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RELATIONS BETWEEN TWO SETS OF FUNCTIONS DEFINEDBY THE TWO INTERRELATED ONE-SIDE LIPSCHITZCONDITIONS�1)Shuang-suo Zhao(Department of Mathematis, Lanzhou University, Lanzhou 730000, China)Chang-yin Wang(Communiation enter, Department of Communiations, Gansu Provine, Lanzhou 730030,China)Guo-feng Zhang(Department of Mathematis, Lanzhou University, Lanzhou 730000, China)AbstratIn the theoretial study of numerial solution of sti� ODEs, it usually assumesthat the righthand funtion f(y) satisfy one-side Lipshitz ondition< f(y)� f(z); y � z >� �0ky � zk2; f : 
 � Cm ! Cm;or another related one-side Lipshitz ondition[F (Y )� F (Z); Y � Z℄D � �00kY � Zk2D; F : 
s � Cms ! Cms;this paper demonstrates that the di�erene of the two sets of all funtions satisfyingthe above two onditions respetively is at most that �0 � �00 only is onstantindependent of sti�ness of funtion f .Key words: Sti� ODEs, One-side Lipshitz ondition, Logarithmi norm.In the theoretial study of numerial solution of sti� ODEs, authors usually assumethat the righthand funtion f ofy0(t) = f(y(t)); y(t0) = y0; t 2 [t0; T ℄; f : 
 � Cm ! Cm; (1)satisfy the one-side Lipshitz ondition[1;2;3℄< f(y)� f(z); y � z >� �ky � zk2;8y; z 2 
; (2)� Reeived February 27, 1995.1)Supported by the national natural siene foundation.



458 S.S. ZHAO, C.Y. WANG AND G.F. ZHANGhowever, in some ases(suh as study of existene and uniqueness of the solution), thefuntion f is assumed to satisfy another one-side Lipshitz ondition[F (Y )� F (Z); Y � Z℄D � �kY � Zk2D; (3)where 
 is a onvex domain in Cm, Y = (yT1 ; yT2 ; � � � ; yTs )T 2 
s:= s timesz }| {
� 
� � � � � 
,F (Y )=(fT (y1), fT (y2),� � �,fT (ys))T , < �; � > is an inner-produt in Cm, k � k is the or-responding norm, D = (dij)is a s-by-s Hermite positive de�nite matrix, [F (Y ); Z℄D =Psi;j=1 dij < f(yi); zj >, k � kD is the orresponding norm.De�nition:F1(�) = ff(y) j Re < f(y)� f(z); y � z >� �ky � zk2; f 0(y) is existed;8y; z 2 
g;F2(�) = ff(y) j Re[F (Y )�F (Z); Y �Z℄D � �kY �Zk2D; f 0(y) is existed;8Y;Z 2 
