral representation formula for the solution (u; p)of the Oseen equations in 
2. Referring to [9℄, we have that for k = 1; 2; 3uk(x) =� Z�2 u(y) � �(Uk; Pk) � n(y)dsy � Z�2(u(y) � Uk(x� y))(w0 � n(y)dsy+ Z�2 Uk(x� y) � �(y)dsy + w0 8x 2 
2; (2.1)p(x) =� Z�2 �u(y) � n(y)(w0 � r 1jx� yjdsy � Z�2 u(y) � P (x� y)(w0 � n(y))dsy+ Z�2 P (x� y) � �(y)dsy +C 8x 2 
2; (2.2)12uk(x) =� Z�2 u(y) � �(Uk; Pk)(x� y) � n(y)dsy � Z�2(u(y) � Uk(x� y))(w0 � n(y))dsy+ Z�2 Uk(x� y) � �(y)dsy + w0 8x 2 �2; (2.3)where P = (P1; P2; P3), (Uk; Pk) is the fundamental solution of the Oseen system:� ��Uk(x� y) + (w0 � r)Uk(x� y) +rPk(x� y) = Æ(x� y)ek;div Uk(x� y) = 0;and (Uk; Pk) is given by�Uk = Æki��� �2��xk�xi ; Pk = � ��xk ( 14�jx � yj);� = 18�� Z �s0 1� e�tt dt;� = jw0j2� ; s = jx� yj � w0 � (x� y)jw0j :By introduing the following Sobolev spaes (see [9℄):X = fv 2 H1(
1)3; v = 0 on �g:X0 = fv 2 X; div v = 0 in 
1g;M = L20(
1) = fq 2 L2(
1); Z
1 qdx = 0g;T = f� 2 H�1=2(�2)3; Z�2 � � ndx = 0g;



598 Y.N. HE, K.T. LI AND F.H. GAOwe obtain the ontinuous oupling variational problem orresponding to problem (N-S')and the integral equation (2.3):(Q)8>>>>><>>>>>: Find (u; �; p) 2 X �M � T suh thata(u; v) + a1(u; u; v) � (p;div v)+ < 0v; � >= (f; v) 8v 2 Xb(�; �)� 12 < 0u; � > � < G(0u); � >= 0 8� 2 T(q;div u) = 0 8q 2Mwhere(u; v) = Z
1 u � vdx; h0v; �i = Z�2 v � �dsx;a(u; v) = �((u; v)); ((u; v)) = Z
1 ru � rvdx;a1(u; v; w) = Z
1(u � r)v � wdx;b(�; �) = Z�2 Z�2 �(x) � U(x� y) � �(y)dsydsx;Gk(0u) = Z�2 u(y) � �(Uk; Pk)(x� y) � n(y)dsy;+ Z�2(u(y) � Uk(x� y))(w0 � n(y))dsy;where G is a linear operator with respet to u.The following estimates are lassial (see [9, 11-15℄):ja(u; v)j � �juj1jvj1; a(u; u) = �juj21 8u; v 2 X; (2.4)ja1(u; v; w)j � 0juj1jvj1jwj1 8u; v; w 2 X; (2.5)ja1(u; v; w)j � 1juj1=40 juj3=41 jvj1jwj1=40 jwj3=41 8u; v; w 2 X; (2.6)jb(�; �)j � 2k�k�1=2;�2k�k�1=2;�2 ;b(�; �) � 3k�k2�1=2;�2 8�; � 2 T; (2.7)where  = (
1), i = i(
1) (i = 0; 1; � � �) are positive onstants dependent of 
1,juj1 = juj1;
1 = krukL2(
1)4 ; juj0 = juj0;
1 = kukL2(
1)2 ;k�k�1=2;�2 = k�kH�1=2(�2)3 ; k�k1=2;�2 = k�kH1=2(�2)3 :Remark. In (2.4){(2.7) we using following fat: Friedrihs inequality in X is stillvalid. Therefore, In X the seminorm j � j1 and full norm k � k1 are equivalent.Theorem 2.1. Suppose that f j
1 2 X 0 and40��2kfk� < 1 (2.8)Then the variational problem (Q) admits a unique solution (u; �; p) 2 X � T �M:



Finite Element Nonlinear Galerkin Coupling Method for � � � 599Moreover, if f j
1 2 L2(
1)3; then (u; �; p) 2 (H2(
1)3 \ X) � (H1=2(�2)3 \ T ) �(H1(
1) \M) satis�es kuk2 + k�k1=2;�2 + kpk1 � 4jf j0;
1 ; (2.9)where kuk2 = kukH2(
1)3 , kpk1 = kpkH1(
1), kfk� = supv2X (f; v)jvj1 :This proof an be found in the paper [9℄.3. Finite Element Galerkin Coupling ApproximationFor simpliity we restrit the disussion here to the ase where 
1 has polyhe-dral boundary, but the results an be easily extended to a general urved domain, byintroduing an approximate boundary �h [ �2h. For further details we refer to [14℄.From now on, h will be a real positive parameter tending to zero. First, we introduethree �nite-dimensional subspaes Xh; Th and Mh of X;T and M as followis. For eahh > 0, let �h be a triangulation of 
1 made of tetrahedra K with diameters boundedby h: We suppose that f�hg is an aÆne family of lass C0, regular in the sense thatthere exists a onstant 1 > 0 independent of h suh thathK � 1�K 8K 2 �h;where hK � h is the diameter of K and �K is the diameter of the insribed spherein K. Let us denote by si; 1 � i � n the �nite number of triangular omposing theboundary �2. We take the following �nite element spaes:Xh =fvh 2 C(�
1)3 \X; vhjK 2 P 32 (K);8K 2 �hg;Th =f�h 2 C0(�2)3 \ T ;�hjsi 2 P 31 (si); 1 � i � ng;Mh =fqh 2M ; qhjK 2 P0(K);8K 2 �hg;where Pl denotes the spae at all palynomials in three variables of degree � l; 0 � l.Moreover, we de�ne the subspae X0h of X0 given byX0h = fvh 2 Xh; (qh;div vh) = 0; 8qh 2Mhg:Aording to the literatures [9, 13-14℄, there hold the following approsimate prop-erties:(H1) There exists an operator �h 2 L(H2(
1)3;Xh) suh that(qh;div (v � �hv)) = 0 8qh 2Mh;8v 2 H2(
1)3;jv � �hvj1 � hkvk2:(H2) The orthogonal projetion operator Sh : L2(�2)3 ! Th satis�esk�� Sh�k�1=2;�2 � hk�k1=2;�2 ; 8� 2 H1=2(�2)3 \ T:



600 Y.N. HE, K.T. LI AND F.H. GAO(H3) The orthogonal projetion operator �h : L20(
1)!Mh veri�esjq � �hqj0 � hkqk1; 8q 2 H1(
1)3 \M:(H4) There exists a ons tant �, independent of h suh thatsupvh2X0h (qh;div v)jvhj1 � �jqhj 8qh 2Mh:with these �nite element spaes, problems (Q) and (P ) are approximated by(Qh)8>>>>><>>>>>: Find (uh; �h; ph) 2 Xh � Th �Mh suh thata(uh; v) + a1(uh; uh; v) + h0v; �hi � (ph;div v) = (f; v) 8v 2 Xhb(�h; �)� 12 h0uh; �i � hG(0uh); �i = 0 8� 2 Th(q;div uh) = 0 8q 2Mhand (Ph)8>><>>: Find (uh; �h) 2 X0h � Th suh thata(uh; v) + a1(uh; uh; v) + h0v; �hi = (f; v) 8v 2 X0hb(�h; �)� 12h0uh; �i � hG(0uh); �i = 0 8� 2 ThTheorem 3.1. Assume that f j
1 2 X 0 and4��20kfk� < 1: (3.1)Then problem (Qh) has exatly one solution (uh; �h; ph) 2 Xh � Th � Mh, where(uh; �h) 2 X0h�Th is the unique solution of problem (Ph). Moreover, if f j
1 2 L2(
1)3then kuhk2 + k�hk1=2;�2 � jf j0;
1 : (3.2)and ju� uhj1 + k�� �hk1=2;�2 + jp� phj0 � h: (3.3)For the proof of Theorem 3.1, the readers an see the paper [9℄.4. Finite Element Nonlinear Galerkin Coupling ApproximationIn this setion, we are given two parameters h and H, tending to 0, with H > h > 0.We onsider four �nite element spaes Xh;XH ; Th andMh with XH � Xh and we writeXh = XH +Wh;Wh = (I �RH)Xh;where RH : X ! XH denote the L2-orthogonal projetions de�ned by(RHv; vH) = (v; vH ) 8v 2 X; vH 2 XH :



