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NONLINEAR GALERKIN METHOD AND CRANK-NICOLSONMETHOD FOR VISCOUS INCOMPRESSIBLE FLOW�Yin-nian He Dong-sheng Li Kai-Tai Li(College of Siene, Xi'an Jiaotong University, Xi'an 710049, China)AbstratIn this artile we disuss a new full disrete sheme for the numerial solu-tion of the Navier-Stokes equations modeling visous inompressible ow. Thissheme onsists of nonlinear Galerkin method using mixed �nite elements andCrank-Niolson method. Next, we provide the seond-order onvergene au-ray of numerial solution orresponding to this sheme. Compared with the usualGalerkin sheme, this sheme an save a large amount of omputational time underthe same onvergene auray.Key words: Nonlinear Galerkin method, Crank-Niolson method, Visous inom-pressible ow. 1. IntrodutionNonlinear Galerkin method is numerial method for dissipative evolution partialdi�erential equations where the spatial disretization relies on a nonlinear manifoldinstead of a linear spae as in the lassial Galerkin method. More preisely, oneonsiders a �nite dimensional spae Vh�h being some parameter related to the spatialdisretization�whih is splitted as Vh = VH+Wh, where H � h andWh is a onvenientsupplementary of VH in Vh. One looks for an approximate solution uh lying in amaniod � = graph� of Vh;uh takes the form uh = vH+�(vH) where vH lies in VH and� is a mapping from VH intoWh. The method redues to an evolution equation for vH ,obtained by projeting the equations under onsideration on the manifold � = graph�.The related works see [1, 2, 3℄. In a lassial Galerkin method, typially, we have � = 0.The papers[2;3℄ have extended the nonlinear Galekrin method to the Navier-Stokesequations in the framework of mixed �nite elements. However, the paper[2℄ does notdeal with the ase of time disretization and the paper[3℄ only obtains the �rst-orderonvergene aaray for time disretization. Our purpose here is to modify the approx-imate sheme of [2℄ and onsider the disretization with respet to time of the modi�edsheme by the Crank-Niolson method[4℄. Also, we aim to derive the full seond-orderonvergene auray of numerial solution orresponding to this full disrete sheme.Finally, we ompare the full diserete sheme with the usual Galerkin sheme, whihshows that the new full disrete sheme is more simple than the usual Galerkin sheme.� Reeived January 10, 1995.1) The projet was supported by State Key Basi Researh Projet and the NSF of China.



140 Y.N HE D.S. LI AND K.T. LI2. The Navier-Stokes EquationsLet 
 be a bounded domain in R2 assumed to have a Lipshitz-ontinuous boundary�. We onsider the time-dependent Navier-Stokes equations desribing the ow of avisous inompressible uid on�ned in 
:�u�t � ��u+ (u � r)u+rp = f in 
�R+divu = 0 in 
�R+ (2.1)u = 0 on ��R+u(0) = u0 in 
where u = (u1; u2) is the veloity, p is the pressure, f represents the density of bodyfore, � > 0 is the visosity and u0 is the initial veloity with divu0 = 0.In order to introdue a variational formulation, we setY = L2(
)2;M = L20(
) = nq 2 L2(
); Z
 qdx = 0oWe denote by (�; �); j � j the inner produt and norm on L2(
) or L2(
)2 and identifyL2(
) with its dual spae. We setAu = ���u; B(u; v) = (u � r)v + 12(div u)vIt is well known that A is a linear unbounded self-adjoint operator in Y with domainD(A) = (H2(
)\H10 (
))2 dense in Y ; and A is positive losed and the inverse A�1 ofA is ompat, self-adjoint in Y . We then an de�ne the powers As of A for any s 2 R;the spae D(As) is a Hilbert spae when endowed with the salar produt (As�; As�)and norm jAs � j. We setX = D(A12 ) = H10 (
)2; k � k= jA12 � j; ((�; �)) = (A12 �; A12 �)Next, we de�ne the bilinear formsa(u; v) = �hAu; vi 8u; v 2 XD(v; q) = (q;div v) 8v 2 X; q 2Mand the trilinear form b(u; v; w) = hB(u; v); wi 8u; v; w 2WSo, we obtain the variational formulation of problem (2.1):For any t > 0, �nd a pair (u(t); p(t)) 2 X �M suh that(ut; v) + a(u; v) + b(u; u; v) �D(v; p) = (f; v) 8v 2 XD(u; q) = 0 8q 2M (2.2)



