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Abstract

In this paper we show the well-posedness and stability of the Maxwell scattering prob-
lem with the transparent boundary condition. The proof depends on the well-posedness of
the time-harmonic Maxwell scattering problem with complex wave numbers which is also
established.
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1. Introduction

We consider the electromagnetic scattering problem with the perfect conducting boundary
condition on the obstacle

OE

e5; ~VxH=J in [R3\D] x (0,T), (1.1)
H .

“aa_t +VxE=0 in[R¥D]x(0,7T), (1.2)

nxE=0 onTpx(0,T), (1.3)

Eli—o =Eo, H|—o = Ho. (1.4)

Here D C R? is a bounded domain with Lipschitz boundary I'p, E is the electric field, H is the
magnetic field, X = x/|x|, and n is the unit outer normal to I'p. The applied current J and the
initial conditions Eg, Hg are assumed to be supported in the circle Br = {z € R? : |z| < R}
for some R > 0. The electric permittivity € and magnetic permeability p are assumed to be
positive constants. We remark that the results in this paper can be easily extended to solve
scattering problems with other boundary conditions such as the impedance boundary condition
onI'p.

One of the fundamental problems in the efficient simulation of the wave propagation is the
reduction of the exterior problem which is defined in the unbounded domain to the problem
in the bounded domain. The transparent boundary condition plays an important role in the
construction of various approximate absorbing boundary conditions for the simulation of wave

* Received February 21, 2008 / accepted March 3, 2008 /



Maxwell Equations with the Transparent Boundary Condition 285

propagation, see the review papers Givoli [5], Tsynkov [11], Hagstrom [7] and the references
therein. The purpose of this paper is to study the transparent boundary condition for Maxwell
scattering problems.

For any s € C such that Re(s) > 0, we let E, = .Z(E) and H, = 2 (H) be respectively
the Laplace transform of E and H in time

EL(I,S):/ e S'E(x, t)dt, HL(I,S)Z/ e S'H(z, t)dt.
0 0

Since Z(E) = sE, — Eg and Z(0;H) = sH, — Hy, by taking the Laplace transform of (1.1)
and (1.2) we get
e(sE, —Eo) -V xH_ =J,  inR3\D, (1.5)
w(sH, —Ho) +VxE, =0 inR*\D, (1.6)

where J, = .Z(J). Because J, Eg, Hy are supported inside Bg = {z € R? : |z| < R}, we know
that E, satisfies the time-harmonic Maxwell equation outside Br

VxVxE-KE =0 inR3\D,

where the wave number k = i,/Efis so that Im (k) = \/Efis; > 0. Let G : HY/?(Div;TRr) —
H~'/2(Div;Tr) be the Dirichlet to Neumann operator

Ge(&xEL):%Xx(VxEL) \/L_EXX(VXE ).
By using (1.6) we have

Ge(XxEL)\/;XxHL on Ig. (1.7)

For x x B [r, = > 00 > amn UM (X) + bimpn V7' (X), we know that (cf., e.g., in Monk [9]
and also the discussion in Section 2)

noo_ (1)
Z 3 ik Rbynnhfd) (kR) L Gmnzn (KR).G,

(xxE,) 1 o
— = M (kR) ikRhSY (kR)

where U7', V' are the vector spherical harmonics, hsll)(z) is the spherical Hankel function of
the first order of order n, and zgl)(z) = h%l)(z) + zhg)l(z).

By taking the inverse Laplace transform of (1.7) we obtain the following transparent bound-
ary condition for the electromagnetic scattering problems

\/EAXH (ffloGeo.,i”)(fchhR) on I'g, (1.8)
where

(g_l 0G.0ZL)(x x E|ry,)

RN VEis Rl (\/_“SR)>*b Rt
ngl ; [ ( zg)(\/_usR) (8:1)

( )
_ lz—l < ( \/_,U/SR) ) " amn(R,t)
VERsR (i /s R)

VI, (L9)
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with

Amn (R, t) = / (xx E)-UMdx, bmun(R,t)= / (x x E)-Vdx.
T'r I'r
The objective of this paper is to prove the well-posedness and stability of the system (1.1)-
(1.4) with the boundary condition (1.8). The proof depends on the abstract inversion theorem
of the Laplace transform and the a priori estimate for the time-harmonic Maxwell scattering
problem with complex wave number which seems to be new and is of independent interest.
In Lax and Phillips [8], the scattering problem of the wave equation is studied by using the
semigroup theory of operators in the absence of the source function. We remark that the well-

posedness of scattering problems in the frequency domain is well-known for real wave numbers
(cf., e.g., Colton and Kress [2], Nédélec [10], and Monk [9]).