sg;where f 0(y) is a Frehet-derivative of f(y) with respet to y. Up to date, there is noresult for the relation of F1(�) and F2(�). The goal of this paper is to investigate thisproblem.Theorem 1. If D is a diagonally positive de�nite matrix, thenF1(�) = F2(�):Proof. For 8f(y) 2 F2(�), it follows from the de�nition thatReXsi=1 dii < f(yi)� f(zi); yi� zi >= Re[F (Y )�F (Z); Y �Z℄D � �kY �Zk2D; (4)if f(y) 62 F1(�), then there exist y; z 2 
 suh thatRe < f(y)� f(z); y � z >> �ky � zk2:Let Y = (yT ; yT ; � � � ; yT )T and Z = (zT ; zT ; � � � ; zT )T 2 
s, thenReXsi=1 dii < f(y)� f(z); y � z >> �kY � Zk2D:That is onit with (4), so F2(�) � F1(�). On the other hand, it is obvious thatF1(�) � F2(�). Therefore, F1(�) = F2(�).Theorem 2. Assume that the D be a Hermite positive de�nite matrix and f(y) =By + B̂ be a linear funtion, then f 2 F1(�) () f 2 F2(�).Proof. For the inner-produts < �; � > and standard inner-produt (y; z) = y�z inCm, there exists a Hermite positive de�nite matrix Q suh that< y; z >= (y;Qz); 8y; z 2 Cm:



Relations Between Two Sets of Funtions De�ned by ... 459So, for an arbitrary blok diagonal matrix H=blok-diag(B;B; � � � ; B) 2 Cms�ms, wehave [HY;Z℄D = (HY; (D 
Q)Z) = (GHY;GZ); 8Y;Z 2 Cms;where G = (D 
 Q) 12 , 
 is Kroneker produt symbol. Espeially, when Z = Y , wehave [HY; Y ℄D = (GHY;GY ); [Y; Y ℄D = (GY;GY ); 8Y 2 Cms:It is easy to onlude thatRe [HY; Y ℄D[Y; Y ℄D = Re(GHG�1Z;Z)(Z;Z) = 12 ((GHG�1 +G�1H�G)Z;Z)(Z;Z) ; Z = GY; (6)when f(y) = By + B̂, F (Y ) � F (Z) = H(Y � Z), where H = Is 
 B, Is is a s-by-sidentity matrix. It is obvious that(GHG�1 = (D 
Q) 12 (Is 
B)(D 
Q)� 12 = Is 
 (Q 12BQ� 12 );G�1H�G = Is 
 (Q� 12B�Q 12 ): (7)It folows from(6) and (7) thatRe [F (Y )� F (Z); Y � Z℄D[Y � Z; Y � Z℄D = Re [H(Y � Z); Y � Z℄D[Y � Z; Y � Z℄D= 12 ((Is 
 (Q 12BQ� 12 +Q� 12B�Q 12 )) ~Z; ~Z)( ~Z; ~Z) ; ~Z = G(Y � Z):For Q 12BQ� 12 +Q� 12B�Q 12 is a Hermite matrix, so,maxY 6=Z Re [F (Y )� F (Z); Y � Z℄D[Y � Z; Y � Z℄D = 12�max(Q 12BQ� 12 +Q� 12B�Q 12 ): (8)On the other hand, we have alsomaxy 6=z fRe< f(y)� f(z); y � z >< y � z; y � z > g = maxy 6=z fRe< B(y � z); y � z >< y � z; y � z > g= 12�max(Q 12BQ� 12 +Q� 12B�Q 12 );ompared with (8), the desired result holds.Lemma. If f(y) 2 F1(�), then �(f 0(z)) � �;8z 2 
; if f(y) 2 F2(�), then�(F 0(Y )) � �;8Y 2 
s, where �(A) is the logarithmi norm of n-by-n omplex matrixA, namely, �(A) = maxz2Cn;z 6=0Re [Az; z℄[z; z℄ ; n = m; or; n = ms;[�; �℄ is the inner-produt in Cn.



