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HIGH ACCURACY ANALYSIS OF THE WILSON ELEMENT�Ping Luo(Institute of Mathematis, Chinese Aademy of Sienes, Beijing 100080, China)Qun Lin(Institute of Systems Siene, Chinese Aademy of Sienes, Beijing 100080, China)AbstratIn this paper, the Wilson nononforming �nite element is onsidered for solvinga lass of seond-order ellipti boundary value problems. Based on an asymptotierror expansion for the Wilson �nite element, the global superonvergenes, theloal superonvergenes and the defet orretion shemes are presented.Key words: Finite elements, Defet orretion, Global superonvergene, Wilsonelement. 1. IntrodutionIt is well known that superonvergene estimates and error expansions for the on-forming �nite elements are well studied in many papers. We refer to [16℄ for a surveyon various results of superonvergene and to [10℄ for a fundamental work on asymp-toti error expansions and to [1℄{[3℄ for some tehniques on high auray analysis.However, for the nononforming elements, due to the redued ontinuity of trial andtest funtions, it beomes more diÆult to disuss superonvergene properties and re-lated asymptoti error expansions. Naturally, people want to ask if the auray of thenononforming element approximation an be improved by means of other methods.However, up to present, the work in this �eld have seldom been found in the literature.For the relatively simple Wilson element, a result of superonvergene in the energynorm has been obtained in [7℄ for a model situation and, within the same setting, in-dependently, Chen and Li [8℄ have obtained Lp and W 1;p (1 � p � 1) error estimatesas well as the extrapolation results. For more general equation, Chen and Li[8℄ haveobtained the error expansions and the pointwise superonvergene error estimates forthe gradient. For the Carey nononforming element, the superonvergene estimate ofthe gradient at the element entroid has been proved in [20℄. However, these superon-vergene results are only pointwise and partiular. In order to get the high auray ofthe nononforming elements as that for the onforming elements, we arefully analysethe Wilson element in this paper. We �nd that the Wilson element not only has thepointwise superonvergene, but also has the asymptoti error expansions, the globaland loal superonvergenes, the defet orretions and the extrapolations. The key� Reeived November 29, 1996



114 P. LUO AND Q. LINpoint of analysis is the expansions of some integral identities. And this kind of tehnialdetails an be found in [1℄, [4℄ and the original paper [10℄.It is known that the nononforming Wilson �nite element passes the Irons path teston general quasi-uniform quadrilateral meshes and the rate of onvergene in the energynorm is of �rst order. It is shown by an example in [5℄ that this rate of onvergeneis optimal. Thus, in ontrast to onforming quadrati �nite element whih ahieves aseond-order rate of onvergene