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Abstract

Some superapproximation and ultra-approximation properties in function, gradient and
two-order derivative approximations are shown for the interpolation operator of projection
type on two-dimensional domain. Then, we consider the Rtz projection and Ritz-Volterra
projection on finite element spaces, and by means of the superapproximation elementary
estimates and Green function methods, derive the superconvergence and ultraconvergence
error estimates for both projections, which are also the finite element approximation solu-
tions of the elliptic problems and the Sobolev equations, respectively.
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1. Introduction

Finite element superconvergence property has long attracted considerable attentions since
its practical importance in enhancing the accuracy of finite element calculation and in adaptive
computing via a posteriori error estimate. In this field affluent research results have been
achieved. Some recent developments include the patch recovery technique by Zienkiewicz and
Zhu [1], the computer-based approach by Babuska, Strouboulis, et al. [2], superconvergence
via local symmetry by Schatz, Sloan and Wahlbin [3], and the integral identity method by Lin
and his colleagues [4-5], etc. For a more complete literature on superconvergence, the reader is
referred to Wahlbin’s book [6], Chen and Huang’s book [7], and a recent conference proceeding
edited by Krizek et al. [8].

In article [4,9], Lin Qun presented a new type of interpolation operator into the finite element
spaces, ie. the interpolation operator of projection type, and remarked that it will approximate
the finite element solutions much better than the usual Lagrange interpolation. Thus, the
interpolation operator of projection type provides a new powerful means in the research of
finite element superconvergence. In this paper, we first investigate the interpolation operator
of projection type in two-dimensional rectangular domain case and find out many delicate
superapproximation and ultra-approximation properties in function, gradient and two-order
derivative approximations, some of them are unknown for the Lagrange interpolation operator,
where by ultra-approximation we mean that the approximate order is two-order higher than the
global optimal approximate order. Then, we consider the Ritz projection on the tensor-product
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finite element spaces associated with the general partial differential operator of second order

2 2
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Utilizing the superapproximation properties of interpolation operator of projection type and
the Green function methods, we prove that the Lobatto, Gauss and quasi-Lobatto points on
each subdivision element are superconvergence points of Ritz projection in function, gradient
and two-order derivative approximations, successively. Furthermore, in the case of A = —A +
apl, the ultraconvergence results are obtained successively for the function approximation at
mesh nodal points, gradient approximation under arithmetic mean of two Gauss points and
two-order mixed derivative approximation at Gauss points. Generally speaking, the finite
element solution itself does not share the global superconvergence, but, in this paper, we obtain
superconvergence on whole domain for the two-order mixed derivative approximation, this is a
somewhat remarkable result. Finally, we study the Ritz-Volterra projection on finite element
spaces which has been widely used in the finite element analysis for various evolution equations
[11-13] "and prove that those superconvergence and ultraconvergence properties shared by Ritz
projection also hold for the Ritz-Volterra projection. A direct application of this projection
here is the analysis of semidiscret finite element approximation to the Sobolev equations.

We would like to indicate that some superconvergence results concerning the Ritz projection
in our paper may be not new!®71% but they are derived by a different approach and for more
general case ( see operator A ).

In Section 2 we introduce the interpolation operator of projection type and investigate its
various superapproximation properties. Section 3 and 4 are devoted to the superconvergence
of Ritz projection and Ritz-Volterra projection, respectively, and finally the semidiscret finite
element approximation to the initial-boundary value problems of Sobolev equations is discussed.

In this article we shall use letter C' to denote a generic constant which may not be the same
in each occurrence and also use the standard notions for the Sobolev spaces and norms.

2. Interpolation Operator of Projection Type and Its
Superapproximation Properties

Let element e = e1 X e3 = (ze — he, Te + he) X (Ye — ke, ye +ke),  {Lj(2)}52, and {z] ()50
be the normalized orthogonal Legendre polynomial systems on Ly (e;) and Lo(es), respectively.
Set