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 141u(0) = u0With the above notations and statements, the following estimates holdja(u; v)j � � k u kk v k; a(u; u) = � k u k2 8u; v 2 X (2.3)b(u; v; w) = �b(u;w; v) (2.4)jb(u; v; w)j � 0 k u kk v kk w kjb(u; v; w)j � 02 (juj k u k jwj k w k)12 k v k +02 k u k (jvj k v k jwj k w k)12jb(u; v; w)j � 02 (juj k u k jwj k w k)12 k v k +02 k w k (juj k u k jvj k v k)128u; v; w 2 Xjb(u; v; w)j � 02 (jujjAuj)12 k v k jwj+ 02 (k u k jAuj)12 (jvj k v k)12 jwjjb(u; v; w) � 02 (juj k u kk v k jAvj)12 jwj+ 02 k u k (jvjjAvj)12 jwjjb(u; v; w)j � 02 juj(k v k jAvjjwj k w k)12 + 02 juj(jvjjAvj)12 k w k8u; v 2 D(A); w 2 Xk B(u; v) k� 0jAujjAvj 8u; v 2 D(A) (2.5)juj � 0 k u k 8u 2 X (2.6)jqj � ��10 supv2X D(v; q)k v k 8q 2M (2.7)jD(v; q)j � 0 k v k jqj 8v 2 X; q 2MAording to the estimates (2.3)|(2.7), we an prove the following existene and reg-ularity results:Theorem 2.1. If u0 2 D(A) with divu0 = 0 and f 2 L1(R+;X) then problem(2:2) admits a unique solution (u; p) suh thatjut(t)j2 + jAu(t)j2 �M21 ; Z t0 k Au k2 ds �M21�1 + Z t0 k f k2 ds� (2.8)Z t0 (k us k2 + k p k22)ds �M21�1 + Z t0 k f k2 ds�Moreover, if u0 2 D(A2) with divu0 = 0, f 2 L1(R+;D(A)), ft 2 L1(R+;X) andftt 2 L1(R+;X 0) thenZ t0 jAusj2ds �M21�1 + Z t0 jAf j2ds� (2.9)Z t0 k uss k2 ds �M21�1 + Z t0 k fs k2 ds�Z t0 (jpssj2+ k usss k2�1)ds �M21�1 + Z t0 (k fs k2 + k fss k2�1)dsjutt(t)j2 �M21



142 Y.N HE D.S. LI AND K.T. LIwhere M1 > 0 is a onstant, k � k2 denotes the norm on H2(
) and k � k�1 denotes thenorm on X 0 de�ned by k f k�1= supv2X (f; v)k v kThis proof an refer to [1, 3, 5, 6℄.3. Galerkin ShemeFrom now on, h will be a real positive parameter tending to 0. We introdue two�nite-dimensional subspaes Xh and Mh of X and M respetively and we de�ne theL2-orthogonal projetion operators Ph : Y ! Xh and �h :M !Mh as follows(Phv; vh) = (v; vh) 8vh 2 Xh; 8v 2 Y(�hq; qh) = (q; qh) 8qh 2Mh; 8q 2MWe assume that the ouple (Xh;Mh) satis�es the following approximation proper-ties:For eah v 2 D(A3=2) and q 2 H2(
) \M , there exist approximations Ihv 2 Xhand Jhq 2Mh suh that k v � Ihv k� h1+ijA1+ i2 vj (3.1)jq � Jhqj � h1+i k q k1+i i = 0; 1together with the inverse inequality1h k v k� jvj 8v 2 Xh (3.2)and the so-alled inf-sup onditionjqhj � ��1 supv2Xh D(v; qh)k v k 8qh 2Mh (3.3)The following properties whih are lassial onsequenes of (3.1){(3.3)[2;5;7℄ will bevery useful k Phv k�  k v k 8v 2 X (3.4)jv � Phvj � h2jAvj 8v 2 D(A) (3.5)k v � Phv k� h2 k Av k 8v 2 D(A3=2)jq � �hqj � h2 k q k2 8q 2 H2(
) \M (3.6)Referring to [5℄, we give a example of subspaes Xh and Mh suh that the assump-tions (3.1){(3.3) are satis�ed. Let 
 be a polyhedral domain and let f�hg; h > 0, be auniformly regular family of triangulation of 
 made of the losed triangle elements Kwith the diameters boundeed by h, verties ai, mid-points aij of the sides [ai; aj ℄ andbaryenter a123. Then the basis funtions of this element K are'i = �i(2�i � 1) + 3�1�2�3; i = 1; 2; 3



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 143'ij = 4�i�j � 12�1�2�3; 1 � i < j � 3'123 = 27�1�2�3 1 = 1;  2 = x1 � x01;  3 = x2 � x02where �1; �2 and �3 are the baryentri oordinates orresponding to the verties a1; a2and a3; a123 = (x01; x02); x = (x1; x2). We writePK = span f'1; '2; '3; '12; '13; '23; '123gThen Xh and Mh are de�ned bySh = fwh 2 C(�
);whjK 2 PK ;8K 2 �hg;Xh = S2h \XOh = fqh 2 L2(
); qhjK 2 spanf 1;  2;  3g8K 2 �hg;Mh = Oh \MThe Galerkin method of (2.2) based on (Xh;Mh) reads:For any t > 0, �nd (uh(t); ph(t)) 2 Xh �Mh suh that(uh;t; v) + a(uh; v) + b(uh; uh; v)�D(v; ph) = (f; v) 8v 2 XhD(uh; q) = 0 8q 2Mh (3.7)uh(0) = Phu0The following error estimates are the usual resultsTheorem 3.1. Under the assumptions of Theorem 2.1 and (3:1){(3:3), the follow-ing error estimates hold:ju(t)� uh(t)j2 + Z t0 k u� uh k2 ds � (t)h4 (3.8)��� Z t0 (p� ph)ds���2 � (t)h4where the onstant (t) is ontinuous with respet to t.This proof an refere to [8℄.Next, we onsider the disretization with respet to time of the semidisrete Galerkinapproximate problem (3.7) by the Crank-Niolson method. Let �t denote the timestep.Then the Galerkin Sheme onsisting of the Galerkin method and Crank-Niolsonmethod is de�ned as followsGalerkin Sheme (G Sheme)u0 = Phu0 (3.9)�un � un�1�t ; v�+ a(ûn; v) + b(ûn; ûn; v)�D(v; p̂nh) = (f̂(tn); v) 8v 2 Xh (3.10)D(ûn; q) = 0 8q 2Mh (3.11)where (un; pnh) is expeted to be the approximation (uh(tn); ph(tn)) andûn = 12(un + un�1); f̂(tn) = 12(f(tn) + f(tn�1)):