Finite Element Nonlinear Galerkin Coupling Method for � � � 601The modi�ed nonlineaar Galerkin method assoiated with (XH ;Xh; Th;Mh) on-sists of looking for an approximate solution (uh; �h; ph) 2 Xh � Th �Mh suh thatuh = y + z; y 2 XH ; z 2Whand(Qh)8>>>>>>>>><>>>>>>>>>:
a(y + z; v) + a1(y + z; y + z; v) + h0v; �hi � (ph;div v) = (f; v) 8v 2 XHa(y + z; w) + a1(y + z; y; w) + a1(y; z; w) + h0w; �hi�(ph;div w) = (f;w) 8w 2Whb(�h; �)� 12h0uh; �i � hG(0uh); �i = 0 8� 2 Th(q;div uh) = 0 8q 2Mhor �nding (uh; �h) 2 X0h � Th suh that(P h)8>><>>: a(y + z; v) + a1(y + z; y + z; v) + h0v; �hi = (f; v) 8v 2 XH \X0ha(y + z; w) + a1(y + z; y; w) + a1(y; z; w) + h0w; �hi = (f;w) 8w 2Wh \X0hb(�h; �)� 12 h0uh; �i � hG(0uh); �i = 0 8� 2 ThRealling again [6{7, 16℄, the following properties are lassial, namely(H5) There exists a onstant H0 suh that for 0 < h < H � H0, XH \X0h 6= f0g(H6) There exists a onstant 0 < Æ < 1 suh thatÆ(jvj21 + jwj21) � jv + wj21 8v 2 XH ; w 2Wh:(H7) jwj0 � Hjwj1 8w 2Wh:In order to onsider the well-posedness of problem (Qh), we introdue the followinglemma.Lemma 4.1. For any uh 2 X0h, the variational formulationb(�h; �)� 12h0uh; �i � hG(0uh); �i = 0 8� 2 Thadmits a unique solution �h = �(0uh) suh thath0uh; �(0uh)i � 0k�(0uh)k�1=2;�2 � juhj1This proof an refer to [9℄.Thanks to Lemma 4.1, problems (Qh) and (P h) an be rewritten as(Qh)8>>>>><>>>>>: Find (uh = y + z; ph) 2 Xh �Mh suh thata(uh; v) + a1(uh; uh; v)� a1(z; z; rHv) + h0v; �(0uh)i�(ph;div v) = (f; v) 8v 2 Xh(q;div uh) = 0 8q 2Mh



602 Y.N. HE, K.T. LI AND F.H. GAOand (P h)8>><>>: Find uh = y + z 2 X0h suh thata(uh; v) + a1(uh; uh; v)� a1(z; z; rHv)+h0v; �(0uh)i = (f; v) 8v 2 X0hwhere rH = I �RH :In order to onsider the well-posedness of problem (Qh), we �rst onsider ones ofproblem (P h). To do this, we study the following problem:Given g 2 Kh, �nd vh 2 X0h suh thata(vh; v) + h0v; �(0uh)i=(f; v)� a1(g; g; v) + a1(rHg; rHg; rHv) 8v 2 X0h (4.1)where Kh = fg 2 X0h; jgj1 � 3� kfk�g:In view of Lemma 4.1, the bilinear form: a(�; �) + h0�; �(0�)i is ontinuous andoerive on X0h � X0h. Hene, there exists a unique solution vh 2 X0h for (4.1)aording to the Lax-Milgram theorem. So, (4.1) de�nes a mapping E : Kh ! X0h.Thus, the problem (P h) is equivalent to the operator equationuh = Euh (4.2)In other words, uh is a solution of (P h) if and only if uh is a �xed point of E.Theorem 4.2. Suppose that �; 0(
1); f j
1 2 X 0 and H � H0 satisfy the uniqueondition: 80��2kfk� < 1; 6��211=2H1=2Æ�3=2kfk� < 15 : (4.3)Then there exists a unique �xed point uh of E in the set Kh.Proof. First, we prove that E is mapping of Kh into Kh. Let g 2 Kh, then vh = Egsatis�es (4.1). Taking v = vh in (4.1) and using (2.5){(2.6), (H6) � (H7) and thefollowing estimates: a(vh; vh) + h0vh; �(0vh)i � �jvhj21; (4.4)we obtain �jvhj1 � kfk� + 0jgj21 + 11=2H1=2Æ�3=2jgj21: (4.5)Thanks to the uniqueness ondition (4.3) and jgj1 � 3� kfk�, (4.5) yields�jvhj1 � 3kfk�: (4.6)So, vh 2 Kh, namely, E : Kh ! Kh:Seondly, E is a ontration mapping in Kh. In fat, if g1; g2;2 Kh, then vh1 =Eg1; vh2 = Eg2 satisfya(vh1 � vh2 ; v) + h0v; �(0(vh1 � vh2 ))i = a1(g2 � g1; g2; v) + a1(g1; g2 � g1; v)



