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Abstract

In this paper we present some new absolute and relative perturbation bounds for the
eigenvalue for arbitrary matrices, which improves some recent results. The eigenvalue
inclusion region is also discussed.
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1. Introduction

Let A be an n x n matrix and A = A + E whose spectrum are {Ag, ..., A\, } and {1, ..., tin },
respectively. Let ||+ ||z and || - ||2 denote the Frobenius norm and the spectral norm, respectively.
For a positive integer n, let (n) = {1,2,...,n}.

Classical absolute type perturbation bounds were established by the well-known Hoffman-
Wielandt theorem [1]. When A and A are normal matrices, there exists a permutation 7 of (n)
such that

> liry = Mil? < 1Bl (1.1)
=1

In the case that A is normal but A is arbitrary, Sun proved [2,3] that there exists a permutation
7 of (n) such that

Z ey = Nil? <Vl Bl (1.2)
i=1

The factor y/n in (1.2) is optimal in some sense [2]. Furthermore, Song [4] studied the more
general case. For two arbitrary matrices, he obtained

S e = M2 < VAl + V=) max {|QTEQ|k, 1QTEQIY™Y (1)
=1

and

iz iy — Xil < v/n(1 4 +/n = p) max {||\/5Q_1EQH27 H\/ﬁQ_lEQH}/m} (1.4)

where Q7' AQ = diag(J1, ..., J,) defines the Jordan form of A and m is the order of the largest
Jordan block.
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As well known for any matrix Ace C™ ™ there is a unitary matrix U such that U *AU =
diag(Ay, ..., As), where A; is an upper triangular matrix, ¢ = 1, ..., s. In [5] the authors showed
that if A is normal then for any matrix A there exists a permutation 7 such that

n

S litrsy — M2 < V= s T 1 Bl (15)

=1

It is noted that s in (1.5) is not unique. In fact, it need not to decompose A so that gl is upper
triangular. Now let A € C™"*™, we denote by s(A)

s(A)= max {q:U*AU = diag(A,,...,A,), A;is square, i = 1,...,q}. (1.6)
U 1s unitary

This means that s(A) is the most diagonal block numbers for which A is unitarily similar to
a block diagonal matrix. Hence s(/T) exists and is unique for any matrix, and for any unitary
matrix Q, s(Q*AQ) = s(A) > 1. Notice if A is normal, then s(A) = n.

By (1.5) it is easy to prove the following result.
Theorem 1.1. Let s(A) be given by (1.6), and let A be normal. Then for any matriz A there

exists a permutation T such that

S ey = Ml </ — s(A) + 1B . (L.7)
=1

In this paper, we shall improve the bounds in (1.3) and (1.4) for arbitrary matrices A and
A based on Theorem 1.1. The relative bound and the eigenvalue inclusion region are also
considered.

2. The Absolute Bound

First we write A into its Jordan canonical form

QrAQ = J = diag(J1, ..., Jp), (2.1)
where J; be an m; x m; Jordan block matrix with the form
A1 0
Jz = )\i ) 1= 17 » D
1
0 Ai
For € # 0, let

T = diag(Ty, ..., Tp), T; = diag(1,e,€2,....,e™ 1),i=1,....p. (2.2)

Then from (2.1) it is easy to check that
T7'Q 'AQT = N + AL,
where A’ = diag(Ai L, - A\plm, ), AL = diag(Af, ..., A}) and

m; Xm;
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For two general matrices A and g, we have the following bound.
Theorem 2.1. Let Ac C™ " with (2.1) and A= A+ E. Then there exists a permutation T of
(ny such that

Z ey — Al
=1

{ (n—s1+1) [(n—p+1)+2/i=pQEQIr] Q' EQIF . if IQ " EQlr <43
(n—s2+ D) [IQEQlr + (n—p+2va=p)] QT EQl|r, if |Q7'EQ||r > 1

where m = max; m;, s1 = s(T'Q TAQT), s3 = s(Q 'AQ) and T is as in (2.2) with & =

(IlQ ' EQl|r)™
Proof. Let T be as in (2.2). Clearly, we have

T'Q 'EQT + A, =T 'Q 'AQT — A'.