in the energy norm, the Wilson �nite element losesone order of auray beause of its nononforming. In this paper, we present a methodthat as long as post-proessing on the �nite element solution, i.e., using a high orderinterpolation for the �nite element solution, we have not only obtained the globalsuperonvergenes of a seond order or higher order rate of onvergene, but also haveobtained the loal superonvergene and the defet orretion shemes.2. Global SuperonvergeneFor simpliity, let 
 be the unit square in the xy-plane. We onsider the followingboundary value problem8<: �Lu � � ��x�A1 �u�x�� ��y�A2�u�y � = f in 
;u = 0 on �
; (1)where A1, A2 and f are suÆiently smooth funtions de�ned on 
 and A1; A2 � � =onst > 0. Let T h = feijgn;mi;j=1 = feg be a retangular partition of the domain 
, wheren;m are two positive integers, eij = [xi�1; xi℄� [yj�1; yj℄ are retangular elements, and0 = x0 � x1 � � � � ;� xn = 1; 0 = y0 � y1 � � � � ;� ym = 1are two one-dimensional partitions on the x-axis and y-axis, respetively. De�ne hi =xi � xi�1, kj = yj � yj�1, and the mesh size h = maxfhi; kjgn;mi;j=1. As usual T h is saidto be quasi-uniform if there exists a positive onstant  suh thath � minfhi; kjgn;mi;j=1:Furthermore, T h is said to be unidiretionally uniform ifhi = h1; i = 1; � � � ; n; and kj = k1; j = 1; � � � ;m:For the mesh T h, let Nh denote the set of verties and we de�ne V h to be theWilson �nite element spae whih onsists of all funtions v 2 L2(
) suh that v ispieewise quadrati over 
 and ontinuous on Nh and v vanishes on Nh \ �
, i.e., sixdegrees of freedom on the element e of the Wilson element are uniquely determined byits values at four verties of element e and two integrals Ze �2v�x2 dxdy and Ze �2v�y2 dxdy.The Wilson �nite element solution of the equation (1), Rhu 2 V h, is de�ned throughthe relation ah(Rhu; 'h) = (f; 'h); 8'h 2 V h; (2)



High Auray Analysis of the Wilson Element 115where ah(u; v) = Xe2Th Ze �A1�u�x �v�x +A2�u�y �v�y�dxdy:We introdue the notation k:kk;p;h,k:kk;p;h = 8>><>>: � Xe2Th k:kpk;p;e)1p ; 1 � p <1;maxe2Th k:kk;1;e p =1:Here and below, without onfusion, we will use the notation kukk;p to denote kukk;p;h.Furthermore, we introdue the following onforming bilinear �nite element spaeV h de�ned by V h = fv 2 H10 (
) j v is pieewise bilinearg:Notie that V h is a subspae of V h. The bilinear �nite element solution of the equation(1), Rhu 2 V h is de�ned by a(Rhu; v) = (f; v); 8v 2 V h; (3)where a(u; v) = Z
 �A1 �u�x �v�x +A2�u�y �v�y�:Obviously, ah(Rhu�Rhu; v) = 0; 8v 2 V h: (4)Let ih: C(
) �! V h be the usual bilinear interpolation operator. From [1℄, [8℄, [9℄and a(Rhu� ihu; v) = a(u� ihu; v) for v 2 V h, we haveLemma 1. Assume that Ai (i = 1; 2) are smooth enough, T h is unidiretionallyuniform and u 2W 5;1(