144 Y.N HE D.S. LI AND K.T. LIû0 = u0 ; f̂(0) = f(0)Now, we onstrut the approximat solution (u�(t); p�(t)) of (u(t); p(t)) as follows:�du�dt (t); v�+ a(u�(t); v) + b(u�; u�; v)�D(v; p�) = (f(t); v) 8v 2 Xh (3.12)D(u�; q) = 0 8q 2Mh (3.13)u�(tn�1) = un�1 (3.14)for any t 2 [tn�1; tn). So, we an obtain the error estimates of (u�; p�) produed by GSheme.Theorem 3.2. Under the assumptions of Theorem 3:1, the numerial solution(u�(t); p�(t)) satis�esju(t)� u�(t)j2 + Z t0 k u� u� k2 ds � (tm)(h4 +�t4) (3.5)��� Z t0 (p� p�)ds���2 � (tm)(h4 +�t4) (3.16)for any t 2 [0; tm), when �t satis�es25660M42�t < 1; �t21h is bounded:M2 > 0 is onstant given in Setion 4.This proof is very similar to ones of the error estimates of numerial solution pro-dued by NG Sheme, it an be omitted.4. Nonlinear Galerkin ShemeIn this setion, we are given two parameters h and H, tending to 0, with H > h > 0.We onsider three spaes Xh;XH and Mh with XH � Xh and we writeXh = XH +XHh ; with XHh = (I � PH)XhNote that XH and XHh are orthogonal with respet to the salar produt (�; �). Inthe appliations, Xh and Mh orrespond to spaes assoiated to a �ne grid, while XHorresponds to spae assoiated to a oarse grid. The following properties of XH andXHh will be often used.Lemma 4.1. Assume that (3:1){(3:3) hold. Theni) We have jwj � 2H k w k 8w 2 XHh (4.1)ii) There exists 0 <  < 1 suh thatj((v; w))j � (1� ) k v kk w k (4.2)(v; w) = 0 8v 2 XH ; w 2 XHh



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 145whih implies readily that(k v k2 + k w k2) �k v + w k2 (4.3)jvj2 + jwj2 = jv + wj2 8v 2 XH ; w 2 XHhThe nonlinear Galerkin method assoiated to (Xh;XH ;XHh ;Mh) onsists in looking foran approximate solution (uh; ph) of the formuh = y + z;with y 2 XH ; z 2 XHh ; ph 2Mhsuh that, for any t > 0; uh = y + z and ph satisfy(yt; v) + (zt; w) + a(y + z; v + w) + b(y; y; v + w) + b(y; z; v) + b(z; y; v)�D(v + w; ph) = (f; v + w) 8v 2 XM ; w 2 XHhD(y + z; q) = 0 8q 2Mh (4.4)y(0) = PHu0; z(0) = (Ph � PH)u0Here, (4:4) is the modi�ation of nonlinear Galerkin approximation in [2℄, where theterm (zt; w) was negleted.Now, we onsider the time disretization of nonlinear Galerkin approximation (4.4)by the Crank-Niolson method.NONLINEAR GALERKIN SCHEME (NG Sheme)y0 =y(0); z0 = z(0); p0 = ph(0) (4.5)1�t(yn � yn�1; v) + 1�(zn � zn�1; w) + a(ŷn + ẑn; v + w)+ b(ŷn; ẑn; v + w) + b(ŷn; ẑn; v) + b(ẑn; ŷn; v)�D(v +w); p̂n) = (f̂(tn); v + w) 8v 2 XH ; w 2 XHh (4.6)D(ŷn + ẑn; q) = 0 8q 2Mn (4.7)where ph(0) is determined by (4.4).By NG Sheme, we an onstrut the numerial approximation (u�(t); p�(t)) of thesolution (u(t); p(t)) of problem (2.1). Here; u�(t) and p�(t) are de�ned byu�(t) =y�(t) + z�(t) (4.8)� ddty�; v�+ � ddtz�; w�+ a(y� + z�; v + w) + b(y�; y�; v +w)+ b(y�; y�; v) + b(z�; y�; v)�D(v +w); p�) = (f; v +w)8v 2 XH ; w 2 XHh (4.9)D(u�; q) =0 8q 2Mh (4.10)y�(tn�1) =yn�1; z�(tn�1) = zn�1 (4.11)for any t 2 [tn�1; tn).For the numerial solutions (uh; ph) and (uh; ph), we an obtain the similar regularityresults to ones of (u; p).