2. The Time-Harmonic Maxwell Equation with Complex Wave
Numbers

In this section we consider the following time-harmonic Maxwell scattering problem with
complex wave numbers

VxVxE-KE=J, inR3\D, (2.1)
nxE=0 onlp,
x| (VX E) xx—ikE] — 0, as|x| — oco. (2.3)

We assume the wave number k is complex such that Im (k) > 0. The applied current J, is
assumed to be support inside some ball Bg.

We first recall the series solution of the scattering problem (2.1)-(2.3) outside the ball Br
by following the development in Monk [9]. Let Y,*(X), m = —n,--- ,n, n = 1,2,---, be the
spherical harmonics which satisfies

App, Y M (%) +nn+1)Y,"(%) =0 on 0By, (2.4)
where 5 52
1 1
A =—_ — (sinf— - 7
o5 = g a6 "5 T g 002
is the Laplace-Beltrami operator for the surface of the unit sphere 9B;. The set of all spherical
harmonics {Y,*(X) : m = —n,---,n,n = 1,2,---} forms a complete orthonormal basis of
L?(0By).
Denote the vector spherical harmonics
m 1 m m S m
Un = mvaBlY" N Vn =X X Un N (25)
where gym 1 gym
Y?”VL — n i3
Vo Xn® = 5070 + 515 9
and {e,, ep, e4} are the unit vectors of the spherical coordinates. The set of all vector spherical
harmonics {U?, V™ : m = —n,--- ,n,n = 1,2,---} forms a complete orthonormal basis of

L?(0B1) = {u€ L*(0B1)* :u-%x=0o0n 0B }.
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For any ® € H(curl, Bg), X x ®|r, is in the trace space H~'/?(Div; '), whose norm, for
any A= 0 S anmUT + by, VI, is defined by

(2.6)

H)‘HH 1/2(Div;T'r) nz:lm;n V(n + 1)|anm|* + ﬁwnmﬁ

It is also known that for ® € H(curl; Bg), the tangential component (% X ®) x X|r,, belongs to
H1/2 (Curl; T'r) which is the dual space of H’1/2(Div; I'r) with respect to the scalar product
in LZ(T'g) [10, Theorem 5.4.2, Lemma 5.3.1]. In the following we will always denote by (-, )rp,
the duality pairing between H=/2(Div;T'g) and H~'/?(Curl;T'g).

Let h%l)(z) be the spherical Hankel function of the first kind of order n. We introduce the
vector wave functions

1
M2 (1, %) = V x {xh{D (kn)Y," (%)}, N (r,%) = oV x My (r, %),
which are the radiation solutions of the Maxwell equation (2.1) in R3\{0}.

Given the tangential vector A = Zn 1 mefn Crnm U + by V' on I'g, the solution E of
(2.1)-(2.3) in the domain R*\ Bg can be written as

A M7 (1, X) ik Rbym N (r, %)
Z Z ) REEY : (2.7)
ntme—n hn’ (ER)\/n(n+1)  zn (ER)\/n(n+1)

The series in (2.7) converges uniformly for r > R if A € LZ(Tg) = {u € L?*Tg)® : u-%x =
0 on I'r} (cf., e.g., [9, Theorem 9.17]).

The Calderon operator G, : H~/?(Div;Tr) — H~'/?(Div;T'r) is the Dirichlet to Neumann
operator defined by

1
Ge(N) = Ei{ x (V x E),

where E satisfies (2.1)-(2.3). Since
1 m n 1 m m
ZVXM] =N, VXN =M,

we have

_VXE Z Z hD (kR)\/n ( 0 2V®kR)amr 1)
n=1lm=-n n

On the other hand, it is easy to check that the vector wave functions satisfy

M7 (r,%x) = hi) (kr)Vap, Y (%) X X,

oy Vnn+1) oy, A1) Mmoo
Nn (r’ X) - ik”l" Zn (kT)Un (X) + lk’T hn (kT)Yn (X)X'
Thus

xx M™ = /n(n + )AL (kr)UT (%), (2.8)

v+l o

S Nj = =220 (k) VI (), (2.9)
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which implies

oS n (1) (1)
:Z 5 1kanmh (5R) o anmznl)(kR) "(3). 2.10)
— Y (kR) ikRh{Y (kR)

Let a : H(curl,Qg) x H(curl, Q) — C be the sesquilinear form
1 - _
a(E, ®) = _k:/ (VXE -Vx®—k’E-®)dx + (G.(x x E), (X x ®) X X)r,.
1 Qr

The scattering problem (2.1)-(2.3) is equivalent to the following weak formulation: Given Js €
L?3(QR)3, find E € Hp(curl; Q) such that

a(E, ®) = %(Js,{)), V® € Hp(curl; Qp), (2.11)

where Hp(curl; Qg) = {v € H(cur; Q) :nxv=0 onTp}.