~ z ~ y .
(@) =0 ) =1, wypi(z) = / L(@)de, Bju1 (y) = / Lyy)dy, j>0
Te—he Ye—ke

It is well known that polynomials w1 (), Ly (z) and L (x) (k > 1) have successively k+ 1, k
and k —1 zeros on element e; = (z, — he, T + h. ), and these zeros are symmetrically distributed
with respect to the middle point x.. Denote the three kinds of zero point set successively as
Lobatto, Gauss and quasi-Lobatto point set by N,Es) = {g](.s)}, s = 0,1,2. Moreover, these
polynomials also possess the following symmetry and antisymmetry

waj(Te + &) = waj(@e — ), waj—1(Te + &) = —waj_1(Te — T) (1)
Lyj(ze + ) = Lyj(ze — ), Loj1(ze +2) = —Loj1(ze — ) (2)

L‘Izj(we + :U) = "Zj(we - :U), "ijl(we + :U) = ‘,ijl(xe - :L“) (3)
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It should be indicated that according to the Legendre differential equation on the standard
element = (-1,1)

E(k+1)Lp = —((1 =)L), te (=1,1), k>1

one can easily see that . £ h. are Lobatto points of w41 (z), and the Lobatto point set N}go)

(2)

is identical with the quasi-Lobatto point set N, except points z. + h,

The completely parallel conclusions hold for the polynomials W1 (y), Lk (y) and z;c(y) on
element e = (ye — ke, Ye + ke ).
Below we denote the Lobatto, Gauss and quasi-Lobatto point set on element e = e; X es

by N(S)x N = {G(S) = (gfs) E(S))} s = 0,1,2, and also denote the Lobatto, Gauss and
quasi-Lobatto lines by G ={(z,9 (s)) r€Ee,y ( JeN (s)} and Gzy = {(Qz ,y) (s)
N,gs), y€er},s=0,1,2. Now let u € H%(e), then we have Fourier expansion 4
oo oo
=Y By wix) 05 (y), (w,y) €e (4)
i=0 j=0
Boo = u(Te — he,ye — ke), Bij = /uwy Li 1(z) qu (y) dzdy (5)

@-o=/ux(:c,ye—ke>Li_1<x>dx, ﬁoj:/uyue—he,y) Lioi (dy, ij>1  (6)

ey €2

Introduce the k-order and bicomplete k-order polynomial spaces P and @y, ie.
E ok
plz,y) = Zamwy,pePk, q(z,y) =) aia'y’, g€ Qx
i+j=0 i=0 j=0

Denote the bicomplete k-order interpolation operator of projection type by 71 : H2(e) — Qp(e)
such that

k k
7719“/ T y ZZﬁl] wl )7 (x,y) ce (7)

i=0 j7=0

Then 7, is uniquely solvable with respect to Q(e) and for k > 1 possesses properties!?]
Tet(Te £ he,ye £ ke) = u(Te £ he, ye £ ke) (8)

|U - 7rku|m.p.e < Chk+1im|u|k+1.p.ea 1<p<oo, 0<m< kE+1 (9)
here h = \/h2Z + k2. From (4) and (7) we have

k 0 [} k 0 [}
U_T"kuz(z Z + Z Z"' Z Z)ﬁz‘jwi(fﬂ)wj(y) (10)
=0 j=k+1 i=k+1j=0 i=k+1j=k+1
Lemma 1. Let u € Qg (e) | J{z**,y**1}. Then

u— T = Bo k1 W1 (Y) + Brat,owir1 (@), (U — mpt)gy =0

(u—mpu)e = Brr1o0Lle(®), (v —mpu)y = Bort1 Lk (v)

(4 — m)er = BraroLi(®), (u—mpu)y, = Bossr Li(y)
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Proof. Let u € Qr(e) U{z"t,y**1} so that u,y € Qr_1(€), uy € Piler) and u, € Py(es).
Then, from (5) — (6) and the orthogonality of Legendre polynomial system, we have

Biy=0, i>k+1j>lori>1,j>k+1, fo=po=0,i>k+2,j>k+?2

taking this into (10) to obtain the representation of u — m,u, the other representations follow
from taking partial derivatives to the representation formula of u — 7u, the proof is completed.

