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GENERALIZED GAUSSIAN QUADRATURE FORMULASWITH CHEBYSHEV NODES�1)Ying-guang Shi(ICMSEC, Chinese Aademy of Sienes, Beijing 100080, China)AbstratExpliit expressions of the Cotes numbers of the generalized Gaussian quadra-ture formulas for the Chebyshev nodes (of the �rst kind and the seond kind) andtheir asymptoti behavior are given.Key words: Quadrature formula, Chebyshev polynomials.1. IntrodutionThis paper deals with the generalized Gaussian quadrature formulas for Chebyshevnodes (f. [2℄).Throughout the paper we assume that m and n are positive integers. As usually,Tn(x) and Un(x) denote the n-th Chebyshev polynomials of the �rst kind and theseond kind, respetively. Among generalized Gaussian quadrature formulas one of themost important ases is the weightwm(x) := (1� x2)[(m+1)=2℄�(m+1)=2 ; (1.1)where [r℄ denotes the largest integer � r. In [5℄ we pointed out that if we take as nodesof a quadrature formula the zeros of (1 � x2)Un�1(x) (here we replae n + 1 by n foronveniene) xkn = os k�n ; k = 0; 1; :::; n; (1.2)then the quadrature formula with ertain numbers ikm := ikmn (alled Cotes numbersof higher order) Z 1�1 f(x)�m(x)wm(x)dx = nXk=0 mkXi=0 ikmf (i)(xk) (1.3)is exat for all f 2 Pmn+[(�1)m�3℄=2, where�m(x) := sgn Un�1(x)m (1.4)� Reeived April 2, 1996.1)The Projet Supported by National Natural Siene Foundation of China.



172 Y.G. SHIand mk := [nk(m� 2)℄; nk := 8<: 1; 1 � k � n� 1;12 ; k = 0; n: (1.5)As it turns out, the most interesting property of this quadrature formula is that itsnodes do not depend on the index m. In [5℄ we found the expliit formulas for ikmnand their asymptoti behavoiur as n ! 1, whih provided an answer to an analogueof Problem 26 of Tur�an [6, p. 47℄. To state this results, whih will be used later, weput:�m(x) = (1� x2)[m=2℄Un�1(x)m; (1.6)dkm = �([nkm℄)m (xk) = 8>>>><>>>>: m!(1� x2k)[m=2℄U 0n�1(xk)m; 1 � k � n� 1;(�2)[m=2℄�hm2 i�!Un�1(1)m; k = 0;2[m=2℄�hm2 i�!Un�1(�1)m; k = n; (1.7)Lkm(x) = ([nkm℄)!�m(x)dkm(x� xk)[nkm℄ ; k = 0; 1; :::; n; (1.8)bikm = 1i! hLkm(x)�1i(i)x=xk ; i = 0; 1; :::; k = 0; 1; :::; n; (1.9)Bikm = 1i! 8<: X�2f0;ngnfkg [2(x� � x)Lkm(x)℄�19=;(i)x=xk ; i = 0; 1; :::; k = 0; 1; :::; n;(1.10)sm = 8<: 2; if m is odd;�; if m is even: (1.11)Then we have (f. [5℄; for m = 4 the results of the theorem an be found in [7℄).Theorem A. Let (1:2) be given. Then for eah k; 0 � k � n, and for eah i; 0 �i � mk, 8<: mk;k;m = nksm(m� 2)!dk;m�2[(m� 2)!!℄2n; m � 2;mk+1;k;m = 0; (1.12)ikm = i;k;m�2 + mk!mk;k;mi!nk(m� 2)f(i+ nk(m� 2)�mk)bmk�i;k;m�2 (1.13)� 12 [1 + (�1)m+1℄Bmk�i�1;k;m�2g; m � 3:



Generalized Gaussian Quadrature Formulas with Chebyshev Nodes 173Moreover,jikmnj � 8>><>>: (1� x2kn)[(m�1)=2℄�[(m�1�i)=2℄nm+1�2[(m�i)=2℄ ; 1 � k � n� 1;1nm�2[m=2℄+2i+1 ; k = 0; n; (1.14)ikmn � (1� x2kn)i=2ni+1 ; m = even; i = 0; 2; :::;m � 2; 1 � k � n� 1: (1.15)Following Kronrod [3℄, the objet of this paper is to extend the fomula (1.3) to thefollowing formulaZ 1�1 f(x)�m(x)wm(x)dx = nXk=0 mkXi=0Cikmf (i)(xk) + nXk=1Dkmf(yk); (1.16)where ykn := os (2k � 1)�2n ; k = 1; 2; :::; n (1.17)are the zeros of Tn(x). We will see that this quadrature formula maintains the aboveproperty: its nodes (1.2) and (1.17) do not depend on the index m.The main result of this paper isTheorem 1. Let (1:2) and (1:17) be given. Then the quadrature formula (1:16) isexat for all f 2 P (m+2)n+[(�1)m�3℄=2. HereCikmn = m� 1m Ci;k;m�2;n + 1mikmn; k = 0; 1; :::; n; i = 0; 1; :::;mk ; (1.18)Dkmn = (�1)m(k�1)sm(m!)(1 � y2kn)(m=2)�[m=2℄(m!!)2n ; k = 1; :::; n: (1.19)Moreover,jCikmnj � 8>><>>: (1� x2kn)[(m�1)=2℄�[(m�1�i)=2℄nm+1�2[(m�i)=2℄ ; 1 � k � n� 1;1nm�2[m=2℄+2i+1 ; k = 0; n; (1.20)Cikmn � (1� x2kn)i=2ni+1 ; m = even; i = 0; 2; :::;m � 2; 1 � k � n� 1: (1.21)The seond main result of this paper gives an extremal property of the quadratureformula (1.16).Theorem 2. Let (1:2) and (1:17) be given. ThenZ 1�1 ���(1� x2)(m�1)=2 n�1Yk=1(x� xk)m nYk=1(x� yk)2���dx



174 Y.G. SHI= min�1<�n�1<:::<�1<1�1<�n<:::<�1<1 Z 1�1 ���(1� x2)(m�1)=2� n�1Yk=1(x� �k)m nYk=1(x� �k)2���dx: (1.22)Moreover, this solution is unique.The following lemma plays an ruial role.Lemma. Let m and n be positive integers. ThenZ 1�1q(x)Tn(x)jUn�1(x)jm�1[sgn Un�1(x)℄(1 � x2)(m�1)=2dx = 0;8q 2 P 2n�2: (1.23)The proofs are putted in Setion 2 and other results in Setion 3. In what followswe agree ikmn = Cikmn = 0 if i > mk.2. Proofs2.1. Proof of LemmaIt is easy to see that (1.23) is equivalent toZ 1�1 Uk�1(x)jTn(x)Un�1(x)m�1j[sgn (Tn(x)Un�1(x))℄(1 � x2)(m�1)=2dx = 0;k = 1; 2; :::; 2n � 1: (2.1)By making the hange of variable x = os t and integrating over the interval twie,(2.1) beomes Z ��� sinktj(os nt)(sinnt)m�1jsgn sin 2ntdt = 0;k = 1; 2; :::; 2n � 1: (2.2)Sine sinkt is a liear ombination of the funtions e�ikt, it will be enough to establishI := Z ��� eiktj(os nt)(sinnt)m�1jsgn sin2ntdt = 0;k = �1;�2; :::;�(2n � 1): (2.3)Remembering the periodiity of the funtions, by making the hange of variable t =� + �=n we seeI = Z ��� eik(�+�=n)j os(n� + �) sinm�1(n� + �)jsgn sin(2n� + 2�)d�=eik�=nI:



Generalized Gaussian Quadrature Formulas with Chebyshev Nodes 175Clearly, eik�=n 6= 1, whih means I = 0. 22.2. Proof of Theorem 1Aording to the Lemma using a well known method for onstruting quadratureformulas via interpolation the formula (1.16) with ertain onstants Cikm and Dkmmust hold for all f 2 P (m+2)n+[(�1)m�3℄=2.To ompute Dkm we start with the formulaDkm = Z 1�1 Tn(x)(1� x2)[m=2℄Un�1(x)m�1T 0n(yk)(x� yk)(1� y2k)[m=2℄Un�1(yk)m�1�m(x)wm(x)dx (2.4)whih follows from (1.16). We expand Tn(x)=(x� yk) asTn(x)x� yk = Un�1(x) + n�2Xj=0 ajUj(x) (2.5)with ertain onstants aj. It follows from (1.3) thatZ 1�1 Uj(x)(1 � x2)[m=2℄Un�1(x)m�1�m(x)wm(x)dx = 0; j � n� 2:Hene we obtain a simpler formulaDkm = 1T 0n(yk)(1 � y2k)[m=2℄Un�1(yk)m�1 Z 1�1(1� x2)(m�1)=2jUn�1(x)jmdx: (2.6)It is well known that T 0n(yk) = (�1)k�1n(1� y2k)1=2 ; k = 1; 2; :::; n (2.7)and Un�1(yk) = (�1)k�1(1� y2k)1=2 ; k = 1; 2; :::; n: (2.8)We also know [5, (2.8)℄Z 1�1(1� x2)(m�1)=2jUn�1(x)jmdx = Z �0 j sinn�jmd�= Z �0 j sin �jmd� = sm(m!)(m!!)2 : (2.9)The substitution of these values gives (1.19).Here from (1.19) we derive an interesting formulaDjm = m� 1m Dj;m�2; j = 0; 1; :::; n (m � 3): (2.10)To determine Cikm �rst we assume m � 3 and onsider the funtionF 2 P (m�1)n+[(�1)m�1℄=2