We need the following lemma on the modified Bessel function which is a direct consequence
of the Macdonald formula in Watson [14, P.439]. The proof of this lemma can be found in Chen
and Liu [1].

Lemma 2.1. For any v € R and z € C such that Im (z) > 0, we have

00 1212 | 22422
|HD (2)]? = l/ e Tt “’Ky(w)d—w.
0 w

T2

The following lemma can be proved by using Lemma 2.1, see [1, Lemma 2.2].

Lemma 2.2. For any v € R,z € C such that Im (z) > 0, and © € R such that 0 < © < |z|, we

have
HD ()] < et (00D (0 @) .

The following two lemmas on the spherical Bessel functions for the complex wave number k
extend the corresponding results for the positive wave number in Nédélec [10, Theorem 2.6.1].

Lemma 2.3. Let R > 0,n € Z, and k € C such that Im (k) > 0, we have
o
Re w < 0.
hy /' (kR)

(1) (1) (7. py 2 (1)’ M
Re <;n (kR)) _ e [ 115 (RR)P + kRhy (kR)h (kR)

Proof. First we note that

D(kR) hD (kR)|2
For z € C, since h( ) (2 5z HT(L?I/Q , by Lemma 2.1 we have
1 1 [ L2, 22422 dw
RO = S, ()P = = / eI R ()

Thus, for any r > 0,

1 00 |k|2r2 K24E2 d
|k:7“||h7(11)(k7“)|2 _ _/ e 2w + 5z e +1/2( ) w
™ Jo w
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This implies r|h511)(kr)|2 is a strictly decreasing function for r € (0, 00). Consequently,
d / YN
- [rlh%”(kr)ﬂ \T:R = |hD(kR)|? + Re [thgU &RV (kR)| < 0.

This completes the proof.

Lemma 2.4. Let R > 0,n € Z, k = k1 + ika, k1, k2 € R such that ko > 0, we have

289

Proof. By the definition of the vector wave function V x M7 = ikIN"" and (2.8)-(2.9) we

have
(VXM xx,%xx M X X)r,
= ik(N™ x %, % x M™ x %)r,, = n(n+ 1)Rz\D(kR)AY (kR).
Thus we only need to prove
Im (k1 (V X M x %,% X M" X X)r,) > 0.
Since M satisfies the Maxwell equation

VX VxM'—EM?=0 inR3{0}.

(2.12)

By multiplying the above equation by M and integrating over {2 Rp = Bp\B R, We obtain

[V x M? H%Q(QR,,)) — k|| My H%Q(QR,,)) —(Vx M xn,nx MJ* X n)rur, = 0.
Notice that Im (—k1k2) = —2k?ks < 0, we have

—Im (k&1 (V XM x n,n x M" x n)r,,)
> Im (k’l(V XM xn,nx M x n)pp),

which implies, sincen = —xon ' andn =% on I',,,

Im (k1 (V x M x %, % X M X X)rg)
>Im (ki (V x M X X,% x M X X)r, ) .
By (2.12)
Im (k1 (V x M' x %,% x M X X)r, )
=n(n+1)Im (k1k’p2h§3)l(/€p)m> :
We are now going to show that

kp*h () (kp) ) (kp)| — 0, as p — oo,

Since h%l)/(z) = 7”7'Hh£ll)(z) - hgll(z), we have

kp*h Y (kp)h'Y (kp)| < (n + 1)p[nD (kp)[? + [kp?[[BY (kp) |12 | (ko).

(2.13)

(2.14)
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On the other hand, for any © > 0 such that © < |kp|, by Lemma 2.2

T —kap(1--22 (1)
|h7(11)(kjp)| = 2|k || n+1/2( |< We 2 ( \kp\Q) |Hn+1/2( )|

that is, |h§3) (kp) decays exponentially as p—oo. This proves (2.14) and completes the proof. O

Lemma 2.5. For any ® € H(curl;Qg), we have
Re (Ge(X X ®),% X ® x X)r, < 0.