). Then, for any v 2 V h,a(Rhu� ihu; v) = Xe2Th n� k2e3 ZeA1 �3u�x�y2 �v�x + h2e3 Ze �A1�x �2u�x2 �v�x� h2e3 ZeA2 �3u�x2�y �v�y + k2e3 Ze �A2�y �2u�y2 �v�yo+O(h4)juj5;1jvj2;1:It is easy to prove that (see [8℄)Lemma 2. Under the onditions of the Lemma 1, we have�2sRhu = � 1As(p)(�sAs(p)�sRhu(p) + f(p)) +O(h2)kfk2;1 +O(h)kRhuk2;2;where s = 1; 2, �21 = �2�x2 , �22 = �2�y2 , and p is the enter of retangular element e.From Lemma 1 and Lemma 2, we get



116 P. LUO AND Q. LINLemma 3. Under the onditions of Lemma 1, we have, for all v 2 V h,a(Rhu� ih(Rhu); v) =Xe Ze nA1 �(Rhu� ihRhu)�x �v�x +A2�(Rhu� ihRhu)�y �v�yo=13Xe Ze �h2e �A1�x �2Rhu�x2 �v�x + k2e �A2�y �2Rhu�y2 �v�y�+O(h4)jRhuj2;1jvj2;1=13Xe �h2e Ze �A1�x F1 �v�x + k2e Ze �A2�y F2 �v�y�+O(h4)juj4;1jvj2;1;where F1 = � 1A1��A1�x �u�x + f� and F2 = � 1A2��A2�y �u�y + f� are funtions on 
independent of h.Lemma 4. There exists a positive onstant  suh thatjjRhujj1;2 � jjujj1;2; (5)jjRhujj2;2 � jjujj2;2 (6)and jju�Rhujj1;1 � jjujj2;2: (7)Proof. Integrating by parts we ome toah(u�Rhu;Rhu) =Xe n�Zl2 � Zl1 �A1 �u�xRhu+ � Zl4 � Zl3 �A2 �u�yRhuo=Xe n�Zl2 � Zl1 �A1 �u�x(Rhu� ihRhu)+ � Zl4 � Zl3 �A2�u�y (Rhu� ihRhu)o � jjujj1;2jjRhujj1;2;where we have used the expansion of Rhu � ihRhu at nodal point and l2; l1 and l4; l3are the two edges of e parallel to x and y axis, respetively. Therefore, we dedue thatjjRhujj21;2 �ah(Rhu;Rhu) = ah(Rhu� u;Rhu) + ah(u;Rhu)�jjujj1;2jjRhujj1;2and from whih inequality (5) follows.Using the inverse estimate, we getjjRhu� ujj2;2 �jjRhu� ihujj2;2 + jjihu� ujj2;2 � h�1jjRhu� ihujj1;2 + jjujj2;2�h�1(jjRhu� ujj1;2 + jju� ihujj1;2) + jjujj2;2 � jjujj2;2:Hene, we dedue thatjjRhujj2;2 � jjRhu� ujj2;2 + jjujj2;2 � jjujj2;2:



High Auray Analysis of the Wilson Element 117Similarly we an prove inequality (7).Theorem 1. If Rhu and Rhu satisfy (3) and (2), respetively, thenkRhu� ih(Rhu)k1;2 � h2kuk2;2 (8)and kRhu� ih(Rhu)k1;1 � h2j lnhjkuk2;1: (9)Proof. We have by (4) and Lemma 3kRhu� ih(Rhu)k21;2 �a(Rhu� ih(Rhu); Rhu� ih(Rhu))=ah(Rhu� ih(Rhu); Rhu� ih(Rhu))+ ah(Rhu�Rhu;Rhu� ih(Rhu))�h2kRhu� ih(Rhu)k1;2kRhuk2;2+ h4kRhuk2;2kRhu� ih(Rhu)k2;2Thus inequality (8) follows from inequality (6) and the inverse estimate. Similarly, wehave (9).Corollary 1. If u 2 H1 and D �� 
, then there exists a positive onstant  suhthat jjRhu� ih(Rhu)jj1;2 � hjjujj1;2; (10)jjRhu� ih(Rhu)jj0;1;D � hj lnhj12 jjujj1;2 (11)and jjRhu� ih(Rhu)jj0;2 � hjjujj1;2: (12)Proof. We only prove inequality (11). Inequalities (10) and (12) an be proved sim-ilarly. Using jjGhz jj1;2 � j lnhj12 , where Ghz 2 V h denotes the disrete Green funtion,we get by inequality (5), Lemma 3 and the inverse estimate,jjRhu� ih(Rhu)jj0;1;D =a(Rhu� ihRhu;Ghz )�h2jjRhujj2;2jjGhz jj1;2 + (h4)jjRhujj2;2jjGhz jj2;2�hj lnhj 12 jjujj1;2:We know that (see [1℄)Lemma 5. There exists a positive onstant  suh thatkRhu� ihuk1;2 � h2kuk3;2 (13)and kRhu� ihuk1;1 � h2j lnhjkuk3;1: (14)We assume that T h has been obtained from T 2h of mesh size 2h by uniform subdi-viding eah element into 4 ongruent subretangles of size h on any elements in T 2h.