146 Y.N HE D.S. LI AND K.T. LITheorem 4.2. If u0 2 D(A) with divu0 = 0; f 2 L1(R+;X), thenjuh;t(t)j2 + jAuh(t)j2 �M22 (4.12)Z t0 (jAuhj2+ k uh;s k2)ds �M22�1 + Z t0 k f k2 ds�juht (t)j2 + jAuh(t)j2 �M22Z t0 (jAuhj2+ k uhs k2)ds �M22�1 + Z t0 k f k2 ds�Moreover, if u0 2 D(A2) with divu0 = 0; f 2 L1(R+;D(A)), ft 2 L1(R+;X) andftt 2 L1(R+;X 0) thenk uh;t(t) k2 + k uht (t) k2�M22 (4.13)juh;tt(t)j2 + juhtt(t)j2 �M22Z t0 (k uh;ss k2 + k uhss k2 + k ph;ssj2 + jphssj2)ds�M22�1 + Z t0 (k fs k2 + k fss k2�1)ds)� (4.14)Z t0 (k uh;sss k2�1 + k ysss k2�1 + k zsss k2�1)ds�M22�1 + Z t0 (k fs k2 + k fss k2�1)ds�where uh;t = �uh�t , uh;tt = ��tuh;t and so on, M2 > 0 is onstant.5. Error Estimates: Semidisrete CaseIn this setion, we aim to derive error estimates for the nonlinear Galerkin approx-imate problem (4.4) in terms of the two parameters H and h.Let us write uh = vH + wh; vH = PHuh; wh = (I � PH)uhe = vH � y; " = wh � z; � = ph � phThen we derive from (3.7) and (4.4) that� ddt(e+ "); v + w�+ a(e+ "; v + w) + b(e+ "; uh; v + w)+ b(uh; e+ "; v + w) + b(y; z; w) + b(z; y; w)+ b(z; z; v + w)�D(v + w; �) = 0 8v 2 XH ; w 2 XHh (5.1)D(e+ "; q) = 0 8q 2Mh (5.2)e(0) = "(0) = 0 (5.3)This gives, by taking v = e; w = " in (5.1), q = � in (5.2) and using (2.3){(2.4),12 ddt je+ "j2 + � k e+ " k2 +b(e+ "; uh; e+ ")



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 147+ b(y; z; ") + b(z; y; ") + b(z; z; e + ") = 0 (5.4)We aim to derive bounds for the trilinear terms in (5.4). Using (2.4), (2.6) and(4.1), we havejb(e+ "; uh; e+ ")j �02 je+ "j k e+ " kk uh k +02 je+ "j12 k e+ " k3=2 juhj12 k uh k12�3�16 k e+ " k2 +20� k uh k2 (1 + 420��2juhj2)je + "j2 (5.5)jb(z; z; e + ")j �0 k z kk z kk e+ " k� 032H3jAzj k Az kk e+ " k� �16 k e+ " k2 +4� 2062H6jAzj2 k Az k2 (5.6)jb(y; z; ") + b(z; y; ")j �220 k z k jAyjj"j � �16 k " k2 +16� 2062H6jAyj2 k Az k2 (5.7)Thanks to (4.2){(4.3), we havejAyj2 + jAzj2 = jAuhj2 (5.8) k Az k2�k Auh k2;  k " k2�k e+ " k2So, (5.4) and (5.5){(5.8) giveddt je+ "j2 + � k e+ " k2� 2� (16 + 4)�22062H6jAuhj k Auh k +g(t)je+ "j2 (5.9)where g(t) = 2� 20(1 + 420��2juh(t)j2) k uh(t) k2.Moreover, thanks to Theorem 4.2, we havejuh(t)j2 �M22 ; Z t0 k Auh k2 ds �M22�1 + Z t0 k f k2 ds� (5.10)So, by integrating (5.9) and using (5.3), we obtainje(t) + "(t)j2 + � Z t0 k e+ " k2 ds�2� (16 + 4)�22062M42 exp� Z t0 g(s)ds��1 + Z t0 k f k2 ds�H6 (5.11)Hene, by Theorem 3.1 and the triangle inequality, we obtain readily the following errorestimates.Theorem 5.1. If the assumptions of Theorem 3:1 hold, then (uh; ph) satis�es thefollowing error estimates:ju(t)� uh(t)j2 + Z t0 k u� uh k2 ds � (t)(H6 + h4) (5.12)��� Z t0 (p� ph)ds���2 � (t)(H6 + h4) (5.13)



148 Y.N HE D.S. LI AND K.T. LIProof (5.11) is readily obtained by (5.12) and Theorem 3.1.We aim to prove (5.13). Due to (5.1){(5.3), we obtainD�v + w; Z t0 �ds� =(e(t) + "(t); v + w) + a� Z t0 (e+ ")ds; v + w�+ Z t0 b(e+ "; uh; v +w)ds + Z t0 b(uh; e+ "; v + w)ds+ Z t0 [b(y; z; w) + b(z; y; w) + b(z; z; v + w)℄ds (5.14)But, thanks to (2.3){(2.7) and (4.1){(4.3), we have���a� Z t0 (e+ ")ds; v + w���� �� Z t0 (e+ ")ds k v + w k (5.15)��t12� Z t0 k e+ " k2 ds�1=2 k v + w k��� Z t0 b(e+ "; uh; v + w)ds+ Z t0 b(uh; e+ "; v + w)ds����0 Z t0 (k uh k + k uh k) k e+ " k ds k v + w k�220M1t12�Z t0 k e+ " k2 ds�1=2 k v + w k��� Z t0 [b(y; z; w) + b(z; y; w) + b(z; z; v + w))ds��� (5.16)� Z t0 (220jAyj k z k jwj+ 0 k z k2k v + w k)ds��22032H3�12 Z t0 jAyj k Az k ds+ 023H3 Z t0 jAzj k Az k ds� k v +w k�(22032�1M2 + 032�12M2)t12H3� Z t0 k Auh k2 ds�1=2 k v + w k (5.17)So, aording to (3.3) and Theorem 4.2, we imply from (5.12) that��� Z t0 �ds���2 � (t)H6 (5.18)Hene, by the triangle inequality and Theorem 3.1, we obtain��� Z t0 (p� ph)ds���2 � (t)(h4 +H6) (5.19)namely (5.13) holds.The proof ends.6. Error Estimates: Full Disrete CaseIn this setion, we aim to derive the error estimates for the numerial solution(u�(t); p�(t)) obtained by NG Sheme.