Proof. Let X x ®lr, => 07 1 >0 _ G UN(X) + by VI (X). Then

XX ® X X|p, = Z Z —Amn V™ (X) + b UM (X).

n=1m=-—n

Thus, by (2.10),

(Ge ()2><<I’)§c><<1’><5c>

772 Z”: a2 ithﬁP(sz)' :
— = th“ kR) mn AD(kR)

Denote by 24 (sz /h(1 (kR) an(kR) + ib,(kR), where a,(kR),b,(kR) are the real and
imaginary part of z" (kR) /hn (kR). By Lemmas 2.3 and 2.4 we know that a,(kR) < 0 and
1bn(kR) > 0. Hence

(1) .7 .
zn ' (kR) B —ik(an(kR) + ib,(kR))
Re <ith(1>(kR)> = Re ( k2R >

. —k‘gan(kiR) + klbn(kR)

> 0.
k2R
Since Re (z7!) = |2|72Re (2), we then have
ikRhW (kR
(§ 1(1)# > 0.
n (ER)
This completes the proof. O

The following theorem is the main result of this section.

Theorem 2.1. The variational problem (2.11) has a unique weak solution E € Hp(curl;Qg)
which satisfies

IV % Ellr2@n) + | FE220n) < Cha [ Is ll22(05)- (2.15)

Proof. Since Re (1/ik) = —ko/|k|?, Re (ik) = —kq, by Lemma 2.5 we know that, for any
® ¢ H(curl;Qp),

a(®,®)| = Re (~a(®,@)) = 05 (IV % @ 320 + [ K@ 320yy) - (216)
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By the Lax-Milgram lemma we know that the problem (2.11) has a unique solution. To show
the stability estimate (2.15), we know from (2.11) that

(B, E)| < [k[72[| Js | 22(m) [ KE || 22(02p)-
Therefore, by (2.16),
19 % B2 + I FE 2@ < O3 134 oo

This completes the proof. ]

3. The Maxwell Scattering Problem

We first give the assumptions required on the boundary and initial data:

(H1) Eog,Hy,V x Ey,V x Hy € H(curl; Qg) and supp(Ey), supp(Ho) C Bg;
(H2) J € HY(0,T; L*(Qr))?, J|t=0 = 0, and supp(J) C Bg x (0,7T).

In the rest of this paper, we will always assume that J is extended so that
J € H'(0,400; L*(Qr))%, 1910, 40022 2n)) < ClII e 0,112 (20))-
The following lemma can be proved by the standard energy argument.

Lemma 3.1. Let E, H be the solution of the following problem

E .
ei)—t—VxH:O in Qg x (0,7),

H .
,LLE*FVXE:O in Qr x (0,7),
nxE=0 on I'pUTR,

Eli—o = Ey, Hi—o = H.
Then

IE |20 + | H 2200 < CllEo l2(0n) + Cll Ho |l 2(p)
| OE ([ L2(0p) + | 0H || 2(0) < CIV X Eq |l2(0z) + ClIV x Ho [|L2(0p)
107E || L2(p) + | 07H |12 (2p) < CIV X V X Eq[|L2(05) + CIIV X V x Hg || 22(0p)-

Let E' = E — E,H' = H— H. Then by (1.1)-(1.2) we know that

OE/ , e

e~ VxH =J i [R\D] x (0,7), (3.1)
!

pa;: +VxE =0 in [R*\D] x (0,7). (3.2)

The boundary condition (1.3) becomes

nxE =0 onlpx(0,7). (3.3)
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By (1.8) we have

\/iicxH':(f_loGeof)(ich'hﬂR)—\/EA xH onIg. (3.4)
€ €

It is obvious that
E'li=0=0, H'|= =0. (3.5)

Let B! = Z(E'),H, = Z(H'). Then by taking the Laplace transform of (3.1)-(3.4) we obtain

Q. .
VxVxE —kE = —\/glk'JL in Qg, (3.6)
nxE =0 onTp, (3.7)
1. . R N
R (VXEL):Ge(XXEL)—\/gXXHL on I'p. (3.8)

By Theorem 2.1 we know that the problem (3.6)-(3.8) has a unique solution. Our strategy to
show the well-posedness of (3.1)-(3.5) and thus (1.1)-(1.4), (1.8) is to show the inverse Laplace
transform of the solution E! of (3.6)-(3.8) is existent.