118 P. LUO AND Q. LINWe de�ne the high order interpolation operator I2h on the spae of pieewise bilinearfuntion V h and satisfyingI2hih = I2h; kI2hvk1;q � kvk1;q; 8v 2 V h;ku� I2huk1;q � h2kuk3;q; 2 � q � 1: (15)Hene, we get the global superonvergene as follows:Theorem 2. If u and Rhu satisfy (1) and (2), respetively, thenku� I2h(Rhu)k1;2 � h2kuk3;2 (16)and ku� I2h(Rhu)k1;1 � h2j lnhjkuk3;1: (17)Proof. We get by inequalities (8), (13) and (15)ku� I2h(Rhu)k1;2 �ku� I2h(Rhu)k1;2 + kI2h(Rhu)� I2h(Rhu)k1;2�kI2h(Rhu� ihu)k1;2 + kI2h(Rhu� ih(Rhu))k1;2 + kI2hu� uk1;2�kRhu� ihuk1;2 + kRhu� ihRhuk1;2 + h2jjujj3;2 � h2kuk3;2:Similarly, we an prove inequality (17) by inequalities (9), (14) and (15).3. Loal SuperonvergeneIn this setion, we disuss the loal superonvergene. We haveTheorem 3. If u 2W 3;1(D) \H2(
) and D �� 
, thenku� I2h(Rhu)k1;1;D � h2j lnhj(kuk3;1;D + jjujj2;2;
 + jjf jj2;1)Proof. For all z 2 D, let ghz = �zGhz 2 V h denote the derivative of the disreteGreen funtion. We take D1;D2 and ! 2 C10 (
) suh that D �� D1 �� D2 �� 
,supp ! �� D2 and ! � 1 on D1. Set u1 = !u; u2 = u� u1. Then we have by Lemma3 and jjghz jj1;1 � j lnhjkRhu� ih(Rhu)k1;1;D =a(Rhu� ih(Rhu); ghz )=Xe fh2e3 Ze �A1�x �2Rhu�x2 �ghz�x + k2e3 Ze �A2�y �2Rhu�y2 �ghz�y o+O(h2)j lnhjkRhuk2;2:Hene, we dedue by Lemma 2 thatkRhu� ih(Rhu)k1;1;D �Xe nh2e3 Ze �A1�x B1 �Rhu�x �ghz�x + k2e3 Ze �A2�y B2 �Rhu�y �ghz�y o+ h2fkfk2;1 + hkRhuk2;2gkghz k1;1+O(h2)j lnhjkRhuk2;2; (18)



High Auray Analysis of the Wilson Element 119where B1 = � 1A1(p) �A1(p)�x , B2 = � 1A2(p) �A2(p)�y . Using jjghz jj1;2;
nD � , we �nd byinequalities (7), (6) and (18) thatkRhu� ih(Rhu)k1;1;D � h2 Z
 n(A1)xB1�u�x �ghz�x + (A2)yB2�u�y �ghz�y o+ h2j lnhjjjujj2;2 + h2jjf jj2;1jjghz jj1;1 + h2jju�Rhujj1;1jjghz jj1;1�h2n Z
(A1)xB1�u1�x �ghz�x + Z
 (A2)yB2�u1�y �ghz�y+ Z
(A1)xB1�u2�x �ghz�x + Z
 (A2)yB2�u2�y �ghz�y o+ h2j lnhj(kuk2;2 + jjf jj2;1)�h2(ku1k1;1;Dkghz k1;1 + ku2k1;2;
nDkghz k1;2;
nD)+ h2j lnhj(kuk2;2;
 + jjf jj2;1)�h2j lnhj(kuk1;1;D + kuk2;2;
 + jjf jj2;1); (19)where (A1)x = �A1�x , (A2)y = �A2�y . On the other hand, we know that (see [1℄)ku� I2h(Rhu)k1;1;D � h2j lnhjkuk3;1;D + h2jjujj2;2: (20)Therefore, it yields from inequalities (15), (19) and (20) thatku� I2h(Rhu)k1;1;D �ku� I2h(Rhu)k1;1;D + kI2h(Rhu� ih(Rhu))k1;1;D�ku� I2h(Rhu)k1;1;D + kRhu� ih(Rhu)k1;1;D�h2j lnhj(jjujj3;1;D + jjujj2;2 + jjf jj2;1):This ompletes the proof.Furthermore, if we note the following relationsjju� I2h(Rhu)jj0;1;D � hj lnhjjjujj1;1;D + hjjujj1;2and jju� I2h(Rhu)jj0;1;D � jjRhu� ih(Rhu)jj0;1;D + jju� I2h(Rhu)jj0;1;D;using inequality (11), then we haveCorollary 2. If D �� 