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 149Theorem 6.1. If u0 2 D(A2), with div u0 = 0, f 2 L1(R+;D(A)), ft 2L1(R+;X), ftt 2 L1(R+;X 0) and (3:1){(3:3) hold, then the sequene (yn + zn; pn)obtained by NG Sheme satis�es the following error estimatesjuh(tm)� ym � zmj2 + mXn=1 k ûh(tn)� yn � zn k2 �t � (tm)�t4 (6.1)��� mXn=1(ph(tn)� pn)�tj2 � (tm)�t4 (6.2)when �t satis�es25660(�)�3(1 + (�)�2)M42�t < 1; �t21h is boundedProof. Integrating (4.4) for t 2 [tn�1; tn), we obtain1�t(y(tn)� y(tn�1); v) + 1�t(z(tn)� z(tn�1); w)+ 1�t Z tntn�1 a(y(t) + z(t); v + w)dt� 1�t Z tntn�1 D(v + w; ph(t))dt+ 1�t Z tntn�1(b(y(t); y(t); v + w) + b(y(t); z(t); v) + b(z(t); y(t); v)dt= 1�t Z tntn�1(f(t); v + w)dt 8v 2 XH ; w 2 XHH (6.3)D(ŷ(tn) + ẑ(tn); q) = 0 8q 2Mh (6.4)y(0) =y0; z(0) = z0 (6.5)We set en = y(tn)� yn; "n = z(tn)� zn; �n = ph(tn)� pnThen (6.3){(6.5) and (4.5){(4.7) give1�t(en + "n � en�1 � "n�1; v +w) + a(ên + "̂n; v +w)+ b(ŷ(tn); ŷ(tn); v + w)� b(ŷn; ŷn; v +w) + b(ŷ(tn); ẑ(tn); v) � b(ŷn; ẑn; v)+ b(ẑ(tn); ŷ; v) � b(ẑn; ŷn; v) �D(v + w; �̂n)=(en; v) + ("n; w) 8v 2 XH ; w 2 XHh (6.6)D(ên + "̂n; q) = 0 8q 2Mh (6.7)e0 = 0; "0 = 0 (6.8)where(en; v) + ("n; w) = a(ŷ(tn) + ẑ(tn); v +w) � 1�t Z tntn�1 a(y(t) + z(t); v +w)dt+ b(ŷ(tn); ŷ(tn); v + w)� 1�t Z tntn�1 b(y(t); y(t); v + w)dt+ b(ŷ(tn; ẑ(tn); v)



150 Y.N HE D.S. LI AND K.T. LI� 1�t Z tntn�1 b(y(t); z(t); v)dt + b(ẑ(tn); ŷ(tn); v) � 1�t Z tntn�1 b(z(t); y(t); v)dt+ (f̂(tn); v + w)� 1�t Z tntn�1(f(t); v + w)dt�D(v + w; p̂h(tn))+ 1�t Z tntn�1 D(v + w; ph(t))dt (6.9)By using the formula:for any smooth funtion g(t),ĝ(tn)� 1�t Z tntn�1 g(t)dt = 12�t Z tntn�1 �n(t)gtt(t)dtwhere �n(t) = (tn � t)(t� tn�1) � �t2, we an write (6.9) as follows:(en; v) = 12�t Z tntn�1 �n(t)a(ytt + ztt; v)dt+ 12�t Z tntn�1 �n(t)((ftt; v)�D(v; phtt))dt+ 12�t Z tntn�1 �n(t)(btt(y; z; v) + btt(z; y; v))dt + 12�t Z tntn�1 �n(t)btt(y; y; v)dt� 14b(y(tn)� y(tn�1); y(tn)� y(tn�1); v)� 14b(y(tn)� y(tn�1); z(tn)� z(tn�1); v) (6.10)� 14b(z(tn)� z(tn�1); y(tn)� y(tn�1); v)("n; w) = 12�t Z tntn�1 �n(t)a(ytt + ztt; w)dt+ 12�t Z tntn�1 �n(t)((ftt; w) �D(w; phtt))dt+ 12�t Z tntn�1 �n(t)btt(y; y; w)dt � 14b(y(tn)� y(tn�1); y(tn)� y(tn�1); w)(6.11)Here, the following formula holdsbtt(y(t); z(t); v) = b(ytt(t); z(t); v) + b(y(t); ztt(t); v) + 2b(yt(t); zt(t); v)Now, we aim to estimate k en k�1 and k "n k�1. Thanks to (2.3){(2.7), (4.3) andTheorem 4.2, we have��� 12�t Z tntn�1�n(t)a(ytt + ztt; v)dt��� � 12�t Z tntn�1 ja(yttt + ztt; v)jdt�12�t Z tntn�1 k ytt + ztt k dt k v k� 12�t3=2 Z tntn�1 k uhtt k2 dt)1=2 k v k(6.12)��� 12�t Z tntn�1�n(t)((ftt; v) �D(v; phtt))dt�����t3=2� Z tntn�1(k ftt k2�1 +20jphttj2)dt�1=2 k v k (6.13)



