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Abstract

In this paper the uniform convergence of Hermite-Fejér interpolation and Griinwald
type theorem of higher order on an arbitrary system of nodes are presented.
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1. Introduction

Let us assume n, n > 2, my,, k = 1,2,3,...,n, be integers and triangular matrix X =
{Z1n, Ton, .y Tpn }, where

1=2op > Zin > Ton > .. > Tpp > Tpg1,n = — L

Let Ny = Yo , mipn — 1, m = max,>a 1<k<n Men < +00, N1={1,3,5,...}, No={2,4,6, ...}
and No=N, [J{0}. For simplicity we denote N,, as N. In the following discussion we replace
Thn, Mgn, k = 1,2,...,n with x,mg, k = 1,2,...,n. Denoted by P, the set of polynomials of
degree at most N and by Aj; the fundamental polynomials for Hermite interpolation of higher
order, then we have Aj;, € Py satisfy

AW (2) = 80k, p=0,1,omg—1, j=0,1,,me—1, qk=12.,n  (L1)

For f € C"[-1,1], 0 < r < m — 1, the unique truncated Hermite interpolatory polynomial is
given by

Hnmr(fax) = ZZf(l)(xk)Azk(x)a (12)

i=0 k=1

here let A;p = 0 if j > my. In particular, when r = 0 and r = m — 1 Hpmo and Hpmym—1
are denoted by Hpy, and H;:  respectively. We recognize that Hy; is the classical Lagrange
interpolation and H,, the classical Hermite-Fejér interpolation. H,,,, is called Lagrange type
interpolation for odd myg, & = 1,2,...,n, and Hermite-Fejér type interpolation for even my,
k=1,2,...,n, respectively.
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For giving the explicit expression of A (z) we let

n Tr—1 mq
Li(z) = H (l“k—;> , k=1,2,...,n,
i q

q=1,9#k

1 1 (v)
by = — | —— =0,1,... -1, k=1,2,..
vk ! |:Lk(m)j| , U y Ly ey Mg ) y Ly eeey Ty

mp—j—1

Bip(x) = > bz —a)’, j=01,.,mp—1, k=12 ..n
v=0

T=Tp

Then by [6] it has

1 .
Aji(r) = ﬁ(ﬂf — ) Bjp(z)Li(2), 0<j<my, 1<k<n (1.3)
More let
dy, :maxﬂxk —1’k+1|,|1’k _mk71|}) k= 1,2,..,n,
— - 0

Dy = max di, [Pl = max [|PU]]

an(f: :L’) = |Hnm(f; :L’) - f(l‘)|,

Tam(T) = Rum (f1,2) + BRum(fo2, ),  fi= miai =0,1,2,..

Sm () =Y |(z — 1) Aok (x)]

k=1

In what follows we denote by ¢, ¢, ..., positive constants independent of variables and

indices, unless otherwise indicated; their value may be different occurrences even in subsequent
formulas.

2. Main Result

In [4], Y. G. Shi has proved an important theorem about fundamental polynomials A, B;
as following:

Theorem A ([4, Theorem 2.1]). If for a fired n, my —j is odd and j < i < my —1 then

11—
r — Tk

Bji(z) > ¢ i

J
|Bir.(xz)|, z€R, 1<k<n, (2.1)

and
| A (z)] < cldz_j|Ajk(w)|, zeR, 1<k<n, (2.2)

hold, where ¢ and ¢y are positive constants depending only on m.