Finite Element Nonlinear Galerkin Coupling Method for � � � 603� a1(rH(g2 � g1); rHg2; rHv)� a1(rHg1; rH(g2 � g1); rHv) 8v 2 X0h:(4.7)Taking v = vh1 � vh2 in (4.7) and using (4.4), (2.5){(2.6) and (H6)� (H7), we obtain�jvh1 � vh2 j1 � 0jg1 � g2j1(jg1j1 + jg2j1 + 11=2H1=2Æ�3=2(jg1j1 + jg2j1)jg1 � g2j1: (4.8)Due to (4.3), we derive from (4.8) thatjvh1 � vh2 j1 � (60��2kfk� + 611=2H1=2Æ�3=2kfk�)jg1 � g2j1 � 1920 jg1 � g2j1: (4.9)So, E is a ontration mapping of Kh into Kh. By the �xed point theorem, Theorem4.2 is proven.One uh is obtained as the solution of problem (P h), there remains to solve: �ndph 2Mh suh that(ph;div v) =a(uh; v) + a1(uh; uh; v)� a1(z; z; rHv)+ h0v; �(0uh)i � (f; v) 8v 2 Xh: (4.10)Here, the right hand-side of (4.10) is a funtional on Xh whih, due to the de�nitionof uh, vanishes on X0h. It is lassial that the inf-sup ondition (H4) guarantees that(4.10) is uniquely solvable in the spae Mh. This give the following existene anduniqueness of the solution (uh; ph) of problem (Qh):Theorem 4.3. With the above �nite element spaes XH ;Xh;Mh and Th and theuniqueness ondition (4:3), the problem (Qh) admits a unique solution (uh; �h; ph) 2Xh � Th �Mh, where (uh; �h) 2 X0h � Th is the unique solution of problem (P h).Moreover, if f j
1 2 L2(
1)3 thenkuhk2 + k�hk1=2;�2 � jf j0;
1 : (4.11)The proof of (4.10) is lassial, it an be omitted.5. Error EstimaatesIn this setion, we aim to derive the error estimates for the �nite element nonlinearGalerkin oupling method in terms of the three parameters R;H and h.First, we shall give the estimate ju� � uj1;
. Aording to problem (N � S0), usatis�es(N � S0)8>><>>: ���u+X
1(u � r)u+ (1�X
1)(w0 � r)u+rp = f in 
div u = 0 in 
uj� = 0; limjxj!1u(x) = w0



604 Y.N. HE, K.T. LI AND F.H. GAOwhere X
1(x) = ( 1 x 2 �
10 x�2 �
1:Hene, w = u� � u and � = p� � p satisfy� ��w + x
1((w � r)u� + (u � r)w) +r�+ (1�X
1)((u� �w0) � r)(u� � w0) + (w0 � r)w) = 0; (5.1)div w = 0; (5.2)wj� = 0; limjxj!1w(x) = 0: (5.3)Aording to the literatures [10{12℄, there holdu�(x)� w0 = O(jxj�1); u(x) � w0 = O(jxj�1) 8x � R; (5.4)Z
(u� � r)w � wdx = 0: (5.5)Equation (5.1) formally multiplied by w and integrated in 
 yields�jwj21;
 + a1(w; u�; w) + a1(u;w;w) + Z
2((u� � w0) � r)(u� � w0) � wdx++ Z
2(w0 � r)w � wdx = 0; (5.6)where (5.2) is used. Thanks to (5.2) and (5.5), we haveZ
2((u� � w0) � r)(u� � w0) � wdx+ Z
2((u� � w0) � r)w � (u� � w0)dx= Z�2(u� � w0) � n((u� � w0) � w)dsx; (5.7)Z
2(w0�r)w � wdx = Z
2((w0 � u�) � r)w � wdx� a1(u�; w;w); (5.8)Z
2((w0 � u�)�r)w � wdx = 12 Z�2(w0 � u�) � njwj2dsx: (5.9)Moreover, due to (5.4) there holdZ�2(u� � w0) � n(u� � w0) � wdsx = O(R�1); (5.10)12 Z�2(w0 � u�) � njwj2dsx = O(R�1): (5.11)Combining (5.6) with (5.7){(5.11) yields�jwj21;
1 + a1(w; u�; w) + a1(u�; w;w) + a1(u;w;w)+ Z
2((u� � w0) � r)w � (u� � w0)dx = O(R�1): (5.12)