, then there exists a positive onstant  suh thatjju� I2h(Rhu)jj0;1;D � hj lnhj(jjujj1;1;D + jjujj1;2):4. Corretion ShemesThe defet orretion tehniques for the onforming �nite element were, as we know,initiated by R. Rannaher and developed by H. Blum during the last six years. See



120 P. LUO AND Q. LINa survey in this topi (see [1℄, [12℄, [14℄). But so far these orretion tehniques forthe nononforming �nite element have not been applied. In this setion, we presentorretion shemes for the nononforming �nite element. It shows that these kinds oftehniques are valid for the nononforming �nite element too.Theorem 4. If q = 2 or 1 and u 2 W 4;q(
) \H10 (
), then there exists a W1 2H10 (
) suh that kRhu� ih(Rhu)� h2ihW1k1;2 � h3 (21)and kRhu� ih(Rhu)� h2RhW1k1;1 � h3j lnhj: (22)Proof. Consider linear funtional on H10 (
):L(v) = 13Xe Ze n�2e(A1)xF1 �v�x + �2e(A2)yF2 �v�yo;where �e = he=h; �e = ke=h. Obviously jL(v)j � 13kuk1;2kvk1;2.Hene from the Lax-Milgram theorem, we know that there exists ( see [1℄ )W1 2W 2;q(
) \H10 (
) (1 < q <1)suh that a(W1; v) = L(v) 8v 2 H10 (
):Furthermore we have by Lemma 3, for any v 2 V h,a(Rhu� ih(Rhu); v) = h2a(W1; v) +O(h4)kuk4;2kvk2;2and it suÆes to observe that for all v 2 V h,a(W1; v) = a(RhW1; v):Hene, taking v = Rhu� ih(Rhu)� h2RhW1, this leads tokRhu� ih(Rhu)� h2RhW1k1;2 � h3: (23)Using (see [1℄) kRhW1 � ihW1k1;2 � h2��; (24)and ombining (23) and (24), we see that inequality (21) is proved. Furthermore, wehave a(Rhu� ih(Rhu)� h2RhW1; v) = O(h4)kuk4;1kvk2;1and taking v = �zGhz 2 V h, we getkRhu� ih(Rhu)� h2RhW1k1;1 � h3j lnhj (25)Therefore, inequality (22) is proved.



High Auray Analysis of the Wilson Element 121If D �� D1 �� 
, the mesh T h is unidiretionally uniform and u is smooth enoughon D, and make use of the following loal superonvergene (see [1℄)kRhW1 � ihW1k1;2;D � h2 �kW1k3;2;D + kW1k2;2;
�and kRhW1 � ihW1k1;1;D � h2j lnhj�kW1k3;1;D + kW1k2;2;
� ;and note that inequality (23) and (25), then it is easy to dedue the following results.Corollary 3. If D �� D1 �� 
, thenkRhu� ih(Rhu)� h2ihW1k1;2;D � h3 (26)and kRhu� ih(Rhu)� h2ihW1k1;1;D � h3j lnhj: (27)Lemma 6. There exists a positive onstant  suh thatjj(I �Rh)ujj0;2 � hjjujj1;2 (28)and jj(I �Rh)ujj0;1 � hj lnhjjjujj1;1: (29)Proof. Let � 2 H2(
) \H 00(
) and f 2 L2(
) satisfy�L� = f:Then we know that jj�jj2 � jjf jj0:Sine jju�Rhujj0 = supf2L2f 6=0 j(f; u�Rhu)jjjf jj0 = supf2L2f 6=0 j(�L�; u�Rhu)jjjf jj0 ; (30)we an write by Green's formula(�L�; u�Rhu) =ah(�; u�Rhu)�Eh(�; u�Rhu)=ah(�� ih�; u�Rhu)�Eh(�; u�Rhu);whereEh(�; u�Rhu) =Xe n�Zl2 � Zl1 �A1���x (u�Rhu) + � Zl4 � Zl3 �A2 ���y (u�Rhu)o:Using inequality (5), we getjah(�� ih�; u�Rhu)j �jj�� ih�jj1;2jju�Rhujj1;2�hjj�jj2jjujj1 � hjjf jj0jjujj1