More the estimate of R, (P, z) for all polynomials for the case of my =m, k=1,2,...,nis
given, that is the following theorem:

Theorem B ([4, Theorem 4.1]). Let my = m be an even integer. Then for any P € Py

where ¢ depends only on m. Further more, if
| Hpll = || > [Aokl|| = O(1) (2.4)
k=1
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holds and
lim || Hpp (f) = fII =0 (2.5)
n—o0

holds for f = f;, i = 1,2, then (2.5) holds for every f € C[-1,1].
Theorem C ([5, Lemma 2.1]). Assume that my > 3 then we have

B —3.k(z) > %Bmk_Lk(m) = % zeR, k=1,2,..,n, (2.6)
Bp—3.k(2) > |Bme—2k(®)], z€R, k=1,2,..,n, (2.7)
and
[ A —1,1(@)] < (2 = 21)* Ay 5.k (2)], (2.8)
|Amy—2.1(2)| < ¢l (@ — k) Amy—3,1(2)]

Developing and modifying their ideas we can give the condition of uniform convergence for
even integers my, k = 1,2, ...,n. The main result in this section is the following theorem.
Theorem 1. Let my, k=1,2,...,n, m > 4, be even integers. Then for any P € Py

Rom (P, x) < ¢||P||m { 2_: an(fi,m)} . (2.10)

i=1

Further more , if (2.4) holds and (2.5) holds for f = fi, i =1,2,...,m — 1, then (2.5) holds for
every f € C[—1,1], where ¢ depends only on m.

First let us prove some needed lemmas. Similarly as [4 , Lemma 2.1] we have following
lemma.

Lemma 1. For Aj;(z) we have

n mkfl( 1)]+1 n

(@ — 2x) ™ Aj () =) (¢ — z1)" Aok (). (2.11)

k=1 j=1 (@ = J)! k=1

Lemma 2. Let myg, 1 <k < n, be even integers, then for Ao, (z), it has

n
E (z — ox) Aok (2

where C' is a positive const depending only on m.
Proof. By means of Ry, (f,z) and [ 4, (4.12)] it has

g -

<CZan Frr @), (2.12)

k=1

m_zmkAOk an(flyx))

(:L‘ — l‘k)Agk

>

(1’ - xk)zAOk(x) S 2an(f1,x) + an(fz,l')

k=1
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By (z —x3)' = Z;ZO(—I)j (;)x’ﬂxi = Z;:l(—l)j*1 (;)x”J (27 — xi), we have

:Z( ZJZ —l‘kA()k )

<> (D2 | Rum (5, 2) <cZanfJ,) O

j=1 j=1

Lemma 3. Let my, 1 <k < n, be even integers, then for Aj,(x)

> =

i=1 k:l

j—1

a:—a:k)

Z (z — 2p) Arp(2) (2.13)

holds, where ¢ is a positive constant depending only on m.
Proof. By Theorem A it has

Yol —a)'A |<2l12|$—»"3k )Ajr ()]
k=1

—9ol—j-2 Z(x — xk)Alk(x)y

k=1
thus
S (1)’ I ole (=1’ i
— ]; (] _ )|(1‘ xk) Azk(l’) < ; ]62:; (] _Z)'(l' :L’k) A ( )
= (JQJ__Z), Z(w —xp)Arg(z) < CZ(:v — ) A1k (x). O
i=1 " k=1 =1

n mep—1 ]
Ry (P, ) PO (z) A i (2)],
k=1 j=1
50 R (P,x) < 5| 20y PO () Aji ()] = 272, Sj-
Now let us estlmate term S; for j <m —1and j =m — 1, respectively. In the first case by

mean theorem of derivatives it has

Sj = ép(j)(mk)Ajk(x)
- Z {PP@) = (P (@) = PO (@1)} An(a)
< kfjlpw A (@ éPW” (&) (@ = 71) A (@)
< 1Pl Z Z PUD () (z — 1) Aju (3)| .
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For term | Y_,;_, Aj;(z)|, by Lemma 1

j—1

P

=0

i

k(T f—mk)J Ak ()|,

thus by Lemma 2 and Lemma 3 we have

n

D A

k=1

{Z|w—xk VA (@) + D Ram(fis )}. (2.14)
=0

In the second case by Theorem A and Theorem C we have

n

Z (m— 1) A l,k(x)

k=1

< ellPllm Y [z = @1)* Az 1 (2)] < cl|Pllmrnm (@)-

Then by Banach Theorem we have the result . O

3. Griinwald Type Theorem

In [7] P. Vértesi has proved a theorem of Griinwald type for Hermite-Fejér interpolation of
higher order , which is a generalization of [1] given by G. Griinwald for m = m

