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Abstract

This paper extends the two-grid discretization scheme of the conforming finite elements
proposed by Xu and Zhou (Math. Comput., 70 (2001), pp.17-25) to the nonconforming
finite elements for eigenvalue problems. In particular, two two-grid discretization schemes
based on Rayleigh quotient technique are proposed. By using these new schemes, the
solution of an eigenvalue problem on a fine mesh is reduced to that on a much coarser
mesh together with the solution of a linear algebraic system on the fine mesh. The resulting
solution still maintains an asymptotically optimal accuracy. Comparing with the two-grid
discretization scheme of the conforming finite elements, the main advantages of our new
schemes are twofold when the mesh size is small enough. First, the lower bounds of the
exact eigenvalues in our two-grid discretization schemes can be obtained. Second, the first
eigenvalue given by the new schemes has much better accuracy than that obtained by
solving the eigenvalue problems on the fine mesh directly.

Mathematics subject classification: 65N25, 65N30.
Key words: Nonconforming finite elements, Rayleigh quotient, Two-grid schemes, The
lower bounds of eigenvalue, High accuracy.

1. Introduction

Xu [10-12] first proposed two-grid discretization methods for nonsymmetric and nonlinear
elliptic problems. Later, Xu and Zhou [13] proposed a two-grid discretization scheme of con-
forming finite elements for eigenvalue problems. In [14], Xu and Zhou proposed some local
and parallel finite element algorithms based on [13]. Yang [15] extended the method in [13] to
the Wilson nonconforming element and demonstrated by numerical experiments that the first
eigenvalue given by the two-grid discretization scheme approximates the exact eigenvalue from
below and has much better accuracy than that obtained by solving the eigenvalue problem on
a fine mesh directly.

In this paper we will discuss two-grid discretization schemes of the nonconforming finite
elements for any n-dimensional eigenvalue problems. We propose a new two-grid discretization
scheme (see Scheme 1) and extend the scheme in [13,15] (see Scheme 2). Using these two new
schemes, the solution of an eigenvalue problem on a fine mesh is reduced to the solution of
an eigenvalue problem on a much coarser mesh and the solution of a linear algebraic system
on the fine mesh and the resulting solution still maintains an asymptotically optimal accuracy.
Comparing with the two-grid discretization scheme of the conforming finite elements (see [13]),
the main advantages of our new schemes are twofold when the mesh size is small enough. First,
the lower bounds of the exact eigenvalues in our two two-grid discretization schemes can be
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obtained. Second, the first eigenvalue given by these new schemes has much better accuracy
than that obtained by solving the eigenvalue problems on fine mesh directly.

Finding the lower bounds of eigenvalues by using the nonconforming elements has attracted
many attentions in the past. In 1967, Zienkiewicz etc. [19] discovered that the nonconforming
Morley element approximates eigenvalues from below. As for the vibration plate problems, Ran-
nacher [6] provided numerical results in 1979, which indicated that the nonconforming Morley
and Adini element can be used to obtain lower bounds of eigenvalues. Yang [16] proved that on
a rectangular domain, the Adini element approximates the exact eigenvalues from below. For
Laplace operator eigenvalue problems, Armentano and Duran [1] proved that piecewise linear
nonconforming Crouzeix-Raviart element approximates the exact eigenvalues from below, Lin
and Lin [5] proved that the nonconforming FQ7°" element approximates the exact eigenvalues
from below, and Zhang et al. [18] proved that the nonconforming Wilson element approximates
the exact eigenvalues from below. In this paper, we will show that the proposed two-grid
discretization schemes maintain the above properties of approximation from below.

By the minimum-maximum principle we can conclude that the first eigenvalue given by the
two-grid discretization scheme in [13] has much lower accuracy than that obtained by solving the
eigenvalue problems on the fine mesh directly for conforming finite elements. However, to our
surprise, it is exactly opposite for two-grid discretization scheme of most nonconforming finite
elements. In particular, the two-grid discretization schemes of nonconforming finite elements
are very efficient for eigenvalue problems.

The rest of the paper is organized as follows. In Section 2, we shall describe some notation
and properties of the nonconforming finite element approximation for eigenvalue problems. In
Section 3, we propose two two-grid discretization schemes of the nonconforming finite elements
for eigenvalue problems and discuss approximation properties of the schemes. In Section 4, we
apply the results in Section 3 to several representative nonconforming finite elements such as
Wilson, Crouzeix-Raviart and Adini nonconforming elements.