Theorem 1. Denote D, = (%,Dg 6 , D! = DllDl2 I =(li,l2), |l =l +15. Then, the
interpolation operator wy possesses the followmg supempprommation properties

|D!(u — mpu) (G ‘”)|<Chk+2 Ml jp2.00.0, 1] =0,1 (11)

here k> 1, or k > 2 when ly =2 orly = 2. Moreover, for the mized derivative approzimation,
the global superapproximation holds

||D1D2(U/ - 71'Icu)HO.oo.e < Chk|u|k+2.oo.e , k >1 (12)

Proof. Introduce bilinear transformation F' e e by (z,y) = F(&,n) = (ze + Ehe,ye +
A
ke), (&,m) ce= (=1,1) x (=1,1). Denote i (&,m) =u(F(&m), D' = D?fo. For fixed point

GEJ‘” (f(m) (Il\)), [I| = 0,1,2, and smooth function u, define the linear functional

A A

E® () =p'(u — mpu) (M, ") = kb k2 D (u — mpu) (@), 11 = 0,12 (13)

From (9) we see that E(") is a linear bounded functional on W2 (/e\), and it follows from Lemma
1 that
ED(@) =0, V € Pyi(e), I =0,1,2

Then, according to the Bramble — Hilbert Lemma ' we have
|E(l)( )| < C| U | oo/e\ S Chk+2|u|k+2.oo.ea |l| = 07172

Combining this with (13), estimate (11) is proved. Similarly, by using the representation of
(u — TrU)zy in Lemma 1, the estimate (12) can be derived, the proof is completed.

Remark 1. From the proof of Theorem 1, it is easy to see that the superapproximation
points G(m) in (11) can be replaced by superapproximation lines G, “l (or Gg;l) )whenly =1,2

( or l2 = ]. 2)
~(1) ~(1) ~
Let z, < gl(l) € N,gl), Ye <9; €N, and g _(1) 55-1) ) be the symmetric Gauss point of

gl(l) ( Angl) ) with respect to z. (y. ). Denote the arithmetic mean operators

[Diu(g,y) + Diu(ge,9)], v € e

1)) + Dou(x, §§1))], T € e

Dou(z, 55-1)) [ Dou(z, 5;

l\')ll—‘ [\Dll—l

Theorem 2. Let Gauss points (gl( ) 5(1)) € N,E 'x N N,c ( or (gl 2 9(1)) € N,E+)1 X

N§c+1 when k is odd), Lobatto points (gl( ) (0)) € N,go) N;O). Then, interpolation operator

T, possesses the ultra-approximation properties

) < C A2 u gm0, k> 1 (14)
N<Ch“ﬂum%me,k>1 (15)
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Moreover, on Gauss point set Gl(-Jl-) =(g; (1) , 9 (1)) N(l) X N(l) the following ultra-approzimation
property also holds

D1 D2 (u — ) (G < ChM Hulpis.coe, k> 1 (16)

Proof. First consider (14). From (10),(5)-(6) and the orthogonality of Legendre polynomial
system, we have when u € Py y2(e) that

k
D (u — mru)( Zﬂz k1 Li1(z) Opyr (y) + Zﬂk-ﬁ-l,j w; (y)Ly(z)

j=1
+  Brt1,0Li(@) + Brgz,0Lit1 (@) + Brsrp1 Li(z) Wpsaa (y) (A7)

0 (0) , and then using the symmetry and antisymmetry of Ly (z) with respect

taking y 55
(2)), 1t 1mphes that

to z. ( see

Dl(u_ ﬂ'ku)(xe + 7, g(O)) +D1(U, _ﬂ-ku)(ﬂfe _T,ggo))

_ 2( Zm:l Brk+1,m O ( i ) + Brt1,0 ) Li(ze +7), K is even
2ﬂk+2,0Lk+1 (:Ee + T), k is odd, Yué€ Py o (8)

Letting 7 = ggl) — X =T, — _(1), gl(l) € N,El) (or gl(l) ng}i-)l when k is odd ), we obtain

(3

Di(u—mpu)(gi”,9') =0, Vu € Pryale) (18)

From (18) and Bramble — Hilbert Lemma, the estimate (14) is proved by similar argument as
in Theorem 1. The proof of (15) is similar. For estimate (16), differentiating (17) with respect

to y and then taking (z,y) = (g; () 9(1)) to obtain

D1Ds(u — mpu)( g; (1) 9(1)) =0,Vu € Pyya(e)

Thus, the estimate (16) is proved by Bramble — Hilbert Lemma.