Theroem D ([7, Theorem 2.3]). Let m; = m be even integers, I, and I, be two
disjoint subsets of the set {1,2,3,...,n} with I, J Iz, ={1,2,...,n}. If for fized positive numbers
p2 and ng

B()k(.’L') Z P2|B]k($)|a |$| S 17 k € Ilna .] = 1727 sy M — 17 n Z no,

nlggo Z |z — x4 |°| Aok () d >0,
k€l
Z |A0k(x) S c < o,
k€l
Jim Z | Ak (z)] ‘ =0, j=1,2,...m—1,
k€l
S Bp@P @) <C, j=1,2,.,m—1,
k€l
then (2.5) holds for all f € C[—1,1], here l;,(z) =[] ST

=107k zp—2zq "
The main aim of this section is to improve the above theorem as follows

Theorem 2. Let my, 1 < k < n, be even integers, I, and I, be two disjoint subsets of
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the set {1,2,3,...,n} with I, | I, = {1,2,...,n}. If for fized positive numbers p and no,

BOk(x) 2p|BJk(x)|7 |1‘| S ]-> keIln; j:172)"';mk_]-7 nZ”O)

> (@ — ) Aok ()|

kelz,

lim
n— 00

> [Aok(@)]|| < C1 < o0,
k€lzy
S | > (@) ‘ =0
kels,
> IBjk(@)Li(@)]|| < Cy < 400, j=1,2,..,my — 1,
kElzy

then (2.5) holds for all f € C[-1,1].
Before proving this theorem we give some lemmas and statements.
Lemma 4. Let my, 1 < k <n, be even integers. If

Z Z Jk| )7
k=1 j=0
holds, then

lim ||Hy,,(f,X)—fll=0

n—+00

holds for every f € C™ 1[—1,1].
Proof. The proof is same as [7]. Ve there exists a polynomial P(x) for which

f(z) = P(a)| <&, |f(@)-P@|<e -, [fm" V@) -P" @) <e,
and ~
=> Z P () Aji (2),
k=1 j=0
then it has
| H o (f) = fI = |Hpp (f —P) + P — ]
S |Hnm(f_P)| +e
n mp—1
<Y 1Y wr) = PY ()| Aje ()] + &
k=1 j=0
< O(1)e

and we obtain the result. O
More let us verify a very simple relation as [ 7, Theorem 1].
Lemma 5. If

z)| ‘ =C=0(Q1), n=12,..,

(3.1)

(3.2)

(3.3)

(3.4)
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and

Z i Aje(@)]|| =0(1), n=12,., (3.9)

hold, then (2.5) holds for all f € C[-1,1].
Proof. If P(x) is a fixed polynomial with ||f — P|| < &/C and ||[PW|| < M,1<j<m—1,
then

| Hpm (f,2) = f(@)| < [Hpm(f,2) = P(@)] + |[P(z) — f(2)]

n n mg—1
<D If (@) = Pla)l|Aor(@)] + D Y [PV (@r)l|Aje ()] +¢/C
k=1 k=1 j=1
n n mg—1
SS/CZ|A0k |+MZZ|A31¢ ) +e < 3e,
k=1 k=1 j=1

if n is big enough . O

Statement 1. Let Vi (n; ) = Z;.nz’“o_l(—l)j (7]7) Bji(z). For k € Iy, Let us choose n, where

0<n<1 such that|( )| < m—l), i=12,...m—1. Then

Vi) > 3 plBja (o)) (3.10)
Proof. By (3.1)
Vi) > Bow(z) - Eihwﬁmm
> Bu(@) %m_D§§M&mm
1

1
> Bou() — 3 Bok(x) > 5pl B ()]
Statement 2. For this matriz X it has

> Agr(r) < C1+1< 400, (3.11)
k€lin

Z | Aok ()] < 2C) + 1 < 400, (3.12)