2. Preliminaries

Let © be a bounded open connected subset of R™ with a Lipschitz-continuous boundary.
Let V be a mth-order Sobolev space over 2 with inner product (-,-)y and norm || - ||y (m=1,
2), and let W be a sth-order Sobolev space over 2 with inner product (-,-)w and norm || - ||w
(0<s<m),V CW with a compact imbedding.

Suppose that a(-,-) and b(-,-) are symmetric and continuous bilinear forms on V x V and
W x W respectively, which satisfy

| a(u,v) [< Myjullv]lvflv, VYu,veV,

alu,u) > aq|ull¥, Yu eV,

| b(u, ) |[< Ma|jullwllvllw, Vu,veW,

b(u,u) > asllullfy, Yu e W.
Define || - || = b(-,-)2. Noting that || - || and || - | are two equivalent norms on W, we shall
use b(-,-) and || - ||p as the inner product and norm on W, respectively.

Consider the 2mth-order elliptic differential operator eigenvalue problems: Find (\,u) €
R x V,||ullp = 1 satisfying

a(u,v) = Ab(u,v), Yo eV. (2.1)
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Let 7, be a mesh of ) with the mesh size h, and V}, be a nonconforming finite element space
on m, Vi, C W and Vi, ¢ V. The nonconforming finite element discretization of (2.1) is given
by: Find (A\p,up) € R X Vi, ||unlls = 1 satisfying

an(un,v) = Apb(up,v), Vv € Vy, (2.2)

where ay (-, ) is an approximation to a(-,-).
Define || - |5 = an(-,-)2. Assume that ay(-,-) is uniformly Vj-elliptic, symmetric and con-
tinuous, and | - || is a norm on V' + V},. Define T': W — V such that

a(Tf,v) =b(f,v), VfeW\VvelV.
Moreover, define Ty, : W — V}, such that
ap(Thf,v) =b(f,v), Vfe W \VveV,.
It is clear that (2.1) and (2.2) are equivalent to
Mu=u (2.3)
and
M Thup = up, (2.4)

respectively.

Using the facts that the bilinear forms a(-, -), an (-, -) and b(-, -) are symmetric, continuous and
V C W with a compact imbedding, one can prove that T is self-adjoint completely continuous
operator and T}, are self-adjoint operators of finite rank (see [2]). In fact,

WTf,g)=0b(g9,Tf)=a(Tg, Tf)=a(Tf Tg)=0(fTg), Vf,g €W,

and
b(Thf,9) =b(g, Thf) = an(Thg, Tnf) = an(Thf, Thg) = b(f, Thg), Vf,gc W.

It is also known that the spectrum of (2.1) consists of an infinite sequence of isolated real
eigenvalues with finite algebraic multiplicity,

O<A1§)\2§>\3§/+OO

In the sequence {A\;}, the Ay are repeated according to algebraic multiplicity, and the corre-
sponding eigenspaces are denoted by M (\;) with M(Ag) = M()\;) in case A\, = ;. Moreover,
the spectrum of (2.2) consists exactly of N;, = dimV}, real eigenvalues,

0<Mn<Aop<Az3p << AN,

We make the following assumptions.
C1: {T,} is a family of operators satisfying

|Th — Ty — 0 (h\,0).

C2: For the nonconforming finite element approximation of the source problem correspond-
ing to (2.1) with the right hand side b(f,v), there exist three positive constants C, ¢; and
g2 (@1 < g2) independent of h and f € W, such that the following error estimates hold:

ITf =Tuflln < Ch% (| fllo, [ITf = Tuflls < Ch%[|flb-
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The above conditions are satisfied for most of the nonconforming finite elements in practice.
Assume the algebraic multiplicity of Ay is equal to g, i.e.,

Ak = Akg1 = = Absg1.

Let Mp(Ag) be the direct sum of the eigenspaces of (2.2) corresponding to eigenvalues A;
that converge to A;. Let the eigenfunctions {u;} be an orthonormal basis for My () with

Hujﬁ”b = 1. Write
k+q—1 k+q—1

< 1
Mew == Y NjhoUn = > blug,ujn)ujn (2.5)
1 = =k
and

T—-Ty, = max Tu — Thullp. 2.6
1T =T) Loy =, s [ (26)
Throughout this paper, we shall use the letter C to denote a generic positive constant indepen-
dent of mesh size h, which may stand for different values at its different occurrences.