122 P. LUO AND Q. LINand similarly to the proof of inequality (5), we havejEh(�; u�Rhu)j =���Xe n� Zl2 � Zl1 �A1���x (u�Rhu) + �Zl4 � Zl3 �A2 ���y (u�Rhu)o����hjjRhu� ih(Rhu)jj1;2jj�jj2;2 � hjjf jj0jjujj1:Therefore, we get inequality (28) by (30) and above all relations. Similarly, we anprove inequality (29).Theorem 5. If u and Rhu satisfy (1) and (2) respetively, and if we setu? = I2hRhu+Rhu�RhI2hRhuthen jju� u?jj0;2 � h3; jju� u?jj0;1 � h3j lnhj2Proof. Let I be the idential operator and u1 = (I� I2hRh)u. We get by inequality(29) and (17)jju� u?jj0;1 =jj(I �Rh)u1jj0;1 � hj lnhjjju1jj1;1�hj lnhjjj(I � I2hRh)ujj1;1 � h3j lnhj2jjujj3;1and, using inequality (16) and (28),jju� u?jj0;2 � hjju1jj1;2 � h3jjujj3;2:This ompletes our proof.We assume that T h has been obtained from T 4h of mesh size 4h by uniform subdi-viding eah element into 16 ongruent subretangles of size h on any elements in T 4h.We de�ne the high order interpolation operator I4h on the spae of pieewise bilinearfuntion V h and satisfyingI4hih = I4h; kI4hvk1;q � kvk1;q; 8v 2 V h;kI4hu� uk1;q � h4kuk5;q; 2 � q � 1:Now we de�ne another orretion sheme. Setu?? = I2hRhu+ I4hRhu� I2hRhI4hRhuthen we getTheorem 6. Under the ondition of the Lemma 1, if u 2 C5(D)\H10 (
)\H4(
)and D �� 
0 � 
, then jju� u??jj1;1;D � h3j lnhj (32)and jju� u??jj1;2;
 � h3: (33)Proof. We know that (see [1℄)Rhu� ihu = h2ihM1 + qh:



High Auray Analysis of the Wilson Element 123From inequality (21 ), (26) and (27), we haveRhu� ih(Rhu) = h2ihW1 + rh;where M1 and W1 2 H10 (
) are smooth in D andkrhk1;1;D + kqhk1;1;D = O(h3j lnhj);krhk1;2 + kqhk1;2 = O(h3):Thus, we dedue thatu1 = I4hRhu� u =(I4hRhu� u) + I4h(ihRhu�Rhu)=h2M1 + (I4hu� u) + I4hqh + (I4hM1 �M1)h2� h2W1 � h2(I4hW1 �W1)� I4hrh = h2M1 � h2W1 + �h;where �h = (I4hu� u) + I4hqh + h2(I4hM1 �M1)� h2(I4hW1 �W1)� I4hrh;k�hk1;2 � h3; k�hk1;1;D � h3j lnhj:Now, multiplying u1 by I � I2hRh, we have(I � I2hRh)u1 = h2(I � I2hRh)M1 � h2(I � I2hRh)W1 + (I � I2hRh)�h:Furethermore we have by Theorem 3jjW1 � I2hRhW1jj1;1;D � h2j lnhj2and k�h � I2hRh�hk1;1;D � jj�hjj1;1;D � h3j lnhj:Therefore, we dedue thatku?? � uk1;1;D = k(I � I2hRh)u1k1;1;D � h3j lnhj:Similarly we an prove inequality (33)Next, we disuss the L1 defet orretion. Setu??? =I2hRhu+ I4hRhu� I2hRhI4hRhu+ I2hRhu� I2hRh(I2hRhu+ I4hRhu� I2hRhI4hRhu);then we get the following result:Theorem 7. Under the onditions of the Theorem 6, we havejju� u???jj0;1;D � h4j lnhj2:Proof. Let u2 = (I2hRh � I)(I4hRh � I)u and D �� 
. From Theorem 6 andCorollary 2, we obtainjj(I � I2hRh)u2jj0;1;D �hj lnhj(jju2jj1;1;D + jju2jj1;2;
)�hj lnhj(jju � u??jj1;1;D + jju� u??jj1;2;
) � h4j lnhj2:Therefore, Theorem 7 follows.
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