We first recall the following theorem in Treves [12, Theorem 43.1] which is the analog of
the Paley-Wiener-Schwarz theorem for the Fourier transform of the distributions with compact
support in the case of Laplace transform .

Lemma 3.2. Let h(s) denote a holomorphic function in the half-plane Re (s) > oq, valued in
the Banach space E. The following conditions are equivalent:

(i) there is a distribution T € D', (E) whose Laplace transform is equal to h(s);

(ii) there is a o1 real, o9 < 01 < 00, a constant C > 0, and an integer k > 0 such that, for all
complex numbers s, Re (s) > o1,

[h(s) | < C1+ |s])".

Here D', is the space of distributions on the real line which vanish identically in the open
negative half-line.

Lemma 3.3. There exists a constant C' independent of s such that
IV XE] 2205) + | KE; [|L2(0p)

C R A . N
< 1 (189 ezt + 1% s i + RS R, s20ivirn )

Proof. By testing (3.6) with E/ € Hp(curl;Q2z) we know that
o(E,E!) = _\/7(JL,E'L) + \/g@c x H,, % x E| x X)r,,.

)
B (|| V X E! |72, + | KE, ”%2(93))

< CIEI, L2 | FE, 2@ + Cll% < By (=172 0ivir) | B | (eurton)
< CH I;;_IJL HLz(QR)H kEL ||L2(QR) + CH X X HL HH*l/z(Div;FR)H V x EL HLz(QR)
+C k™% X Hy || g-1/2(pivirs) | KEL |22 (025)-

o=

By (2.16)
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This completes the proof. ]
Theorem 3.1. Let the assumptions (H1)-(H2) be satisfied. Then the problem (1.1)-(1.4), (1.8)
has a unique solution (E,H) such that

E € L*(0,T; Hp(curl; Qg)) N H'(0,T; L*(Qr)*),
H e L*(0,T; H(curl,Qr)) N H(0,T; L*(Qr)?),

E|i=0 = Eo, H|;=0 = Hy, and
r oE 5 . .
/O [E(E,@) —(H,V x ®) — \/g«x 0Ge0 L) (% x E), ®)p,, | dt
T
= / (J,®)dt, V® c L*(0,T;Hp(curl;QRr)), (3.9)
0

;! 2 2 3

“(E"I’) F(VXE,®)|dt=0, Y&eL*0,T;L*Qnr)%). (3.10)
0

Here (£~ '0Go.Z)(xxE) € L?(0,T; H-'/?(Div;TRr)). Moreover, (E,H) satisfies the following

stability estimate

Jmax (10 E N z2r) + |V X EllL2(p) + |0 H | L2(0p) + |V X H[2(0p))

< C[(Eo, Ho)llor + CllOI | 10,1522 (20)) (3.11)

where
H(EOv HO)HQR = H Eo HH(curl;QR) + H H, HH(curl;QR)'

Proof. Our starting point is the solution E! , H! of the following scattering problem

esEl —VxH =J  inR\D, (3.12)
pusH, +V xE/ =0 in R%\D, (3.13)
n><E'L =0 onlp, (3.14)

\/gfcxH’L :Ge(fch’L)—\/gicxI:IL on I'g. (3.15)

Since k = i /eus, by Lemma 3.3, there exists a constant C' independent of s such that
IV X E] [[L2(0q) + | SEL 2205
< S (13, s + 155 % L gosrsonrny + 11525 % B g-ssmvrny) - (3:16)
By (3.12)-(3.13),
IV x H [[r20p) + | SH [l z2(05)

c
< = (130 lezam + 153, 1)

C . A . .
o (% B i + 1H15P% % B s i) - (3.17)

By [12, Lemma 44.1], E/ ,H! are holomorphic functions of s on the half plane Re (s) > v > 0,
where « is any positive constant. By Lemma 3.2 the inverse Laplace transform of E! ,H! are
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existent and supported in [0,00]. Denote by E' = Z~1(E/), H' = £ '(H/). Then, since

E = Z2(E)= Z(e *'E), where .Z is the Fourier transform in sy, by the Parseval identity
and (3.16), we have

/0 e ! (|| VX E [y + || O ”2L2<QR>) at

—on [ (1Y XEL Py + 1B [, dso

— 00

C [ 9
<= [ sJ0 17200, ds2
51 J—=
C (™ (s < L 112 % w FI |12 d
+52 [ sx x H, HH*1/2(Div;FR) + || |s["%x x H, HH*1/2(Div;FR) 82.
1J—o0