Lemma 2.1. ([17]) Suppose C1 is satisfied. Let (Mg p,urn) be a nonconforming elemet
eigenpair of (2.2) with [|ug p|lp = 1. Then A — A (h ™\, 0) and there is a function uy, € M ()
with |Jug|lp = 1 such that

| Akp = Ak |< CIHT = Th) v |l (2.7)
l[uk,h — uklle < CI(T = Th) | ara) lls .
e — urlln < Akl Tugx — Thuglln + CIT — Th)ar o) ll- (2.9)

Lemma 2.2. Suppose C1 is satisfied. Let (Ag,ux) be an eigenpair of (2.1) with |Juk||y = 1.
Then

g, — urlly < CIT = Th) [arone Il

[k, — uklln < C(II(T = Th) [y 4 11Tk — Thuth)-

Proof. Note that g p, is the orthogonal projection of uy onto My, (A;). We can obtain

ltr,n — urllo < |lwr,n — urlss

@k,n = wklln < ||tk — wk,nlln + lue,n — wklln

k4+q—1
= D bluk —wknyujn)ugn| A+ ks — gl
j=k h
Combining (2.8) with (2.9), Lemma 2.2 is proved. O

3. Two Two-Grid Discretization Schemes
It is well-known that the Rayleigh quotient has higher accuracy. In fact, if

lukllo = luk,mlls =1,
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then

b(Tuk,m ukm) 1
b(uk, i, Uk, ir) Ak

1
= b(Tuka,uk,H) — )\k‘ = \b(Tuk7H,uk7H) — b(Tuk,uk)|

1
= |b(Tup, i — Tup, U, i — Ug) — Yknuk,H — ug ||}
<Ollun,ir — ul3- (3.1)

The problem is how to solve T'uy m. It is a natural method to take Tur mg ~ Thug, g, which
gives the following two-grid discretization scheme.

Scheme 1:

Step 1. Solve an eigenvalue problem (2.2) on coarse mesh wg: Find (Mg m,uk,m) € RX Vy
such that ||uk, mllp =1 and

ap(up,,v) = N gb(up m,v), Vv € Vg,

where k € {1,2,-+- ,Ng = dimVg }.
Step 2. Solve a boundary value problem corresponding to (2.1) on fine mesh my: Find
uy , € Va, such that

ah(u};’h,v) = )\kyHb(uk,H,v), Yv € V. (32)

Step 3. Compute the Rayleigh quotient
)\k,r = l/b(Thuk,H, uk,H) = )\;H/ah(u,’;h, u};h). (33)

Note that we have uy ;, = Mg,uThuk,u by the definition of T), and (3.2). We then use
(Ak,r Uy ) as an approzimation of (A, ug).

The following scheme further develops the two-grid discretization scheme established by Xu
and Zhou [13].

Scheme 2:

Step 1. Solve an eigenvalue problem (2.2) on coarse mesh wg : Find (Mg m,up m) € RXxVy
such that ||ugk mlls =1 and

ap(up,r,v) = Ao, mgb(up m,v), Vv € Vy,

where k € {1,2,--- | Ng = dimVy }.
Step 2. Solve a boundary value problem corresponding to (2.1) on fine mesh wp: Find
uy p, € Vi, such that

ah(u};’h,v) = )\k,Hb(uk,H,v), Yv € V.
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Step 3. Compute the Rayleigh quotient

Ak,s = ah(uz’é,h,uz,h)/b(u/’;h,ul’i,h)- (3.4)

We then use (Ax,s,uj, ;) as an approximation of (g, uy).

Theorem 3.1. Suppose C1 is satisfied. Let (A, ug ) and (Ags,uj, ;) be obtained by Scheme
1 and Scheme 2, respectively. Then there exists a function uy € M(\g) with |luklls = 1 such
that

1w p — uklln Sc(lTUk = Thug|ln + (T = Ta)lara) ||>, (3.5)
| Mess = Ak [SCI(T = Th) [nioag) |l
2
+C<||Tuk — Thug|ln + ||(TTH)|M(>\k)||> ; (3.6)
Ner = |sc(|Tuk ~ Tl + |<T—TH>|M<A,C>||2). (37)

Proof. Let A and 1y, be of the form (2.5). By Lemma 2.1 we can obtain for all j =
ka"' ak+q_17