3. Superconvergence of Ritz Projection

Let Q C R? be a rectangular domain, J, = {e} be a sequence of subdivisions of { param-

eterized by mesh size h so that Q = U €. We assume that the partition is regular and all

ecJy
elements {e} are rectangles with sides parallel to the coordinate axes, respectively. Denote the

finite element space to be

Sp={ve C ﬂHO ); vle € Qrle),Vee€ Jp, k>1}

On each element e € Jp, we define the bicomplete k-order interpolation operator of projection
type 7 as in Section 2 so that 7, is determined on Jp,. From article [4, Section 1.4.3], we know
for k > 2 that

/(U—Wku)qdmdyzoa Vg e Qroze),e€dy (19)

/(u —mu)pds =0, Vp € P,_»(l), line segment [ € Je (20)
l
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Thus, properties (8) and (20) make 7, : H?(Q2) — Sp, k > 1. Define the bilinear form
2 2
A(u,v) = Z (aij Diu, Djv) + Z(ai Dju,v) + (ap u,v) (21)

i,j=1 i=1

where (, ) represents the inner product on L»(f), a;i(z,y), a;(z,y) and ag(z,y) are proper
smooth functions. It is well known that elementary estimate of interpolation operator ( also
called as interpolation week estimate ) play an important role in the research of superconver-
gence. Many detail discussions have been given for the interpolation operator of Lagrange type
(19 For the interpolation operator of projection type, by properties (19) and (20) and using
the Bilinear Lemma 4, we can prove that (a detail proof can be found in article [15,Theorem
2))

Theorem 3. 151 Let bilinear form A(u,v) be defined by (21) ( nmot necessary positive
definition and symmetry ), u € H ()N WIf“(Q). Then, the interpolation operator m, satisfies
the following superapprozimation elementary estimates

Al = T, o)) < CR ullisapllonllig, k> 1 (22)

Al = T, 70)| < CHlullpzpllollang, & 2 2 (23)

(
where v, € Sp, v € HF(Q) N H?(Q), 2 < p < o0, % + % =1.
For bilinear form A(u,v) in simple case, we may have elementary estimates better.
Theorem 4. Let bilinear form A(u,v) = (Vu, Vo)+(aou,v), u € Hi(Q) \WET3(Q). Then,
the interpolation operator m, satisfies the following ultra-approzimation elementary estimates
A = T, on)] < CR 2 ullsopllonlliy s k> 2 (24)
A — mu, m40)| < CR |l plollog , b > 3 (25)
where v, € Sp, v € HF(Q) N H?(Q), 2 <p < o0, % + % =1.
The estimate of term (V(u — mpu), Vwy) with wy, = vy, or 7w, has been given in article [4,
Section 2.12 ], we only need to estimate the function term. Let g,,(w) be the piecewise m-order

interpolation polynomial approximation of function w on J,. From (19) and approximation
property we have

(ao(u — mpu),vp) = (u — T, aguy — go(aovn)) < CR* 2 (|ullks1pllvnllig, k> 2
the estimate (24) is obtained. Again using (19) and approximation property, for k£ > 3, we have
(ao(u — mpu), mv) = (ap(u — mpu), Tv — v) + (U — TR, agv — q1(apv)) < Chk+3||u||k+1,p||v||2,q

then (25) is derived, the proof of Theorem 4 is completed.

Let bilinear form A(u,v) be defined by (21), and further assume that A(u,v) is a continuous
and uniformly elliptic on Hg(2) x Hg () ( not necessary symmetry ). For function u € H}(Q),
define its Ritz projection on finite element space Sy, by Rpu € Sp, such that

A(U, — Ryu, ’Uh) =0, Vv, €8S (26)

Below we will assume that the partition J;, is quasi-regular, ie. the inverse properties hold on
Sp. First we need to introduce the smooth Green functions and give some properties related
with the functions. For detail discussion, the reader is referred to Chapter 3 in article [10].
Introduce the adjoint form of A(u,v) as follows
2 2
A*(u,v) = Z (aij Dju, Div) + Z(ai u, D;v) + (ap u,v)

i,j=1 i=1
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then A*(v,u) = A(u,v). for any fixed point z € (2, define the smooth Green functions in
function and derivative types, respectively, by G#, 0.G* € H}(Q) () H?(2) such that

A*(G*,v) = Pyu(z), Yv € HY(Q) (27)
A*(8,G7,v) = 8. Pyu(z), Vv € HY(Q) (28)