<

Hence _
IT7 Q7 AQT — N7 = |[T'Q™'EQT + AL|%
It is easy to see that
IT Q™ EQT + AL|I%
= |IT7'QT'EQTIE + | AL|IF + 2Retr(AZT Q™ EQT) (2.4)
ITHEITIENQ™ EQIE + (n — p)e® + 2Retr(AXT Q™ EQT)

Let E = Q 1EQ. Now partition E into the block form E = (Eij)pxp conformable with (2.2),
then

IN

p
Retr(AUT'Q'EQT) = Retr(AVT 'ET)=Re) tr(A[T; ' E;T))
=1

P m;
= ZZ 1EuT)k 1,k-
i=1 k=2

It is easy to see _ _
(Ti_lEiiTi)kfl,k =e(Eii)k—1.k-

Thus

Retr(ACT'QT'EQT) = Red Y *(Ei)r 1k

IN
mNJ
™
iNgE
=
g

1=1 k=2
P m;
S 52\/”—]9 Z | uk 1}’c|2
i=1 k=2
p ~
< Evn—p, | > lIEll% (2.5)
i=1

which together with (2.4) gives
IT7' Q™ EQT — AL||%
< max{e*" Y 2OTMYIQTIEQ|R + (n — p)e? (2.6)
e/ =pllQTEQ]|F.
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If ||Q 'EQ||r < 1, take € = (||Q ' EQ||r) 7. By (2.6) we have
IT'Q'EQT — AL||% < e*(n—p+1) 4+ 2y/n— pe™ 2 (2.7)
Applying the inequality (1.5) to T-'Q-1AQT and A’, one may deduce

Z ey — Ail? < (n—s1+ DIITTIQTAQT — N3,
=1

which together with (2.7) gives the first inequality in (2.3).
If |Q 'EQ||r > 1, take ¢ = 1. Hence by (2.6) we have

IT Q™ EQT — AL|%

Q7 EQIE + (n —p) + 2vn=pllQ " EQI|F

IQEQ(E + (n —p+2vn—p)||QEQ||F.

Again applying the inequality (1.5) to T-'Q'AQT and A’, one may deduce the second in-

equality in (2.3).
The bound in (2.3) seems more complicated. But we can reduce it to some simple forms.

<
<

Corollary 2.2. Let Ae C™ " with (2.1) and A= A+ E.
(1) If A is diagonalizable, i.e., there exists a nonsingular matriz Q such that A = QAQ™1,
then there exists a permutation T of (n) such that

Dol = AP < =5+ DIQTEQ|E < (n— s+ 1)&*(Q)|IE| 7, (2.8)
=1

where 1(Q) = |Q " |2/|Qll2 denotes the spectral condition number of Q and s = s(Q~*AQ).
(2) If A is not diagonalizable, then

Dol = AP < (n -5+ DA(IQEQ|r) max{[|Q " EQIIE . Q" EQ||r}. (2.9)
i=1

where f(z) =z + (n — p+2y/n—p), § = min{s(T1QAQT), s(Q~1AQ)}

Proof. (1) Since A is diagonalizable, from (2.1) and (2.2) we havep=n,m; =1, i=1,..,n
and T = I. This implies that s; = s. Then the first inequality in (2.8) follows from Theorem 2.1.
The second in (2.8) follows from the fact that [|Q'EQ|r < ||Q||2]|Q |2/ EllF = £(Q)| E| F-

(2) Since A does not diagonalizable, we have p < n, and thus 2y/n —p > 1. Notice that if
1Q VEQ|lr < 1, then (n—p+1) + 2/ —pllQ"'EQ|[r < [|Q""EQ|lr + (n — p+ 2y —p),
from which and (2.3) one may deduce (2.9).

Remark 2.1. If [|Q "' EQ||r < 1, then max{||Q*EQ|#,/|Q ' EQllr} = IQ"'EQ|} and
FIQ " EQllr) < (V= + 17 I [|Q " EQ|l¢ > 1, then max{[|Q ' EQ||F, Q" EQr} =

|Q LEQ|F and f(||Q  EQ]|F) < (v —p+1)?||Q 'EQ| r. From this argument we have the
bound below

Sl = Al £ VA5 101+ V= pymax {|Q T EQlIr, QT EQIY™ ). (210)
i=1

From (2.10) it is easy to see that our bounds (2.8) and (2.9) improve the bound (1.3). It is also

noted that if A is normal, then (1.7) can be deduced from (2.8).

Remark 2.2. In practice the perturbation £ may be small enough, so we may assume that
1

1Bl r < =0y~ Hence from Theorem 2.1 we may obtain a simple bound below.

2l = Ml < V=S F I+ VR =p)[QT QI
i=1
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Applying our recent bound (1.5) we can deduce the following result.
We write A into Jordan canonical form

PYAP = J = diag(Jy, ..., Jy), (2.11)
where J; be an 7; x fi; Jordan block matrix with the form
nio 1 0
:j;: uJ ,j:17"'7§'
-1
0 M

Corollary 2.3. Let Ac C"*™ with (2.11). If P~ AP is a normal matriz. Then there exists a
permutation T of (n) such that

D Ity = A2 < Vn =P+ 16(P)| E| F. (2.12)

i=1

Proof. Applying (1.7) to the matrices P~1AP and P~ AP, it is easy to deduce the inequality
(2.12).