Proof. By

1= ZAok(a:), but

k=1
Z | Aok (z)| < ZAok(fﬂ) +2 Z | Aok ()
k=1 k=1

k€l

we have |Ekehn Agk(l’)| < (4 +1, and the other is obvious.
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Statement 3. For this matriz X it has

n mg—1
T:=>" " |Ajr(z)| = 0(1). (3.13)
k=1 j=0
Proof.  For Aji(z), by Theorem A,
2 20, + 2
Yo Au@)] <= Y JAo(e)] € =,
kel k€ln p
Let 71 :=Y_,_, |Aox(z)| then we have
n mg—1 mp—1 mp—1
oD An@l= >0 > MA@+ Do Y (@)l
k=1 j=0 k€D, j=0 kEls, =0
mkfl mkfl
ST+ Y Y [Ap@l+ Y, Y [4u@)
kEl, j=1 k€lan j=1
mp—1 ) mp—1 )
<Ti+ YN cdT A+ YYD ¢ a4 )
k€, j=1 kel j=1
STy +C72™ Y A(z)| +C*2™ Y A (w))|
keli, kels,
2 1
<1+ om0t _on),

Now let us prove the Theorem 2.
Let n > ng and a be an arbitrary point in [—1, 1] such that a # z, k=1,2,...,n, put

{0, if ze[-1,d,

gle) = (x —a)", if zé€la,1], ne(0,1]. (3.14)
Additional we define following function for t = 1,2, ..., n,
0, if zel[-1,d],
gi(z) = E;”;Ol Cjt(x — a)rtm=1+i, if zé€la,a+ 1], (3.15)
(x —a)", if zela+1,1], ne (0,1
Where Cj; are choosen so that g: € C™~'[—1,1] and this yields
m—1
Cje (" T Rlh LT = (R £ =0,1,2,..,m — 1,
j=0
that is to say
m—1
Ci (" = (1), k=0,1,2,..,m— 1. (3.16)
j=0

The system of equations with unknowns Cj¢, j =1,2,...,;m — 1, must have a unique solution
since the system of function {(z —a)?m*i~1 };-”:_01 is an extended Chebyshev systems [ 2, pp. 9],
with application solving (3.16) with unknowns Cjt!~™ 7, j =1,2,...,m — 1, we get the value
of Cjt'~™~J which is independent of ¢, thus |Cj:t! =™ 7| = O(1).
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That is to say
|Cjt| = O(tm_l—"—j)’ j = 1727 "'7m - 1‘ (3-17)

Now we notice that on [~1,a] and [a + 1,1] , g(2) — g:(z) = 0 and on [a,a + 1/t)

m—1
l9(z) — g¢(z)] = Cjt(x — )™+t — (2 — a)"
j=0
m—1 )
< N |Cut It e = 0@,
7j=0
SO
lim lg: —gl| = 0. (3.18)

It is easy to see that the convergence is uniform on [—1,a].
By Lemma 4 for fixed t it has

T || H;,(00) — oul) = 0. (3.19)

It is to see that the convergence is also uniform on [—1,a]. Now we choose ¢ so large that

9(2) ~ 90 < S50 @€ L1 (3.20)

_ p 1
M= < — . 21
|(7) < 6mC(C1+C2p+1)6 (3:21)

For this ¢, choosing ny > ng so large that while n > n; we have

€
| Hym (98, 0)| = [ Hpp (g1, 0) — ge(a)] < 3.

In this case it has

|Hnm(g7 )| - |Hnm(ga ) _g(a')|
. €
= |Hnm(g - gtaa) + Hnm(gt)a” < |Hnm(g _gtaa)| + 57

for term |H},,(g — g+, a)| we have

Hinlo =gl = [ D [1960) - o )] $B(0)(a - 20 La(a)
k=1 j=0
< 3" o) ~ 0 @)] Bon(@)Li(a)
k=1
¥ Z zf [69(1) = 0 (@)] 53 Ba(a)la — 21V Lo
<* E Z [0 = o (@0)] 5 Bir()a - 20V Lu(a).
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Let us estimate Sy =: |y j_, S [g(j) (zk) — (])(wk)] L Bji(a)(a — x1) Ly (a)|.