460 S.S. ZHAO, C.Y. WANG AND G.F. ZHANGProof. If f(y) 2 F1(�), thenRe < f(y)� f(z); y � z >� �ky � zk2;8y; z 2 
:Let y = z + tw;w 2 Cm; t 2 R; z 2 
, for the 
 is a onvex domain, so y 2 
 as t issmall enough, from the above inequality, we haveRe < f(z + tw)� f(z); tw >� �t2kwk2:It follows that Re < f 0(z)w;w >� �kwk2;8z 2 
;8w 2 Cm:This showes that �(f 0(z)) � �. The proof of the another part is similar.Theorem 3. Assume that the D be a Hermite positive de�nite matrix, f(y) satisfykf 0(y)� f 0(z)k �Mky � zk; 8y; z 2 
; (9)then i) f(y) 2 F2(� + � 0) as f(y) 2 F1(�),ii) f(y) 2 F1(� + � 00) as f(y) 2 F2(�),where � 0; � 00 are de�ned in (11), they are only dependent on the D, < �; � >, M and 
,and independent of sti�ness of funtion f .Proof. For 8Yi = (yTi1; yTi2; � � � ; yTis)T 2 
s(i=1,2), we haveF (Y1)� F (Y2) = H(Y1 � Y2);where H=blok-diag(B1; B2; � � � ; Bs), Bj = R 10 f 0(y2j + �(y1j � y2j)) d�, j = 1(1)s. LetH0 = Is 
B1, H1=blok-diag(0; B2-B1; � � � ; Bs-B1), thenH � H0 +H1; 8Y1; Y2 2 
s:Therefore,[HW;W ℄D = [H0W;W ℄D + [H1W;W ℄D; 8Y1; Y2 2 
s;8W 2 Cms: (10)De�nition:� 0 = maxY1;Y22
smaxW 6=0Re( [H1W;W ℄D[W;W ℄D ); � 00 = maxY1;Y22
smaxW 6=0Re( [�H1W;W ℄D[W;W ℄D ): (11)It is obvious for 8Y1; Y2 2 
s;8W 2 Cms thatRe[H1W;W ℄D � � 0[W;W ℄D; Re[�H1W;W ℄D � � 00[W;W ℄D: (12)For the arbitrarily �xed Y1; Y2 2 
s, following the proving of the theorem 2, we havemaxW 6=0Re [H0W;W ℄D[W;W ℄D = maxw 6=0 Re< B1w;w >< w;w > : (13)



Relations Between Two Sets of Funtions De�ned by ... 461It is obvious thatmaxw 6=0 Re< B1w;w >< w;w > = maxw 6=0 Z 10 Re< f 0(y21 + �(y21 � y22))w;w >< w;w > d�:If f 2 F1(�), from the lemma, we havemaxw 6=0 Re< B1w;w >< w;w > � �:By the above inequality and (13), we haveRe[H0W;W ℄D � �kWk2D; 8Y1; Y2 2 
s;8W 2 Cms: (14)Let W = Y1 � Y2, it follows from (10),(12) and (14) thatRe[H(Y1 � Y2); Y1 � Y2℄D � (� + � 0)kY1 � Y2k2D; 8Y1; Y2 2 
s;this indiates f(y) 2 F2(� + � 0).If f 2 F2(�), from (10),(12) and the lemma, we haveRe[H0W;W ℄D = Re[HW;W ℄D +Re[�H1W;W ℄D � (� + � 00)kWk2D:Using (13), we obtain< B1w;w >� (� + � 00)kwk2; 8y11; y21 2 
;8w 2 Cm: (15)Let w = y11 � y21; y11 = y; y21 = z, we obtain from (14)< f(y)� f(z); y � z >� (� + � 00)ky � zk2;8y; z 2 
:This showes f(y) 2 F1(� + � 00).Finally, we evaluate � 0 and � 00, from (11), (9) and the de�nition of H1, it followsthat max(j� 0j; j� 00j) � maxY1;Y22
s kH1kD = maxY1;Y22
smaxY 6=0 ( [H1Y;H1Y ℄D[Y; Y ℄D ) 12= maxY1;Y22
smaxZ 6=0 (GH1G�1Z;GH1G�1Z) 12(Z;Z) 12� jGjmsjG�1jms maxY1;Y22
s jH1jms= jGjmsjG�1jmskQ 12 k � kQ� 12 k max2�j�s maxy1j ;y2j2
 kBj �B1k� 3jGjmsjG�1jmskQ 12 k � kQ� 12 kM�(
);where j � jms denotes the spetral norm in Cms, �(
) is the diameter of the set 
.Obviously max(j� 0j; j� 00j)! 0 as �(
)! 0. It follows that when the D is a nondiagonalpositive de�nite matrix, if �(
) is very small, then the di�erene of F1(�) and F2(�) isalso very small.
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