Where Py, : Ly(2) — S), is the Ly projection operator, 0, represents the derivative with respect
to z along any indicated direction. Define their finite element approximations by G3, 0.G;, € Sh
such that

A (G? - 'Z,'Uh) =0, Vo, € Sh (29)
A*(0.G* — 8.G%,vp) =0, Y vp € Sh (30)

According to the research conclusions in article [10], we have
10:Gillia + 1G5 ll2a + hTHIG* = Gilliy < Clinhl (31)

Lemma 2. Let u and Rypu satisfy equation (26). Then, the following superapprozimation
estimates hold

lmru — R0 < CRET In b ||Jullks2.00, k> 1 (32)

|Tu — Rpullo.co < ChEF2[Inh| ||ul|ps2.00, k > 2 (33)

For the special case A(u,v) = (Vu, Vv) + (apu,v), the following ultra-approzimation estimates
hold

[|mu — Rpulli.00 < C’hk+2| In b ||u)lk+3.00, k> 2

Imku — Ryullo.co < CREP2 Il |[ullits.co, k>3 (35)

Proof. Denote e, = mpu — Rpu. By means of equations (30),(28),(26), and estimates (22)
and (31), we have

0.en(z) = A*(0.Gj ,en) = Alen,0:G}) = A(mpu — u,0.G}) < Ch* L In bl [|u)|k2.00

consequently, estimate (32) is derived. Again using equations (29),(27),(26), estimates (22)-
(23), we obtain

en(z) = A*(Gj,en) = Alen,Gj) = A(mpu — u, G, — m,G*)+
+A(meu — u, 1 G7) < CRFF H|ullkga.00l| G, — TGP |11 + CHF 2 [[ulks2.00[|G7][ 2.1

Then estimate (33) follows from (31) and the approximation property. For the special case, esti-
mates (34) and (35) can be proved by the same argument as above, and at this time elementary
estimates (24) and (25) will be used.
Note that, at vertices of elements, v = mpu, then from Lemma 2 we immediately obtain
Corollary. Let (z;,y;) be vertices of elements. Then, we have the superconvergence estimate

|(u = Bpu) (s, y;)] < CR2[In b [Jullkra.00, k2 2
For the special case A(u,v) = (Vu, Vo) + (apu,v), we have the ultraconvergence estimate

(= Ryw) (i, )| < CHF il ulliss.oos & 2 3
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Theorem 5. Let u and Rhu satisfy equation (26). Then, on the Lobatto, Gauss and
quasi-Lobatto point set N(s) X N {G(s)}, s =0,1,2, hold the superconvergence estimates

D' (u — Ryu)(GUM)| < OR¥27 10 i b 2,00, 1] = 0,1,2

here k > 1, or k > 2 when |l| = 0 or l; = 2 or lo = 2. Furthermore, for mized derivative
approzimation, hold the global superconvergence estimate

max |D1D2(u — Rpu)l|o.co.e < CR¥|Inh|||lullrsz.00, k> 1
e€Jy

Proof. Combining Theorem 1 with Lemma 2 and utilizing triangle inequality, the proof is
completed immediately. Note that when |I| = 2, we need to apply the finite element inverse
inequality to those results in Lemma 2 to derive the estimates involving two-order derivatives.

Theorem 6. Let u and Ryu satisfy equation (26) with bilinear form A(u,v) = (Vu, Vo)

(aou v), arithmetic mean operators Dy and D be defined as in Section 2, Gauss points

(g( .9 (1)) € N( ) N;C)( or (ggl),ggl)) € ngi-)1x NEH)J when k is odd ), Lobatto points

(gl(0 .9 (0)) € N( ) ;0). Then, the ultraconvergence estimates hold
Di(u— Ryu)(gV, 9 < CO*2[tnh) lullkrs.oo, k> 2 (36)
Ds(u — Ryu) (g, 98 < € W2 b |Julliss.oo, k> 2 (37)
Moreover, on Gauss point set N,E )% N N,c = {G(l)}, also hold the following ultraconvergence
estimate
|D1Ds(u = Ryu)(G)| < OB i b Jullrs o b > 2 (38)

Proof. Combining Theorem 2 with Lemma 2 and utilizing triangle inequality, the proof
is completed immediately. When concerning two-order mixed derivative estimate, the inverse
inequality should be used.