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 151��� 12�t Z tntn�1�n(t)(btt(y; y; v) + btt(y; z; v) + btt(z; y; v))dt����0�t Z tntn�1(k ytt k (k y k + k z k)+ k ztt kk y k)dt k v k+ 0�t Z tntn�1(k yt k2 +2 k yt kk zt k)dt k v k�40�t�1 supt2R+(k uh(t) k + k uht (t) k) Z tntn�1(k uhtt k + k uht k)dt k v k�120�1�t3=2M2�Z tntn�1(k uhtt k2 + k uht k2)dt�1=2 k v k (6.14)���14b(y(tn)� y(tn�1);y(tn)� y(tn�1); v)��� � 04 k y(tn)� y(tn�1) k2k v k=04  ddty(�) Z tntn�1 ytdt�t k v k � 2 (tn�1; tn)�04 �1�t supt2R+ k uh(t) k Z tntn�1 k uht k dt k v k�t�04 �1M1�t3=2�Z tntn�1 k uht k2 dt�1=2 k v k (6.15)���14b(y(tn)� y(tn�1); z(tn)� z(tn�1); v)����04 �1M2�t3=2�Z tntn�1 k uht k2 dt�1=2 k v k (6.16)���14b(z(tn)� z(tn�1); y(tn)� y(tn�1); v)����04 �1M2�t3=2�Z tntn�1 k uht k2 dt�1=2 k v k (6.17)So, (6.10) and (6.12){(6.17) givek en k�1� supv2XH (en; v)k v k � (2 + 140�1M1)�t3=2� Z tntn�1(k uht k2+ k uhtt k2 + k ftt k2�1 +20 k phtt k2)dt�12 (6.18)Similarly, we an implyk "n k� (2 + 140�1M1)�t3=2�Z tntn�1(k uht k2 + k uhtt k2 + k ftt k2�1 +20jphttj2)dt�12(6.19)Hene, we have mXn=1(k en k2�1+ k "n k2�1)�t � 3�t4 Z tn0 (k uht k2+ k uhtt k2 + k ftt k2�1 +jphttj2)dt (6.20)



152 Y.N HE D.S. LI AND K.T. LIIn order to prove (6.1), we take v = êh; w = "̂n in (6.6) and q = �̂n in (6.7) and add(6.6) and (6.7). Then thanks to (2.3){(2.4), we obtain12�t(jen + "nj2 � jen�1 + "n�1j2) + � k ên + "̂n k2 +b(ên; ŷ(tn) + ẑ(tn); ên)+ b(ên; ŷ(tn); "̂n) + b("̂n; ŷ(tn); ên) = (en; ên) + ("n; "̂n) (6.21)Due to (2.4) and (2.6), we havejb(ên; ûh(tn); ên)j �3=20 jênj12 k ên k3=2k ûh(tn) k�2�16 k ên k2 +1660(�)�3 k ûh(tn) k4 jênj2 (6.22)jb(ên; ŷ(tn); "̂n) + b("̂n; ŷ(tn); ên)j � 23=20 j"̂nj12 k "̂n k12 k ên kk ŷ(tn) k�2�16 (k ên k2 + k "̂n k2) + 3260(�)�3 k ûh(tn) k4 j"̂nj2 (6.23)j(en; ên) + ("n; "̂n)j ��16 (k ên k2 + k "̂n k2) + 4� (k en k2�1 + k "n k2�1) (6.24)Aording to (4.3) and Theorem 4.2, we have k ên k2 + k "̂n k2�k ên + "̂n k2 (6.25)jênj2 + j"̂2j = jên + "̂nj2 � 12(jen + "nj2 + jen�1 + "n�1j2)k ûh(tn) k�M1 (6.26)So, (6.21) and (6.22){(6.26) givejen + "nj2 � jen�1 + "n�1j2 + � k ên + "̂n k2 �t�6460(�)�3(1 + (�)�2)M21�t(jen + "nj2 + jen�1 + "n�1j2) k ûh(tn) k2+ 8� (k en k2�1 + k "n k2�1)�t (6.27)Summing (6.27) for n = 1; � � � ;m and notiing e0 + "0 = 0, we obtainjem + "mj2 + � mXn=0 k ên + "̂n k2 �t (6.28)� 8� mXn=0(k en k2�1 + k "n k2�1)�t+ mXn=0 dnjen + "nj2�twhere e0 = 0; "0 = 0; d0 = 0 anddn = 6460(�)�3(1 + (�)�2)M21 (k ûh(tn) k2 + k ûh(tn�1) k2)To prove (6.1), let us reall the Disrete Gronwall Lemma[4℄:



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 153Let �t; � and an; bn; n; dn; n � 0, be nonnegative number suh thatam +�t mXn=0 bn � �t mXn=0 dnan +�t mXn=0 n + � 8m � 0Suppose that �tdn < 1; n � 0, and set �n = (1��tdn)�1. Thenam +�t mXn=0 bn � exp��t mXn=0�ndn�n�t mXn=0 n + �oDue to k ûh(tn) k2� 12(k uh(tn) k2 + k uh(tn�1) k2) �M22dn�t � 12860(�)�3(1 + (�)�2)M42�t < 12then �n = (1� dn�t)�1 � 2Thus, applying the Disrete Gronwall Lemma to (6.28) withan = jen + "nj2; bn = � k ên + "̂n k2n = 8 (k en k2�1 + k "n k2�1); �n � 2We obtain (6.1).Now, we aim to estimate (6.2). Thanks to (6.6), we obtainD�v + w; mXn=1 �̂n�t� �j(em + "m; v + w)j + � mXn=1 k ên + "̂n k �t k v + w k+�t�12 mXn=1(k en k2�1 + k "n k2�1)12 k v + w k+ mXn=1[b(ŷn; ên; v + w) + b(ŷn; "̂n; v) + b(ẑn; ên; v)℄�t+ mXn=1[b(ên; ŷ(tn); v + w) + b(ên; ẑ(tn); v) + b("̂n; ŷ(tn); v)℄�t(6.29)Thanks to (6.1), (3.2) and �t21h being bounded, we have thatk ŷn k� k ŷ(tn) k + k ên k�k ŷ(tn) k +(1h)�1jênj�ŷ(tn) k +12(1h)�1(jenj+ jen�1j)� k ŷ(tn) k +(1h�1)(tm) 12�t2 8n � m



154 Y.N HE D.S. LI AND K.T. LISimilar, we have k ẑn k�k ẑ(tn) k +(1h�1)(tm)12� 8n � mHene, we obtain k ŷn k and k ẑn k are bounded for any n � m (6.30)So, we obtain from (2.4), (6.29){(6.30) thatmXn=1[b(ŷn; ên; v +w) + b(ŷn; "̂n; v) + b(ẑn; ên; v)℄�t�40(1 + �12 ) k v + w k supn�m(k ŷn k + k ẑn k) mXn=1(k ên k + k "n k)�t�40(1 + �12 ) k v + w k supn�m(k ŷn k + k ẑn k)t12m� � mXn=1(k ên k2 + k "̂n k2)�t�1=2 (6.31)mXn=1[b(ên; ŷ(tn); v +w) + b("̂n; ŷ(tn); v) + b(ên; ẑ(tn); v)℄�t�40(1 + �12 )M1 k v + w k t12m� mXn=1(k ên k2 + k "̂n k2)�t�12 (6.32)Hene, by (2.6), (3.3) and (6.29){(6.32), we obtain���� mXn=1 �̂n�tj �0jem + "mj+ 5t12mn� mXn=1 k ên + "̂n k �t�1=2+ � mXn=1(k en k2�1 + k "n k2�1 �t�12o (6.33)So, by (6.1), (6.20) and Theorem 4.2, we obtain (6.2).The proof ends.Theorem 6.2. Under the assumptions of Theorem 5:1 and Theorem 6:1, the nu-merial solution (u�(t); p�(t)) produed by NG sheme satisfying the following errorestimates: ju(t)� u�(t)j2 + Z t0 k u� u� k2 ds � (tm)(h4 +H6 +�t4) (6.34)��� Z t0 (p� p�)ds���2 � (tm)(h4 +H6 +�t4) (6.35)for any t 2 [0; tm).Proof. We set e�(t) = y(t)� y�(t); "�(t) = z(t)� z�(t)



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 155��(t) = ph(t)� P�(t)Then (4.4) and (4.8){(4.10) yield� ddte�; v�+ � ddt"�; w�+ a(e� + "�; v + w) + b(e�; y; v + w) + b(e�; z; v)+ b("�; y; v) + b(y�; "�; v) + b(y�; e�; v + w) + b(z�; e�; v)�D(v + w; ��) = 0 8v 2 XH ; w 2 XHh (6.36)D(e�+"�; q) = 0 8q 2Mh (6.37)e�(tn�1) =en�1; "�(t) = "n�1 (6.38)for any t 2 [tn�1; tn). Taking v = e�; w = "� in (6.36); q = �� in (6.37) and addingthe orresponding relations, we derive from (2.3){(2.4) that12 ddt je� + "�j2 + � k e� + "� k2 +b(e�; y + z; e�)+ b(e�; y; "�) + b("�; y; e�) = 0 (6.39)using (2.4), we an implyddt je� + "�j2+ k e� + "� k2� g(t)je� + "�j2 (6.40)where g(t) = 6 k uh(t) k2By integrating (6.40) ande�(tn�1) + "�(tn�1) = en�1 + "n�1we have that for any t 2 [tn�1; tn),je�(t) + "�(t)j2 + � Z ttn�1 k e� + "� k2 ds � jen�1 + "n�1j2 exp � Z ttn�1 g(s)ds� (6.41)Applying Theorem 6.1 and notiingZ t0 k e� + "� k2 ds = m�1Xn=1 Z tn�1tn�1 k e� + "� k2 ds+ Z ttm�1 k e� + "� k2 ds (6.42)we imply je�(t) + "�(t)j2 + � Z t0 k e� + "� k2 ds � (tm)�t4 (6.43)Using again (6.36), we haveD�v + w; Z t0 �ds� = (e�(t) + "�(t); v + w)+ Z t0 a(e� + "�; v + w)ds+ Z t0 (b(e�; y; v + w) + b(y�; e�; v + w))ds