First by the definition of g(z) and g:(z), (3.16) we obtain

mp—1

Sy = Z Z |: J) l'k (j)(l'k)] %Bjk(a)(a—:rk)ij(a)

a<zr<at+il J=1

mp—1 m—1
DD [ Cue (") @ — @) Bii(a)Le(a) (a — 21)"
a<zp<a+i J=1 =0
mp—1

S DI o TR

a<zr<at+i J=1

k€lin
mp—1
+C Z Z ‘2 t "Bj(a)Li(a ‘—0{521-#522},
a<zrp<at+i J=1
ke€lz,

For S51 and Ss2 by Theorem A and (3.5)

mp — 1
B L
So £2C Z Z | )t~ "|M

a<zr<at+i J=1

kel
Aok 2mC(C; +1
<aom Y (el 2O D gy
a<mk<a+% p p
keli,

mkl

=20 Y 3 || 1B@Lil@)] < 2mCC | ()¢

a<zr<at+i J=1
kela,

If ¢ is properly chosen we have Sa; + Sa2 < %
By means of these estimats we have

. 2
|Hnm(g _gtaa)| S 56’
then it has
|Hpp(g,0)] <e. (3.22)

So by Statement 1 and definition of g(z) we have

Y Vi(pa) (@ — a)"Li(a)

Tp>a

<, (3.23)

where we suppose that x #a, 1<k <mn. But if z; = a, then the corresponding terms in the
sum (3.23) vanish. So we have |} | < € uniformly in a, —1 < a < 0. Using the function

Ikza .

* _ (a—m)", x € [_l)a]y
g'(@) = {0, z € [a,1].
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with 0 < a <1, we similarly get relation

Z Vi(n;a)(a —xg)"Lg(a)| < e

zr<a

uniformly in a, 0 < a < 1, a.e., summarizing we have

hm

Z z)|z — x| Ly, (z )‘:o.

Put
n
= ZVk(77§35)|33 — o |"L(z)| < Z e F Z | 1= 83+ Sy,
k=1 k€ln kEIlsy,
where S; can be writen as
54 S Z |.T — CUk|n|BOk(CE)|Lk(CE) +
kEl2n
m—1
(001 Yl = aul? |5 Bye(o)| Lu(o) = S5 4 S0
j=1 kels,
For S5 by (3.3) , (3.2) and Holder inequality we have
> |z — k]| Bok (#)| L. (z)
kel
= > {lz — 2| Box ()| L (2)}" {| Bor (z) | Li ()} "
kel
1-n
{Z |z — || Aok (x } {Z | Bok () | Lk ( )} = o(1),
kels kel>

Now let us estimate Sg. For arbitrary fixed j, 1 < j < m —1, here (1); = n(n —

let p=j/n, q=j/(j —n), using Theorem A, (3.4), (3.5) and Hoélder inequality

1
S 10lle =l | B aa)
ke€lz, ']
1/p 1
Z [(n ‘ k(@)L (x)| | — xk]” ‘f'Bjk(:n)L/c (x)
k€l J:
1/p 1/q
< ¢|(n { > A |} { > |Blk(x)Lk(az)|} o(1).
kelay, kEIlsy,
So applying (3.24), we get S3 = o(1) uniformly in z.
; . T
Jim Z Vi.(n; )|z — x| Li () || = o(1).
k€lin
By |o — a;| = 2| 255 | < 2| 254 "= 21|z — z;|7 we obtain
Jim k; Vie(n; @)z — x| Li(2)|| = 0.
in

1)...

1/q}

155

(3.24)

(77_.7+1)7

(3.25)

(3.26)
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So by Statement 1 it has

lim
n—oo

kEl1n

Then by (3.4) and Theorem A we have

> 1A
k=1

By Lemma 5 and Statement 3 shows that (2.5) holds for all polynomials and also for every
f € C[-1,1] by Weierstrass theorem. O
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=0, j=1,2,...m—1.

lim
n—oo
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