From the bound (2.10) and the fact that | E||r < v/n||F||2, we have the spectral norm bound
as follows. _
Corollary 2.4. Let Ac C™"*™ with (2.1) and A = A+ E. Then there exists a permutation T
of (n) such that

ey = NP < VA= s 10+ VA= p)max {[VAQ T EQI, IVAQEQIY™ . (2.13)

3. The Relative Bound

Relative perturbation bounds of eigenvalues were studied by Eisenstat and Ipsen [5] for
diagonalizable matrices. It was proved in [6] that when 4 = XAX ', A =YA'Y ! and A is
nonsingular, there exists a permutation 7 of (n) such that

n

D

=1

frgy — Ni|

| < AE)R)AT B (3.1)

(noting that a slight modification form of (3.1) can be found in [7]). In [5] the authors considered
that case that A is normal and A is arbitrary, the new relative perturbation bound was obtained
below.

Let A € C™*™ be a normal matrix with

A=VAV*, (3.2)

where V' is a unitary matrix, and let A= A+ E € C"™ ", Then there exists a permutation 7
of (n) such that

n

fr(iy — Ai|?
3o [pn =

i=1

< \/n—s(A) + 1A ||| (3-3)

Here we consider the case that A is diagonalizable, i.e., there is a nonsingular matrix X
such that
A=XAX"! (3.4)
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and A is arbitrary with Schur upper triangular decomposition
A=U(N + AU, (3.5)

where U is unitary. We have the following bound.
Theorem 3.1. Let A= A+ E€ C"*", and let A be a nonsingular diagonalizable matriz with
(8.4). Then there exists a permutation T of (n) such that

i

Proof. Since

firiy — Ni|?
g

< min {pmw —S(XLAX) 4 1, ||A1||m} (O|Elr.  (3.6)

ATTA-T=A"E,
by (3.4) and (3.5) we have
AXTWUN - XU =XTATTEU - Xt AT UA (3.7)

where A is defined in (3.5). Let T = X 'U, Ay = A=!, Ay = A’ and A3 = Ay = I. Then by
Theorem 3.2 of [8] we obtain

o (XU < JATIXTUN - XTMHU|R

IXTTATIEU — X 'ATTUA|F
1X Y [2||A7Y 2] |E — UAU||p
= [ X [/ATH||U*EU - Allr (3.8)

By the proof of Theorem 4.9 of [3] (see (4.41) of [3]) it is easy to see |[U*EU — Al|% <
n||[U*EU||% = n||E||%, which together with (3.8) gives

IN

n

>

=1

On the other hand by (3.4) we have

Pr(i) — Ai

» < Vis(X)[|ATH 2| Elp. (3.9)

X TAX —A=X"'EX. (3.10)

Since A is normal, from (3.3) and (3.10) we have

n

D

i=1

Hr(i) — i 2

L V= s(X1AX) + 1A o X T EX ||

IN

< Jn— s(X1AX) + 16(X)p(A )| [E]ls,

which together with (3.9) gives (3.5).
By Theorem 3.1 it is easy to prove the following spectral norm relative bound.

Corollary 3.2. Under the same assumption as Theorem 3.1, there exists a permutation T of
(n) such that

7M7(i))\_ As ’ < min{\/n — s(XVAX) + 1p(A7), Val| A7 o }vns(X)||Ella - (3.11)

X3

max

Remark 3.1. The bound (3.6) reduces to (3.3) provided A is normal. In fact, if A is normal,
then X in (3.4) is unitary, and thus s(X1AX) = s(A) and x(X) = 1.
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Remark 3.2. Although Ais diagonalizable, in the following example it is known that the
bound in (3.6) is better than one in (3.1). Let

~0.03 004\ =+ [ —0.02 0.05
A‘( 0.04 0.03 ) A= ( 0.01  0.02 )

Then A is Hermitian and A is diagonalizable, in fact,

i_ (1 -5 003 0 1 —5\"
“ 11 0 —0.03 11 '

1 _15 ) . Then x(Y) = 4.4415. A simple calculation gives #(Y)||A"1(A— A)||r =

1

3.0772 and v/2||A"Y||2||A — Al|p = 0.9798, which show that our relative bound in (3.6) is
sharper than those in (3.1).