156 Y.N HE D.S. LI AND K.T. LI+ Z t0 [b(e�; z; v) + b(y�; "�; v)℄ds+ Z t0 [b("�; y; v) + b(z�; e�; v)℄ds (6.44)Due to the assumptions of Theorem 6.1, we an implyk yn k2 and k zn k2 are bounded for any n � mHene, (4.8){(4.10) an implyk y�(t) k2�M23 ; k z�(t) k2�M23 8t[0; tm) (6.45)So, applying (3.3) to (6.44), we an derive from (6.43) that��� Z t0 ��ds���2 � (tm)�t4 8t 2 [0; tm) (6.46)Finally, by the triangle inequality and Theorem 5.1, (6.43) and (6.46) imply (6.34){(6.35).The proof ends. 7. Numerial TestWe desribe here the results of numerial test performed with the full disrete non-linear Galerkin method (4.5){(4.7). Comparison is also made with the usual Galerkinmethod (3.9){(3.11).Here we set that 
 = [0; �℄ � [0; �℄; � = 0:005 and T = �=2. Then the omplexityof the ow is desribed by the Reynolds numberRe = ( vol 
)1=2jf j1=2=� = 200�jf j1=2Moreover, the solution (u; p) of (2.1) is p = 0; u = (u1; u2) :u1 = G(y) os t; u2 = G(x) sin tG(x) = 0:1� (x4 � 4�x3 + 3�2x2)where f and u0 are determined from (2.1). By omputing, we obtainRe = 3004Hene the exat solution of (2.1) is known and it is easy to hek the auray ofnumerial test.One starts with a �ne mesh: mesh 1 (as Fig.1.a). Then (Xh;Mh) is onstrutedon mesh 1 by the nine-node element of veloity and the four-node element of pressure.Next, XH is onstruted on mesh 2 (as Fig.1.b) by the nine-node element. So, XHh isonstruted as in Setion 4.We set ju(t) � uh(t)j=ju(t)j, jp(t) � ph(t)j denote the relative error of veloity andthe obsolute error of pressure, where t is taken in [0; T ℄.a) Comparison of error and CPU time



Nonlinear Galerkin Method and Crank-Niolson Method for Visous Inompressible Flow 157We take �t = �=160; h = �8 ;H = �4 . The omparison of errors of two methods isshowed by Fig.2 and Fig.3. For G method, the absolute error of pressure dereases,but the relative error of veloity inreases. And CPU time of G method is 821 seonds,CPU time of NLG method is 401 seonds.
Fig.1. Generated meshs and elements: a:mesh 1, b: mesh 2. Fig.2. Error urves of veloity U(t)Thus shows that NLG method is superior to G method. Hene we hoose the NLGmethod to solve (2.1).b) Comparison of numerial veloity and exat veloityWe onsider the norm ju(t)j of exat solution and the norm juh(t)j of numerialsolution of (2.1) for 0 � t � T . Then FIG 4 shows that the maximal relative error ofnumerial veloity is maxt2[0;T ℄ jju(t)j � juh(t)jj=ju(t)j = 0:067) Comparison of numerial orbit and exat orbitBy the following average of exat veloity and numerial veloity�u1(t) = � 1vol (
) Z
 u21(x; t)dx�1=2; �u2(t) = � 1vol (
) Z
 u22(x; t)dx�1=2�u1h(t) = � 1vol (
) Z
 u21h(x; t)dx�1=2; �u2h(t) = � 1vol (
) Z
 u22h(x; t)dx�1=2we obtain the urves produed by (�u1(t); �u2(t)) and (�u1h(t), �u2h(t)), 0 � t � T=2. Bysymmetry, we obtain the exat orbit (as Fig.5) and the numerial orbit (as Fig.6) ofow.Above a), b) and ) show that NLG method is a suessful method to solve thevisous inompressible ow under the large Reynolds number.

Fig.3. Error urves of pressure P (t) Fig.4. L2-norm urves of veloity U(t)
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Fig.5. Orbit of exat veloity U(t) Fig.6. Orbit of numerial veloity Uh(t)Referenes[1℄ M. Marion and R. Temam, Nonlinear Galerkin methods, SIAM J. Numer. Anal., 26 (1989),1139{1157.[2℄ A. Ait Ou Ammi and M. Marion, Nonlinear Galerkin methods and mixed �nite elements:two-grid algorithms for the Navier - Stokes equations, Numer. Math., 68 (1994), 189{213.[3℄ Li Kaitai, He Yinnian, Full disrete nonlinear Galerkin methods for the Navier-Stokes equa-tions, Applied Mathematis-A Journal of Chinese Universities, 9 : 1 (1994), 11{30.[4℄ J.G. Heywood and R.Rannaher, Finite-element approximation of the nonstationary Navier-Stokes problem, Part IV:error analysis for seond-order time disretization, SIAM J. Numer.Anal., 27 (1990), 353{384.[5℄ V. Girault and P.A. Raviart, Finite Element Methods for Navier-Stokes equations, Springer,Heidelberg, 1986.[6℄ R. Temam, Navier-Stokes Equations Third Edition, North-Holland, Amsterdam, 1984.[7℄ C. Bernardi and G. Rangel, A onforming �nite element method for the time-dependentNavier-Stokes equations, SIAM J.Numer. Anal., 22 (1985), 455{473.[8℄ J.G. Heywood and R. Rannaher, Finite element approximation of the nonstationary Navier-Stokes problem. I.Reguarity of solutions and seond-order error estimates for spatial dis-retization, SIAM J. Numer. Anal., 19 (1982), 275{311.