[ Men = Mk |+ [ A0 = A [ CIT = Th) o - (3.8)
By uz’h = Mg, g Thug, g we see that
up g, — uk = Mg, g Tpur, g — A Tug
=Xe. 1 (Thup, g — Thuk) + A g (Thue — Tug) + (Mg — M) Tug,. (3.9)
From C1 we conclude that the {T}} is uniformly bounded. Thus
1 Th (ke — i) llo < Clluge, g — ug o
By the definition of T}, Schwarz's inequality and (2.8) we have

an(Th (kg — ug), Th(ue, 7 — ur))
=b(ui, i — e, Th (ue, ;r — ug)) < ||wie,zr — wiellol| T (wr, o — ur) |l
<Cllug,zr — uklly < CINT = Tr)laron I

and hence
[T (ke r = wie)lln < CINT = Ta) [arall- (3.10)
Using (3.9), (3.10) and (2.7) we get (3.5). From (3.9), (2.7) and (2.8) we get

ek — s < O(Tuk Tl + /(T TH>|M<A,C>||). (3.11)

From (3.5) and Lemma 2.1 we get
k. — @rnlln < [lugp, — uk (|0 + || vk — @k nlln

SC(IITUk = Thulln + (T = Ta) (v 1+ 1T = Th) [arean) ||>, (3.12)
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and combining (3.11) with Lemma 2.2 we get

g, p, — t.nlls < C( (T =Th) vy |+ (T —Tr) |M(M)H>'

As 1y, p, is of the form in (2.5), we conclude

k4+q—1
an(ug p, k,n) = an | up p, Z bk, wjn)uj,n
j=k
k4+q—1 k+q—1
= Y blukugn)an(up pouin) = Y bluk,ug )N ab(u p, )
j=k j=k

k4+q—1
= > bk, uin)(Njw = M+ M) g, 5.0)
=k

=Xenb(uf g, ) + 11,

where
k+q—1

r= ) bk, i n) (N — )btk g wjn)-
j=k
Using a similar way we can obtain

an (g, n,y Whon) = Mo nb(lg,n, k) + 72,

where
k+qg—1

ro = Z btk wjn) (Ajh = Ay )bk s o)
=k

By the above two relations it follows that

[ s, — tknlli — Menllug = rnlls
=an(Upps Ukpn) — 200 (UL 1, Uk,n) + an(Uk ko Uk,n)
— Aenb(uf, o g ) + 22 nb(uf, p, Ukn) = N b(tn b, Urn)

=an (U p» Uk p) — ;\k,hb(uz,h) upp) — 2r1 + 1o,

and dividing by b(uzJ17 u,’;h) on both sides of the above identity, we deduce

Akys — Akyh =

b(uz’;,h’uz’;,h)
It follows from (3.8) that

[ 2r1 [+ [ r2 [S CIT = Th) [ Il

kg = enlln = Aenllug = Gnnllf A+ 2m =2

Y.D. YANG

(3.13)

Write Ars — M = ks — Men + Akn — Ak Using (3.12), (3.13) and (3.8) gives (3.6).
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By C1 we can deduce that |7, — T'||, < C, and hence

1
Ak,r
=6((Th — T)us, i, k) + 0((Th — T)ug, o, kg — tk)|
=|b((Th, — T)uk, uk, i) + 0((Th — T)(wk, 1 — k), Uk, I — Uk)
+b0((Th, — T)ug, wpo,5r — ug)|
<CI(Th — T)ullo + Cllug,ir — wlf3-

— b(Tup, i, up ;)| = [D(Thuk, iy we, i) — b(Twk, i1, w, )|

By the above inequality, combining (3.1) with (2.8) we obtain (3.7).

755

O

Theorem 3.1 and Lemma 2.1 show that both A;, and Ay s can achieve the order of conver-

gence of the nonconforming finite element eigenvalue A p.

Theorem 3.2. Suppose (Mg m,ur m) and (Ak,r,uzﬁh) are obtained by Scheme 1.
exsits a function ug, € M(X\) with ||uk|lp = 1 such that

A — A

Ak
:2>\ = an(up — Tnug, ug p,) + e ren = vl

2
k,H AL

V) AR | W (Ihukn?, - ||uk||§).

Proof. Since ||ug||p = ||ur,m||s = 1, we observe that

1
— = b(Tuk, uk),
Ak keor

= b(Thuk b, Uk B ).
By (2.3) and the identity uj, ,, = A,y Thuk, i, we have
|T’LL}c — Thuk H”h

*

2 1 2
= A —eut |3,
. <>\k)\k,H) | k,HUE k“k,h”h

Hence,

1
Ak Ak

=b(Tup, ur) + b(Thur, i, uk,m) = an(Tup, Tug) + an(Thug, g, The,m)

:”T'Ll,k — Thuk,HH% + 2ah(Tuk, ThukﬁH)

2 2
=an(u, — yug, Tpug, i) + || Tup — Thug m |7 + Tkah(IhUbThuk,H)

Ak
2 , 2
:Ykah(uk — Inug, Thug m) + [|[Tuk — Thug a7 + )ka(fhuk,uk,H)
2
2 ( Thug,ug, ) + ! | Mk e — Mg g, |7
/\k)\k,H h\Uk hlk, g p )\k/\k,H k,HUWE EUE nilh

1

5= M = el + 2+ U ~ ).