Since J|t=9 = 0 in Qp, X X I:I|t:0 = O0p(%x X I:I)|t:0 = 0 on I'g, we have Z(0;J) = sJ_ in Qg
and Z(0¢(x x H)) = sx x H, on I'p. Moreover, notice that

|s|>% x H, = (251 — 5)s% x H, = 25,.2(9;(%x x H)) — Z(8?(%x x H)) on T'g,

we have

oo

2 (I V X B a0 + | 0B (2, ) dt

<

Hm[\:»| Q O\

oo
[ (1203 3, +1-26% ) [ross iy ) do
—00
1 > N
10 (15 5 ) [ 1260508 I s
— 00

Again by the Parseval identity

/0 et (H V X E' |20, + || OE H%%QR)) dt
C

(oo}
< 5 [ e (10T Baga + 115 I o)

1 o) i . N
+C (1 + 5_2) / e 2| % X OB iy -
1 0

This proves E' € L2(0,T; H(curl; Qg)) N HY(0,T; L?(Qx)3). Similarly, by (3.17), we have
H' € L?(0,T; H(curl; Qr)) N H'(0,T; L*(Qr)?). Moreover, by (3.15), we deduce that (£~ !o
G.0L)(xxE') € L?(0,T; H'/?(Div;Tr)). By taking the inverse Laplace transform in (3.12)-
(3.13) and using the definition of E' = E — E, H' = H — H, one can easily show that (E, H)
satisfies (3.9)-(3.10).

It remains to prove the stability estimate (3.11). By (1.9) we know that

(£ 0G0 L) (x xE), % xExX)r,
son = [ o [ VEEsRRY (iy/FRsR)
- f * Omn 5
PP l < 2V (i/EsR) ) brn (B, 1)
|t 2 (iy/EhisR)
JERsRY (i, ElisR)

bmn (R, 1)

n=1m=-—n

) * A, (R, 1) | Gmn (R, t).
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Denote G,y = amnX[O,T];an = bmnX[0,1], Where xo,7 is the characteristic function of the
interval (0,7"). Therefore

T
0

2 o251t - \/_NSRh( )( i,/EpsR) = =

+/OO g2t | 1 o )( iVEnsk) % o | &
. VemsRi D ayensr) )]

Note that by the formula for the inverse Laplace transform we have

g(t) = F7 (e L(g)(s1 + is2)),

where .# ~! denotes the inverse Fourier transform with respect to s3. By the Plancherel identity
we then obtain

T
| e 0G0 D) x B)x < B x Rt
0

fngl _z_ / ( “SR’“;(_M gsm>|x<émn>|2

00 (1)
(iyeusR) P 2
+ /_ ) (msmp(l@sza)) 2 () -

Since k = i,/zus satisfies Im (k) > 0, by using Lemmas 2.3 and 2.4 we obtain

T
—Re / e (L oGeo L)z x E), X x E x X)ppdt > 0.
0
For any 0 < t* < T, by taking ® = e 2*'"Ex g4+ in (3.9), ¥ = e 2%"Hy/q 4+ in (3.10), and
adding the two equations, we obtain

1 v —2s d v —2s
5/0 e~ 251t ( ||EHL2(QR) —|—/LH H||L2(QR)) dt < /O e 2 1t(J,E)dt

By standard argument we can deduce

—2s1t 2 2
masx (e (el Bl[faa + 4l H ey )|

< C (el Bo I3 x(qp) + 1l Ho 320y ) + Clle™ ™ T 30,7220

By letting s; — 0, we obtain

2 2
max (<1 B (2o, + 1l H [0, (3.18)

C (el Bo 320y + il Ho 2 ) ) + CH T 20,7582

Since Eg, Hy has a compact support inside Br, @mn(R,0) = bmn(R,0) = 0 on I'g. By differ-
entiating (1.8) in time we know that

\/g)zxatH(XIOGSO.,%)()A(X(%EHR) on 'p.
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Now by differentiating (1.1)-(1.2) in time, we know that 0, E, 9;H satisfy the same set of equa-
tions with the source 9;J and the initial condition 9;E|;—0 = e 'V x Eg, O;H|=¢0 = —1 =1V x Eq.
Thus we can use (3.18) for 0;E, 9;H to conclude the proof. O
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