176 Y.G. SHIwhih satis�es the interpolatory onditionsF (�)(x�) = Æi�Æk� ; � = 0; 1; :::; n; � = 0; 1; :::;m� : (2.11)From (1.3) it follows thatikm = Z 1�1 F (x)�m(x)wm(x)dx: (2.12)On the other hand, �rst applying (1.16) to F and using (2.12) yieldsikm = Cikm + nXj=1DjmF (yj): (2.13)Next, substituting F into (1.16) in replaing m by m� 2 and using (2.12) givesikm = Ci;k;m�2 + nXj=1Dj;m�2F (yj): (2.14)Substituting (2.10) into (2.13) and anelling the termnXj=1Dj;m�2F (yj)from the two equations (2.13) and (2.14) we obtain the reurrene relations (1.18) withrespet to the index m. Although, these relations are derived under the assumptionm � 3, they remain true for m � 2 (remembering the agreement in the end of Setion1). In fat, we an hek diretly. First we easily see C0k1 = 0k1 = 0. Next, by (1.12)we have 0k2 = nk�=n. On the other hand, for
n+1(x) = (1� x2)Un�1(x)using [1, 22.7.25, p. 782℄ and [4, (3.6) and (3.7)℄ we obtainC0k2 = Z 1�1 Tn(x)
n+1(x)Tn(xk)
0n+1(xk)(x� xk) dxp1� x2= Z 1�1 Tn(x)[Tn+1(x)� Tn�1(x)℄Tn(xk)[T 0n+1(xk)� T 0n�1(xk)℄(x� xk) dxp1� x2 = nk�2n : (2.15)This means that (1.18) remains true for m � 2.Finnally, (1.20) and (1.21) diretly follows from (1.18), (1.14), and (1.15). 22.3. Proof of Theorem 2This is an immediate onsequene of Theorem 1 by Theorems 4 and 5 in [2℄. 2



Generalized Gaussian Quadrature Formulas with Chebyshev Nodes 1773. Other ResultsTheorem 2 admits other generalized Gaussian quadrature formulas. We brieydisuss one of them.If we rewrite (1.22) asZ 1�1 �����n�1Yk=1(x� xk)m nYk=1(x� yk)2����� (1� x2)(m�1)=2dx (3.1)= min�1<�n�1<:::<�1<1�1<�n<:::<�1<1 Z 1�1 �����n�1Yk=1(x� �k)m nYk=1(x� �k)2����� (1� x2)(m�1)=2dx;we �nd that the quadrature formulaZ 1�1 f(x)�m(x)(1� x2)(m�1)=2dx = n�1Xk=1m�2Xi=0 C�ikmf (i)(xk) + nXk=1D�kmf(yk) (3.2)is exat for all f 2 P (m+2)n�m�1.Determination of D�km in the same way �rst leads to a formula in di�erent struture.From (3.2) we obtainD�km = Z 1�1 Tn(x)Un�1(x)m�1T 0n(yk)(x� yk)Un�1(yk)m�1�m(x)(1 � x2)(m�1)=2dx: (3.3)Comparing this with (2.4) we haveD�km = (1� y2k)[m=2℄Dkm:To determine C�ikm we should onsider the funtion G 2 Pm(n�1) (m � 2) satisfying( G(�)(x�) = Æi�Æk� ; � = 0; 1; :::;m � 2; � = 1; 2; :::; n � 1G(y�) = 0; � = 1; 2; :::; n:Then by (3.2) we getC�ikm = Z 1�1G(x)�m(x)(1� x2)(m�1)=2dx= Z 1�1(1� x2)[m=2℄G(x)�m(x)wm(x)dx:Using (1.3) and applying the Newton-Leibniz formula the above relation leads toC�ikm = m�2Xj=i  ji!n(1� x2)[m=2℄o(j�i)x=xk jkm: 2
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