Let Y:(

4. The Eigenvalue Inclusion Region

As an application of the bound (1.5), in this section we consider the eigenvalue inclusion
region. Let A be unitarily similar to a block diagonal matrix and s(A) be given by (1.6).
A classical region is the Gersgorin discs, i.e., the all eigenvalues of A = (a;;) are located in

the union of n discs
n

U{ZEC| |z—aii|§ Z |aij|}. (41)
i=1 (i#)i=1
Let A = (A1,..., A\y)T be an eigenvalue vector of A. Let 7 be a permutation of (n). By A\, we
denote A = (Ar(1), .- /\T(n))T. Let Dy = diag(ai1, ..., ann), @ = (@11, .., Gppn) and A’ = A—D 4.
By the similar idea to [9], we can obtain a new result below.
Theorem 4.1. Let A = (a;;) € C"*". Then there exists a permutation T of (n) such that A\,
is located in the following n-dimension sphere.

{z€C"[[lz —alli < (n—s(A) + | A||E}. (4.2)

Proof. Clearly we have A — D4 = A’. Notice that D4 is normal. It follows from (1.5) that
S Ay — aii? < (n — s(A) + 1)|]A’||%, which proves the result.

For some special matrices, e.g., a normal matrix, the eigenvalue inclusion region (4.2) can
be written as follows.

Corollary 4.2. Let A = (ai;) € C™*™ be a normal matriz. Then each disc

{z€Cllz—aul < (O layl*)*} (43)
i#£]

contains at least one eigenvalue of A. If there is an eigenvalue of A located on the boundary of

(4.8), then the other n — 1 eigenvalues of A are aj;, j #1
Proof. The first part of this corollary can be found in [10]. It needs only to prove the second
part. Since A is normal, A is unitarily similar to a diagonal matrix, and hence s(A) = n. By

Theorem 4.1 we have

)

Let \; be an eigenvalue of A located on the boundary of (4.3), i.e., |\g —au| = (327 lai; 12)z =
[[A"[|F. By (4.4) we have |\;(;y — ajj| = 0, o(j) # k. Hence \,(;) = aj; for o(j) # k and j # i.
This proves the corollary.

Remark 4.1. Tt is difficult to compute s(A) for general matrices. However, since s(A) > 1, by
(4.2) we have

-
=~

1A — allp < [|A"]p. (

A €{z2€C"|||z—allr < Vn||A||F},
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which is a result in [9].

Remark 4.2. If A is normal, then by (4.3) we provide a tighter region in some sense. For

example,
1 -3 -5 -3

-3 1 0 0
A= -5 0 1 0
-3 0 0 1

Then by Gersgorin discs (4.1) all eigenvalues of A are located in {z € C ||z — 1] < 11}. But
this matrix is Hermitian, and hence normal, then by (4.3) all eigenvalues of A are located in
{z € C ||z — 1] < +/86}. This implies the region in (4.3) is tighter than one in (4.1). In fact,
the eigenvalues of A are 1+ v/43,1 —+/43,1,1. This example also illustrates that the region in
(4.2) is sharp.

Acknowledgments. The authors would like to thank the referee for his valuable comments.

References

[1] Hoffman, A.J. and Wielandt H.-W., The variation of the spectrum of a normal matrix, Duke Math.
J., 20 (1953), 37-39.

[2] Sun, J.G., On the variation of the spectrum of a normal matrix, Linear Algebra and its Applica-
tions, 246 (1996), 215-223.

[3] Sun, J.G, Matrix Perturbation Analysis, the second edition, Science Press, Beijing, 2001 (In
Chinese).

[4] Song, Y.Z., A note on the variation of the spectrum of an arbitrary matrix, Linear Algebra and
its Applications, 342 (2002), 41-46.

[6] Li, W. and Sun, W., The perturbation Bounds of eigenvalues for normal matrices, Numerical
Linear Algebra with Applications, 12 (2005), 89-94.

[6] Eisenstat, S.C. and Ipsen, I.C.F., Three absolute perturbation bounds for matrix eigenvalues imply
relative bounds, STAM J. Matriz Anal. Appl., 20 (1998), 149-158.

[7] Chen, X.S. and Li, W., On relative perturbation bounds of Hoffman-Wielandt type for eigenvalues,
Acta Mathematicae Applicatae Sinica, 26:3 (2003), 396-401 (In Chinese).

[8] Elsner, L. and Friedland, S., Singular values, doubly stochastic matrices and applications, Linear
Algebra and its Applications, 220 (1995), 161-169.

[9] Ipsen, I.C.F., Departure from normality and eigenvalue perturbation bounds, CRSC-TR03-28 at
www.ncsu.edu/crsc/reports/reports03.html, 2003.

[10] Xu, S.F., The Theory and Method for Matrix Computations, Beijing University Press, Beijing,
1995 (In Chinese).