4. Superconvergence of Ritz-Volterra Projection and Application

In this section, we will prove that those superconvergence and ultraconvergence properties
shared by Ritz projection in Section 3 also hold for the Ritz-Volterra projection'=13 As a
direct application, we shall also discuss the semidiscrete finite element approximation to initial
boundary value problems of Sobolev equations, and verify the same type superconvergence and
ultraconvergence results as those of Ritz-Volterra projection.

Let J = (0,7], T > 0 both A(t) and B(t,7), t,7 € J, be linear partial differential operators
of second order with general forms

2

0 0
A(t) = - Z 8_agjaij(t’$)8_:ni +a0(t,:c) (39)
.Jﬂ
B(t,7,z) = - Z 8 bij(t, T, ) + (t,1,2) (40)
,j=1

Hereafter we assume that the coeflicient functions appearing in operators A(t) and B(t,T)
possess the smoothness and boundedness required in our demonstrations for variables ¢,7 € J
and z € Q. Further assume A(t) be symmetric and uniformly positive definite. Let X be
a Banach space, we use the notation L,(J;X), 1 < p < oo, to represent the usual X-value
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integrable function space with element u(t) : J — X and [[u(t)||z,(s;x) < oo. For simplicity,
sometimes we shall use notation

t
lle@lllmp = lle@llmp +/ [e()llmpdr, e J 1<p<oo,m=0,1,--
0

Introduce the bilinear form
V(tu(t), v(t) = At u(t), v(t)) +/0 B(t,m;u(r),v(t)) dr (41)

where both A(t;u,v) and B(t,7;u,v) are bilinear forms on H{(Q) x H}(Q) associated with
operators A(t) and B(t, ), respectively. Now, for u(t) : J — Hg (), define its Ritz-Volterra
projection on finite element space Sy, by Viu(t) = (Vpu)(t) : J — Sp, such that

V(t;u(t) — Vau(t),x) =0, Vx € Sp, t€J (42)

Obviously, the Ritz-Volterra projection is a natural generalization of the Ritz projection, when
B(t,7) =0, V;, = Ry, holds. On the unique existence, stability and approximation properties
of this projection, the reader is refereed to [11-13,16,19] and references therein. Now, utilizing
the elementary estimates (22)-(25) and the time dependence type Green functions'?!, similar
to the demonstration in article [12-13, 19-20], we can prove the following results.

Lemma 3. Let u(t) and Vyu(t) satisfy equation (42). Then, the following superconvergence
estimates hold

Imku(t) = Viu®)lli.co < CH*Hinh| [lu(®)llkr2.00, k21, t € J (43)
Imru(t) = Viu(t)llo.o < CH 2 (i | [Ju(®) k200, k22, t € J (44)

Further, if A(t;u,v) = (Vu, Vv) + (apu,v) and B(t,7;u,v) = (Vu, Vv) + (bou,v), then

Imku(t) = Viu)lli.co < CR* 2 [t [lu(®)llkrs.c0, k22, t € J (45)
Imku(t) = Viut)llo.o < CH* 2 [inh| [lu(®)llkrs.co, k>3, t € J (46)

Theorem 7. Let u(t) and Vyu(t) satisfy equation (42). Then, on the Lobatto, Gauss and
quasi-Lobatto point set of element N,gs) X N,Es) = {ngs-)}, s =0,1,2, hold the superconvergence
estimates

D' (u — Vau)(t, G| < CR¥2 11 i b [[Ju(t)|[kr2.00, |1 =0,1,2, tE€J

here k > 1, or k > 2 when |I| = 0 or l; = 2 or lo = 2. Furthermore, for mized derivative
approximation, hold the global superconvergence estimate

e (|01 (e = Viw)(O)llo.coe < CHH |l bl lu(®)llsz.c, k> 1, tE T
h

Proof. Combining Theorem 1 with (43) — (44) in Lemma 3 and utilizing triangle inequality,
the proof is completed immediately. Note that when |I| = 2, we need to apply the finite
element inverse inequality to those results in Lemma 3 to derive the estimates involving two-
order derivatives.