Then there

(3.14)
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The conclusion follows by subtracting %k from both sides. O
Theorem 3.3. Suppose C1 and C2 are satisfied. Let A1 p be the first eigenvalue of (2.2) on
Vi If Mg and Ay s are obtained by Scheme 1 and Scheme 2, respectively, then
)\k,r > )\k,57 (315)
ALy 2 Ats 2 Ape (3.16)

Proof. By Theorem 3.1, we have ||u, , — uglln — 0 (h \, 0), and hence ap(uj, 5, uy ;) > 0
and b(uj, j,, uy ;) > 0. Using (3.2)-(3.4) and Schwarz's inequality, we get

N \ 1 ah(uz,hv UZ,h)
k,r — Ak,s = -
" * b(Thuk, i, k1) b(uj, s Uk p)
1 b(uk, 1, Thur i)

—an(Thug i, Tnuk 1) a b(Thuk, i, Thg i)
~ o(Thwr,m, Thwg, i) — b(up, i1, Thk,r)?
—an(Thuk,m, Trwk, 1) 0(Thug, i, Tk, i)
o N Thuk sl = llwn, a2 Thum 13

“an(Thwk, i, Thuk, 1) 0(Thwg, 1, Thk, 1)

:O,

which implies that (3.15) holds. It follows directly from the minimum principle (see, e.g., [2],
p. 699) for eigenvalue problem (2.2) on 7, that A1 s > A1, which together with (3.15) yield
(3.16). O

Theorem 3.4. Suppose C1 and C2 are satisfied. Let (A g, uk ) be an eigenpair of (2.2)
with |[uk,mle = 1, and let (A, uj ) and (Mg s, uj ;) be obtained by Scheme 1 and Scheme 2,
respectively. Then A\, g — A\, and there exists a function u, € M () with ||u|ly = 1 such that

| Ayt — Ag [< CH®, (3.17a)
[, — ko < CH®, (3.17b)
[k, — ugllg < CH?, (3.17¢)
lugp = urlln < C (A" + H®=), (3.17d)
| Akys — A | C(h% 4+ P74 H?®), (3.17¢)
| Ak — Ak |[< C(h% 4 H?®2). (3.17f)
Proof. The desired results can be obtained from Lemma 2.1, Theorem 3.1 and C2. g

4. Applications

We will need regular mesh in the following usual sense (see [3], p. 131):

Regular mesh: A family of meshes 7}, is regular if there exists a constant o > 0 such that

he :
— <o, for all eGUwh, and if h =maxh, — 0,
Pe s ecmy,
where
he = diam(e), pe = sup{diam(S) : Sis a ball contained in e}.
Let W ,(€2) be the usual Sobolev space with the norm | - ||s,, and the semi-norm | - |5 .

Write W o(2) = H*(Q), | sz = |- lls [ - |s.2=[ - |s and [ - [[ o) = || - [lo-
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4.1. Wilson nonconforming element

Consider the following eigenvalue problem:
—Au=Au, in€Q; w=0, on 0. (4.1)

The weak form of (4.1) is (2.1), where € is rectangular domain, V' = H}(Q), W = Ly(Q),

a(u,v) = /Vuvvd:c, b(u,v) = /uvd:c,
Q

Q

and ||lullp = |lul]lo. Let m, be a rectangular mesh of domain Q and let V} be the Wilson
nonconforming element space on . The Wilson nonconforming element approximation of
(4.1) is (2.2), where

an(up,v) = > /Vuh v vdz.

ecmy e

Theorem 4.1. Suppose both mgy and 7, are regular rectangular meshes. Let (Mg m,uk 1) be a
Wilson element eigenpair of (4.1) with ||ug, mllo =1, let (A, u ) and (Ak,s,uj ;) be obtained
by Scheme 1 and Scheme 2 for the Wilson element, respectively. Then there exists a function
up € M () with ||ug|lo = 1 such that (3.17) holds with g1 =1 and g2 = 2.