Finite Element Nonlinear Galerkin Coupling Method for � � � 605However, due to (2.5) and (5.5) we implya1(w; u�; w) + a1(u�; w;w) = 2a1(w;w;w) + a1(w; u;w) + a1(u;w;w); (5.13)ja1(u;w;w)j � 0juj1jwj21; (4.14)ja1(w; u;w)j � 0juj1jwj21; (4.15)��� Z
2((u� � w0) � r)w � (u� � w0)dx��� � �Z
2 jrwj2dx�1=2�Z
2 ju� � w0j4dx�1=2� �4 jwj21;
 + ��1 Z
2 ju� �w0j4dx; (5.16)Z
2 ju� � w0j4dx = Z
2 O(jxj�4)dx = O(R�1); (5.17)2a1(w;w;w) = Z
2 w � njwj2dx = O(R�1): (5.18)So, (5.12) amd (5.13){(5.18) yield3�jwj21;
 � 120juj1jwj21;
 = O(R�1): (5.19)Aording to the paper [9℄, there holdsjuj1 � 2� kfk�: (5.20)namely, we have 3��1� 8�2 0kfk��jwj21;
 = O(R�1): (5.21)Using again the uniqueness ondition (4.3), we derive1� 8�2 0kfk� = � > 0: (5.22)Therefore, (5.21) and (5.22) yieldju� � uj1;
 = O(R�1=2): (5.23)Realling again the disussions given in setion 3, we obtain the approximate aurayof uh.Theorem 5.1. Assume that �; 0(
1) and f satisfy the uniqueness ondition (5:22),then ju� � uhj1 = O(R�1=2 + h): (5.24)Next, it remains now to derive the onvergene rate of uh.Theorem 5.2. Assume that �; 0(
1); f and H satisfy the uniqueness ondition(4:3), then ju� � uhj1 = O(R�1=2 + h+H5=2): (5.25)



606 Y.N. HE, K.T. LI AND F.H. GAOProof. We setE = uh � uh = e+ "; e = RHuh � y; " = (I �RH)uh � z� = ph � ph; � = �h � �h:Then problem (Qh) and problem (Qh) yielda(E; v) + a1(uh; E; v) + a1(E; uh; v) + a1(z; z; rHv) + h0v; �i� h�;div vi = 0 8v 2 Xh; (5.26)b(�; �)� 12 h0E;�i � hG(0E); �i = 0 8� 2 Th; (5.27)(qdiv E) = 0 8q 2Mh: (5.28)Aording to Lemma 4.1, (5.27) implies that � = �(0E) satis�esh0E; �(0E)i � 0; (5.29)k�k�1=2;�2 � jEj1: (5.30)Thus, taking v = E in (5.26) and using (5.28){(5.29), we derive�jEj21 + a1(uh; E;E) + a1(E; uh; E) + a1(z; z; ") = 0: (5.31)Thanks to (2.5)-(2.6), we haveja1(uh; E;E) + a1(E; uh; E) � 0(juhj1 + juhj1)jEj21; (5.32)ja1(z; z; ")j � 1jzj1=40 jzj1=41 j"j1=40 j"j1=41 : (5.33)Realling the paper [9℄, there holdsjuhj1 � 2� kfk�: (5.34)Referring again to the proof of Theorem 4.2, uh satis�esjuhj1 � 3� kfk�: (5.35)Thus, (5.32) and (5.34)-(5.35) giveja1(uh; E;E)j + a1j(uh; E;E) � 5� 0kfk�jEj21;
: (5.36)Using again (H6)� (H7), (5.33) yieldsja1(z; z; ")j �11=2H1=2jzj21j"j1 � 1Æ�1=21=2H1=2jzj21jEj1�3� 0jfk�jEj21 + Hjzj41: (5.37)
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