Theorem 8. Let u(t) and Vyu(t) satisfy equation (42) with bilinear forms A(t;u,v) =
(Vu, Vv) + (agu,v), B(t,7;u,v) = (Vu, Vv) + (bou,v), and arithmetic mean operators Dy and
D, be defined as in Section 2, Gauss points (g(l), 5§1)) € N,El)x ]?7561) (or (gl(l), 5§1))

i
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€ N,gi_)lx N Ecl-y)q when k is odd ), Lobatto points (gl@),g §0)) € N,EO)X N ;0). Then, the

ultraconvergence estimates hold

D1 (u— Vau)(t,9", 9 ) < COM*2 nn] lu()llless.c0, k>2, t€T (47)
D2 (u — Vau)(t, 9, 98 < C WM 2 b |lJu(@)ll k43,00, k>2, t €T (48)

Moreover, on Gauss point set N,El)x ]?fgcl) = {Gl(-jl-)}, also hold the following ultraconvergence
estimate

D1 D (u — Vi) (£, G2 < CO Y inh| |lu(@)llless.co, k> 2, tE€ T (49)

Proof. Combining Theorem 2 with (45) — (46) in Lemma 3 and utilizing triangle inequality,
the proof is completed immediately. When concerning two-order mixed derivative estimate, the
inverse inequality should be used.

As applications of Ritz-Volterra projection, let us consider the initial boundary value prob-
lems of Sobolev equations

A(t)ur + B(t)u fit), inQ,ted
u(t,z) = 0, ondQ, t e J (50)
u(0,z) = wg(x), in

Where f and ug are known functions, A(t) and B(t) are second order partial differential op-
erators (unconcerning with 7 at this time) with the forms as (39)-(40), and A(t) is symmetric
and uniformly positive definite. Problems (50) are employed to model a variety of physical
processes, and researches on the unique existence and smoothness of the solution as well as
various numerical methods for this problems have been carried successively [20-25],

Now, the semidiscrete finite element approximation of problem (50) is defined as wup(t) :
J — S}, such that

A(t§uh,t;X) + B(t;uh;X)
A(0;uo — un(0), x)

(f;X); XeshateJ

07 X € Sh (51)

It is easy to show that problem (51) admits a unique solution. Below we do the error analysis.
From equations (50) and (51), we have

A(ts (uw —un)e(t), x) + Bt u(t) —un(t),x) =0, x € Sp,t € J

Integrate with respect to variable ¢ and using (51) to obtain
t_
A(t; u(t) — un(t), x) +/ B(r;u(r) —un(r), x)dr =0, x € Sp, t € J (52)
0

Where B(t;u,v) = B(t;u,v) — Ay(t;u,v) is the bilinear form associated with operator B(t) —
Ay(t), and A¢(t) is the operator derived from A(t) by differentiating the coefficients with respect
to t. Now comparing (52) with the definition (42), we find immediately that wy(t) turns to
be the Ritz-Volterra projection of the exact solution w(t) with B(t,7) = B(t) — A¢(t), ie.
up(t) = Vyu(t). Thus, by means of the analysis of Ritz-Volterra projection mentioned above,
we directly obtain conclusion: the superconvergence and ultraconvergence results in Theorem
7 and Theorem 8 maintain to hold for the error function u(t) — up(t), where u(t) and up(t) are
solutions of problems (50) and (51), respectively.
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Remark 2. As indicated in Remark 1, the superconvergence points Gl(-y‘) in Theorem 5 and
Theorem 7 can be replaced by superconvergence lines Ggfjl-) (G%‘)) when l; =1,2 (I =1,2).

Remark 3. By means of the superconvergence estimates in Lemma 2-3 and the postpro-
cessing techniques based on finite element interpolation methods!*—?!, one can easily derive the
posteriori error estimates for error functions u — Rpu and u(t) — Vu(t), which are very useful
in the practical computation when adaptive procedures are used.

Remark 4. In this article we assume that ) is a rectangle domain and require that the
solution u belongs to WX+2(Q) or WEH3(Q). But this is seldom the case in practice. In order
to concentrate on superconvergence, we have not discuss the treatments of general domain and
corner singularities. However, by the local analysis methods 4619 our results should maintain
to hold on a subdomain of 2 on which the solution w is smooth enough.

Acknowlegment. The authors wish to thank the referees for their helpful suggestions on
the original manuscript which led to its improvement.
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