Proof. From [3], Vf € L2(92), we have
ITnf = Tflln < CRITfll2, [Tnf = Tfllo < CR*|Tf ]2,

for the Wilson element approximation of the associated source problems. And from well-known
a priori estimate for elliptic problems on polygonal domain (see [4]), there exists a constant M
independent of f and h, such that

ITfllz < Ml|fllo Vf € La().
Therefore, C2 is satisfied with ¢; = 1 and g2 = 2. Consequently,

Tnf—T
||Th _ THO = sup H hf f”O

<Ch? =0 (h\,0),
FeLa () I fllo

i.e., C1 is satisfied. The desired results are obtained from Theorem 3.4. O
Recently, Zhang et al. [18] proved that, when Q = (0,a) x (0,b) is a rectangular domain
and 7, is a regular rectangular mesh, the Wilson nonconforming element eigenvalue provides
lower bound of the exact eigenvalue for small enough mesh size. Yang [15] extended the method
in [13] to Wilson noncconforming element, and showed by numerical experiments that the first
eigenvalue of two-grid discretization scheme approximates exact eigenvalues from below and
has much better accuracy than the first eigenvalue which is obtained by solving the eigenvalue
problems on a fine mesh K" directly. In the following theorem, we shall prove this result.

Theorem 4.2. Suppose Q is a rectangular domain, my and 7 are two regular rectangular
meshes. Let A be a simple eigenvalue, let( Ay r,uy, ;) and (Ags,uy ;) be obtained by Scheme
1 and Scheme 2 for the Wilson element, respectively. If h = O(H?~%) with arbitrarily given
5 €(0,1), then

Meys < A < Ak, (4.2)
Ah S As S A < AL (4.3)
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Proof. 1t follows from the proof of Theorem 4.1 that C1 and C2 are satisfied with ¢; = 1
and g2 = 2. From Lemma 3.8 in [5], we have

1
ap(ur — Ihuk,uz’h) = 3 Z (hi + k’g) /811uk6)22ukd:r + O(h3 + h2H2),
ecmy e
where the eigenfunction is known as

. kl’/T . kQ’]T . ]fl’ﬂ' .
ug(z1, x2) = sin ——x1 sin ——x9 /|| sin —x1 sin
a a

b

kﬂm I
5 zllo-

Therefore, 011urd2our > 0 on 2, and we have

ah(uk - Ihuk,u;h) = O(hZ),

ah(uk — Ihuk,u’,;h) > 0.
It follows from (3.17a) and (3.17f) that

Aker
9 2k
k,H

— 2 (H —0).

By the above three relations we get

Ak.r
2 k, ah(ukffhuk,uz h) > 0.
Ak, H '

By (3.17a) and (3.17d) we get

)\k,r
)\k)\in

Ak, — Akup g7 < C(R? + HY).

By (3.17b) and the interpolation error estimate (see [3]), we get
| =N hue — uem ||| < CHY,

| nuw|§ — llunll3] =

/(Ihuk. — uk)(Ihuk + uk)dx < C’h3

Combining the above four relations and (3.14), when h is of lower order than H?, the sign
of A\ — Mg, is determined by the first and second term on the right hand side of (3.14).
Therefore, the eigenvalue Ay , gives lower bound of the exact eigenvalue A, for sufficiently small
H. Consequently, from Theorem 3.3 we get (4.2) and (4.3). O

4.2. Crouzeix-Raviart Nonconforming Element

Consider eigenvalue problem (4.1) and its weak form (2.1), where Q@ C R? is a polygonal
domain with the maximum internal angle w.

If w > 7, we denote o = T, r < o and sufficiently close to 7o, p = 2/(2 — r); and if w < T,
we denote g =7 =1 and p = 2.

Let my and 7, be regular triangular meshes of €2, and V}, be the piecewise linear Crouzeix-
Raviart nonconforming element space on 7. The Crouzeix-Raviart nonconforming element
approximation of (4.1) is (2.2).
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Theorem 4.3. Let (\g, i, uk, 1) be a Crouzeiz-Raviart element eigenpair of (4.1) with ||uk, i |lo =
1, and let (M, u ) and (Mrs,uy, ) be obtained by using Scheme 1 and Scheme 2 for the
Crouzeiz-Raviart element, respectively. Then there exists a function ug, € M () with ||ug|lo = 1
such that (3.17)) holds with g1 = r and gz = 2r.

