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Abstract

In this contribution we analyse some fundamental features of an iterative method to
solve systems of linear equations, following the approach introduced in a previous work[1].
Such questions range from optimal parameters and initial conditions to comparison with
other methods. An interesting result is that a priori we can give an estimation of the
number of iterations to get a given accuracy.
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1. Introduction

A new approach to solve systems of linear equations, equivalent to solve the motion of a
damped harmonic oscillator, has been proposed in a previous paper[1]. Due to this parallelism,
we call such methods Mechanical Solvers for systems of linear equations. The present study is
devoted to the analysis of these methods.

Let be the linear system

AT =1 (1)
where we assume that A is an m x m nonsingular matrix (i.e. the system has a unique solution).
We may associate to it the Newton’s equation for a linear dissipative (a > 0) mechanical system:

Ty +af, + AZ = b. (2)
If A has a positive real spectrum, we have
. - _ 17
tlggo Zt)=A""b (3)

which is the solution of the linear system (1). Different equations of motion can be proposed
for the system above, of the form

a':'tt+aa'3't+M:E':17 (4:)
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such that:
MZ=7 < AZ=0 (5)

In order to avoid problems with the spectrum of A, we may choose
M=ATA, 7= A"b, (6)

Although this may not be a good idea if A is ill conditionned [2], we ensure that M is symmetric
and positive definite by construction and thus has a real, positive definite spectrum. This will
be used in what follows.

The next step is to solve the differential equation with a simple finite-difference scheme,
such as:

Tpt1 — 28 + Tp—1 Tpt1 — T
n n n— n n
+ «

. Ly Mz, =7 (7)

-
Every finite-difference method associated to (4) will define an iterative process to solve the
system (5).

2. Analysis of the Numerical Scheme

Although a single equation is more accurate, for the sake of the analysis we translate (7)
into a system of two equations. Keeping in mind the Mechanical analogy we define:
fn+1 - a?n
_ 8
= ®)

Pn =
with this and (7) the scheme becomes

. > -
Tn4+1 = Tp + TPn

«a . T\ ., . .
(§I+TM) Tpt1 + (1 + 7) Pnt+1 = Exn + pn + TU

where I is the m x m identity matrix. Let us write this in block-matrix form as:

$T+7M | (1+22)1 (:EnH):(%I‘I) (f”>+<717> (10)
I ‘ ) Pt I |7l Dn 0
s > ’ h ’ W

~

Ny 37n+1 N- Y,

and define N, N_, ?n+1, )7” and W as indicated in the previous formula. We have thus an
iterative process that we may write formally as

Vo1 = (Ng)TIN_Y, + (Ng)T'W (11)

A sufficient condition to ensure the convergence of this process for any initial condition is to

have all eigenvalues of
N = (NN (12)

of modulus strictly less than 1. Let us compute those eigenvalues:
Ngr-arM | [1-a(1+22)|r

1-N1 | I =Y =

1—
A is eigenvalue of N <— ‘ (
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(dealing with columns to get an uppertriangular block matrix:)

@‘M—%E—%+%(1+%)Hzo (14)
PR (1+%)A2+(m2—2)x+(1—%):0 (15)

where p is any eigenvalue of M. Thus, for every eigenvalue pu of M, we get two eigenvalues of

N:
2 — pr? £ 72T —dp+ o

24+ ar

Ai(uaTa Ol) = (16)

If we want the fastest convergence rate, we should look for values of o and 7 such that |A| be
as small as possible (and smaller than 1).
A fundamental property is that for any eigenvalue p of M, we have

2—Ta
24+ Ta

Ap(psm0) A (p, 7, 0) = (17)
independent of the value of p. Since the time step 7 is positive this quantity is less than 1: if
we can manage to have Ay imaginary, it means that both would have a modulus less than 1,
and the iteration would be convergent. Moreover, we may look for optimal values of 7 and «
in the following way: let us consider some specific eigenvalue p. We want: A, = A_ imaginary
(not real)

= Pt —dp+a® <0 = pep,py] (18)
where:
2 — 4 - 71202 244 - 71202
po= VST S EEVAT T (19)

This can be inverted to give:

2 -
_ 2 g [ (20)
VTt Mg+
If we want this to hold for every eigenvalue p, we may choose p_ as the smallest eigenvalue
of M, and py as the greatest. These are real positive values since we have chosen M to be
symmetric and positive definite.

T

In fact, the eigenvalues p of M are related to the singular values o of the original matrix A:
p=o>. (21)

We may thus define o4 and o_. Once these values are known (or equivalently py and u—, and
we will see later how they can be estimated) we compute 7 and « and get an a priori estimate
of the rate of convergence. From (16) we have

2—1a¢ 04 —o0_

N = 22
Al 247100 o4 +o_ (22)

and we may estimate the error at iteration step n with |A|".
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3. Numerical Examples

3.1 Dimension 2:
We consider a very simple case:

A:<4 2>,5:< 1>M:<17 5>7 (23)
-1 3 1 5 13

In this 2 x 2 case, M has just two eigenvalues, p; and po:

pt + p— = p1 + po = Trace(M) = 30 (24)
Py o = py po = det(M) = det(A)? = 142
-2 ~
{ T= 7 ~ 0.365148372 (25)

and we have || &~ 0.186. If we want a precision less than 1071? the estimated number of
iteration is 17. In figure 1, we compare this method with Jacobi, Gauss-Seidel and the Method
of the Steepest Descent.

T T
Mechanical Integrator

X r +
1Fy X Jacobi X i
F X x Gauss-Seidel  *
T ox % « Steepest Descent O
B x X
0.01 | g X e
x X
* %
# x
*
B * %
0.0001 % % i
ﬁ X
+ * ¥
O X
-~ % X
& 1e06 | b * X g
. + * &
»E = *ox
= . N
1le-08 | o, x g
L
o + X
P
B R
1e-10 + % % -
o o4 ¥ x
o * ¥
x X
le-12 + o+ ¥ A
o + *
le-14 1 1 1 1 1 1
0 5 10 15 20 25 30 35

n (number of iterations)

Figure 1: Comparison with other iterative methods: dimension 2

3.2 Dimension 5:
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We consider here a randomly generated matrix but somewhat diagonal dominant, so Jacobi
and Gauss-Seidel methods can converge.

-33 -9 8 —5 -10 1
2 23 -5 6 10 -5

A= 9 —12 35 -7 3 |,b= 7 (26)
14 9 -8 33 10 11
-5 —-15 -7 3 30 -3

The eigenvalue 4 can be estimated using the Power Method on AT A (in general, since a great
precision is not necessary, only a few iterations are needed). In order to estimate u_, we apply
the power method to the matrix py I — M of which the greatest eigenvalue is py — p—. In this
case we obtain 7 & 0.03537269250, o = 34.90239342, and |A| ~ 0.486. To obtain a precision
better than 10712, we estimate 39 iterations. The comparison with other methods is plotted in

figure 2
100 T T T T T T
Mechanical Integrator ~ +
Jacobi X
B Gauss-Seidel *
A Steepest Descent O
g
0.01 E
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Ta
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3
<
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le-10 E
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le-14 L L 1 1 | L
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Figure 2: Comparison with other iterative methods: dimension 5

4. Conclusion

The method is a general one: it does not depend on a specific form or properties of the
original matrix. It is a simple method and can be as fast as the most common ones. Furthermore
it has an a priori estimate of the number of iteration needed to achieve a given precision, which
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may decide whether or not the method is useful for a given specific problem. To optimize the
convergence, it is necesary to compute p_ and gy, and this can be done in a simple way by
means of a few iterations of the Power Method.
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