Proof. Tt follows from known a priori estimate for elliptic problems on a polygonal domain
(see [4]) that

Tf € WQ,p(Q)a ||Tf||2,p < MHfHO,p,Vf € LP(Q)'

It is proved that uj; can be approximated in the || - ||, norm by functions in Vj, with order
h" (see, for example [1]). Moreover, from the general theory of the nonconforming element
approximation for the associated source problems it follows that C2 can be satisfied with
g1 =r and g3 = 2r (see [3,7]). Consequently,

T.f =T
1T~ Tl = sup 1S =TTo
rea@  Iflo
i.e., C1 is satisfied. Therefore, the desired results are obtained from Theorem 3.4. O

Armentano and Duran [1] proved that the Crouzeix-Raviart nonconforming element eigen-
value gives lower bound of the exact eigenvalue for small enough mesh size h when the exact
eigenfunction is singular and [|ug,p —ug ||, > Ch"™. Hence, it is natural to assume [[uj, , —ugl|n >
Ch™ in the following theorem.

Theorem 4.4. Under hypotheses of Theorem 4.3, and further suppose the exact eigenfunction
s singular and
llug p — uklln > Ch™ 7o < 1.

Then, if h = O(H?~%) with arbitrarily given & € (0,1), then
)\k:,s < )\kﬂ‘ < )\ka (44)

An < As <A < Aq

Proof. 1t follows from the proof of Theorem 4.3 that C1 and C2 are satisfied with ¢g; = r
and g2 = 2r. By [1] we have

ah(uk - Ihuk,uzyh) = 0,

where Ij, denotes the “edge average” interpolation operator. By (3.17b) and the interpolation
error estimate (see [1]), we get

| =Mk Hnug — ue m[|3] < C (R + HY).
By (3.17a), (3.17d) and this assumption |uj, , — uk|[n > Ch™, we have

[ Xe, e — Ay, p|I7
= Ao, — At + A — Akug 17
=N — M) lullf + A llur — 7

-+ Qah()\kauk — AUk, ApUp — )\ku,’;h) > ChQTU.
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1 1
Fig. 4.1. The geometry of Example 1

Table 4.1: Numerical approximations for the first eigenvalue for Example 1

H h Al,H Al,h /\1,7” /\1,5

V2 | Y2 1913340 | 9.46120 | 9.48594 | 9.46222
Y21 V2| 957482 | 9.63049 | 9.63091 | 9.63052
v2 1 v2 | 961918 | 9.63797 | 9.63802 | 9.63798

Armentano and Duran [1] proved that

el = oul3] = | ] (T = )T+ ey
Q
< Cllurllo.collInur — urllon < Ch2.

Combining the above four relations and (3.14), when h = /(H?*~%) we conclude that the sign
of Ay — A, is determined by the second term on the right hand side of (3.14). Therefore,
the eigenvalue Ay, gives lower bounds of the exact eigenvalue A, for sufficiently small H.
Consequently, from Theorem 3.3 we get (4.4) and (4.5). O

Example 1. Consider the eigenvalue problem (4.1).

Let Q = [0,2] x [0,1]U[0, 1] x [1, 2] be the L-shaped domain, see Figure 4.1. For this domain,
the first eigenvalue is A\; = 9.6397---. In Figure 4.1 we show an initial mesh, and refine the
initial mesh in a uniform way (each triangle is divided into four congruent triangles) to get
meshes 7y and m,. We compute the first eigenvalue by MATLAB 6.5. The numerical results
are shown in Table 1.

From Table 4.1 we see that both \;, and A;, not only give lower bounds of the exact
eigenvalue \;, but also have much better accuracy than that for the Ay .

4.3. Adini Nonconforming Finite Element

Consider vibration plate problem (2.1), where V = HZ(Q), W = Ly(),

a(u,v) = / (aAuAv + (1 — 0)(2012ud12v + O11udi1v + 822u822v)) dzx,

b(u, v) = / wodz,  [ulls = lulo,

Q
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Q) is a polygonal domain in R? with boundary 952, o is the Poisson coefficient. It follows from [3]
that the a(-,-) is a symmetric, continuous and Hg()-elliptic bilinear form on HZ(Q) x HZ ().

Let V}, be a nonconforming Adini element space. The nonconforming Adini element approx-
imation of the vibration plate problem (2.1) reads (2.2), where

ap(up,v) = Z / <0AuhAv + (1 = 0)(2012upd12v + O11upd11v + agguhaggv)> dx.

ecTy e

Rannacher [6] discussed the nonconforming finite element approximation of the vibration plate
problem (2.1), and proved the error estemates of the Adini rectangle element.

Based on Ciarlet [3], we next prove directly the error estemates of the Adini rectangle
element by Lemma 2.1 for the vibration plate problem (2.1).

Theorem 4.5. Suppose M(\) C H3(Q), 7 and 7, are two regular rectangular meshes. Let
(Mg, uk i) be an Adini element eigenpair with ||ug mllo = 1, let (Mg, u};,h) and ()\k’&u;h) be
obtained by Scheme 1 and Scheme 2 for the Adini element, respectively. Then there exists a
function u, € M(Ag) with ||ugllo =1 such that (3.17) holds with ¢ = 1 and ¢z = 2.

Proof. From [3] it follows that C2 is satisfied with ¢ = 1 and ¢ = 2. Hence, we have
ITn — T'|jo — 0, i.e., C1 is satisfied. Therefore, the desired results follow by Theorem 3.4. O

The numerical example provided by Rannacher [6] showed that the Adini element eigenvalue
gives lower bound, i.e., A n < Ak, which is proved by Yang [16]. We now prove that both A
and A, also give lower bounds for small enough mesh size.

Theorem 4.6. Suppose M (\y) C H*(Q), and both mg and 7, are uniform rectangular meshes
of a rectangular domain Q. Let (Mg, uj ;) and (Ag,s, uy ) be obtained by Scheme 1 and Scheme
2 for the Adini element, respectively. If h = O(H?*7%) with arbitrarily given § € (0,1), then

Akys < Ak < g, (4.6)
A S As <A < Ag

Proof. From [3] it follows that C2 is satisfied with ¢ = g2 = 2. Tt follows from the proof of
Theorem 4.5 that C1 is satisfied. Let Dy, = ah(uk,uzﬁh) — )\kb(uk,u,”;’h).Then

ap(ur — Inug, uy, p,)
=ap (uk, U p) — Meb(ur, ug p) + Aeb(ug, ug, ) — an(Inug, ug, ;)
=Dy, + Neb(ug, M Trwg 1) — O(Iptpe, Ao, e, 1)
=D, + M A, mb(ur, Thug i) — Mo, m0(ur, Uk, g) — Mo, mb(Ipus, — g, Ui, 1)
=D, + M mb(Thur — Tug, wp, 1) — Mg, mb(Inug — Uk, Uk 1 )- (4.8)

From [16] it follows that

Dy, :O(hQ), Dy, > 0;
)\j,h_)\k:O(hQ), M= Ap2>0 j=kk+1,--- k+qg—1

Write r = b(Thug —Tug, uk, g — g p). From C2, (3.17b) and Lemma 2.2, we have | r |< CH?h?.
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Consequently, from (2.3) and (2.4) we have
b(Thuk — Tuy, ukyH) = b(Thuk — Tug, ﬂk,h) +7r

k+q—1
=b Thuk*)\fuky Z b(ukvuﬁh)uﬁh +r
LRt
k4+q—1
Ak — Ajp
U, ]_Zk )\j,h)\k (ukvujyh)ujvh +r
k4+q—1
Ak — \j
= Z ub(uk,ujh)2+7“20 (H ™\, 0).
2 N ’

By the interpolation error estimate (see [3]) we have
| b(Tpuk — wg, uk,m) |< Ch*.
It is derived from combining (4.8) with the above analysis that
an(ug — Inug, ug ) > 0.

By (3.17a) and (3.17d) we have

0< )\k,r

=S WE: Xk, ke — A Iz < CH*.
e H

By (3.17b) and the interpolation error estimate (see [3]), we have

‘_)‘k,rHIhuk - Uk,HH(Q)‘ < CH*,

[ Zhuell = luxll5| =

/(Ihuk — uk)(Ihuk + uk)dx < Ch4

Combining the above four relations with (3.14), we conclude that when h is of lower order
than H? the sign of A\, — Ay, is determined by the first term on the right hand side of (3.14).
Therefore, the eigenvalue Ay, gives lower bounds of the exact eigenvalue \; for sufficiently
small H. As a result, from Theorem 3.3 we get (4.6) and (4.7). O

5. Concluding Remarks

The EQ7° element proposed by Lin, Tobiska and Zhou in 2005 was applied to solving
eigenvalue problems in Lin-Lin’s book [5], which proved that when {2 is a rectangular domain
and 7y, is a uniform rectangular mesh, the EQ7°" element eigenvalues give lower bounds of the
exact eigenvalues for small enough mesh size. A similar analysis indicates that it is possible to
apply the two-grid method to the EQ'° element.

Recently, Morley element, Adini element, Bogner-Fox-Schmit element and Zienkiewicz-type
element have been extended to arbitrary dimensions by Wang, Shi and Xu [8,9]. Based on their
work, it is possible to propose and analyze two-grid discretization schemes of the nonconforming
finite elements for eigenvalue problems with arbitrarily dimensions.
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