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Abstract

This paper deals with the discontinuous Galerkin (DG) methods for delay differential
equations. By an orthogonal analysis in each element, the superconvergence results of
the methods are derived at nodal points and eigenpoints. Numerical experiments will be
carried our to verify the effectiveness and the theoretical results of the proposed methods.
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1. Introduction

Delay differential equations frequently arise in a fast variety of scientific problems, such
as relativistic dynamics, nuclear reactor, neural network, electric circuit and viscoelasticity
mechanics, see, e.g., [11,14]. The last several decades have witnessed a fast development in
computational implementation and numerical analysis for various delay differential equations,
see, the monographs e.g., [2,3] and the references therein. It is noted that most authors have
employed finite difference methods, such as linear multistep methods, one-leg methods, Runge-
Kutta methods and general linear methods, see, e.g., [19, 20].

Besides the finite difference methods, it is well-known that the finite element methods are
also a class of effective numerical methods for solving differential equations, and usually some
superconvergence results are available, see, e.g., [1,4-6,9,13,15-17]. Up to now, however, there
have been very few papers on finite elements for solving delay differential equations (DDEs).
Generally speaking, solution behaviors of the DDEs are more complicated than those for the
standard differential equations since the former depends not only on the present but also on
the history. The presence of a delay term could change a system’s dynamic properties such as
stability, oscillation, bifurcation, chaos and etc. In [10,18] continuous Galerkin finite element
(CGFE) methods are applied to DDEs with one-delay and multi-delay, are respectively, and
a number of superconvergence results of the CGFE methods are obtained. In [12], continuous
and discrete finite element approximations to a class of parabolic delay differential equations
are investigated optimal error estimates in L?, H' and L® norms are obtained.

As an important subclass of finite element methods, the discontinuous Galerkin (DG) meth-
ods have been found very useful in scientific engineering. For detail description of the method
as well as its development, we refer the readers to the review paper [7] and the special issue of
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Journal of Scientific Computing [8]. Up to now, the DG methods have been proved locally con-
servative, stable, and high-order accurate. Since the DG methods have many desired properties,
it will be interesting to apply such methods to DDEs. In [15], we proved that the DG methods
have the ability to preserve stability of the underlying systems. Following our earlier work, the
superconvergence results of the methods will be derived at nodal points and eigenpoints in this
work.

The rest of the paper is structured as follows. In Section 2, we introduce a class of DG
methods for DDEs. In Section 3, we analyze errors of the methods and prove that the DG
methods have superconvergence at nodal points and eigenpoints. In Section 4, numerical ex-
periments will be used to confirm the effectiveness and the theoretical results of the methods.
Finally, conclusions and discussions for this paper are summarized in Section 5.

2. Delay Differential Equations and Their DG Methods

In this section, we will give a discretization scheme based on the DG methods for a class of
linear DDEs. Consider the following DDEs with delay 7 > 0:

{ 4O au o= =10, b<i<T o)

(t) = (1), to — 7 <t < to,

where the functions a(t),b(t), f(¢),%(t) are assumed to be continuous on their respective do-
mains so that the above delay system has a unique solution u € H!([tg, +00)). When 7 > T —t,,
system (2.1) becomes a linear ordinary differential equation (ODE)

{ u'(t) + a(t)u(t) = =b()p(t —7) + f(t), to<t<T, (2.2)

u(to) = ¥ (to)-

Such an ODE system has been solved by CGFE methods and DG methods in many references,
see, e.g. [1,5,7,9,13,17]. In this work, we always assume 7 < T —t( so that the non-degenerate
delay systems can be considered.
For the discretization of system (2.1) by a class of DG methods, we divide the interval [to, T
with a uniform mesh:
jhi to <t1 <---<tn,

where t, = tg + 2nh,h = 7/(2k), k is a given positive integer and the maximum index N
satisfies ty—1 < T < ty. Moreover, we write that the element J,, = (t,—1, 5], the half-integer
node t,_1/2 = (tn +tn—1)/2(= to+(2n—1)h) and the extended interval J = [to, ty], and define
m-~degree discontinuous finite element space as follows:

Sh = {U : U‘

T Gpm(Jn)an:]-a2a"' 7N}a

where P,,(J,,) denotes the set of all polynomials of degree < m on J,. Note that when a
function U € S”, it implies that U is allowed to be discontinuous but left-continuous at the
nodal points ¢, i.e. U(t,) = U(t, — 0). For brevity, we introduce the following notations:

U, =Ult,—0)=U(t,) =U,, Ur=U(t,+0), [U)=U-U,.

In general case, the span [U,] # 0. As there is no request that U € S}, is continuous at the
nodal points, U has (m + 1)-degree of freedom on an element .J,,.
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Multiplying by n € S"and integrating over the element .J,,, (2.1) becomes
/, [/ (£) + a(t)u(t) + b(E)ult — 7)|n(t)dt = /J FOnbdt,  n> 1. (2.3)
With this, an m-degree DG solution U € S" can be defined for n > 1:
| 00 +aU) 60U =Dl + Uaalni = [ sonod @4

where 0| = n(t,—1+0) € S". When to—7 < t < to, we set U(t) = u(t) = 1(t). Consequently,
we have

u'(t) +a(t)u(t) = =bO)y(t —7) + f(1) = g(t), to<t<to+T, (2.5)

and Eq. (2.3) can be split into
/ (U () + a (U@t + [Un 1}, = / o(dt, 1<n<k, (2.6)
Jn In

and

[U'(t) + a(U (1) +bO)U(t = )n(t)dt + [Unalni_y = [ f(On(t)dt, k<n<N. (27
n Tn

Now, write the errors e(t) = u(t) — U(t), e, = u(tn) — U(ty). Then subtracting (2.6) from
(2.3) and (2.7) from (2.3) gives

/J [€/(6) + a(Oe(In(t)dt + lenlnf_, =0, 1<n<k, (2.8)

and
/J [€(t) + a(t)e(t) + bE)e(t — Dn(t)dt + [enalnt, =0, k<n<N. (29

On the interval J,,, take the transformation
t=t,_12+hs, sec[-1,1],

and introduce the notations

u(s) =wu(t,_1 + hs), U(s) =U(t,_1 + hs),

a(s) = a(t,_1 + hs), b(s) = b(t,_1 + hs),

é(s) = als) — U(s), i(s) = n(t,—1 + hs),

Ur(s) = u(t,_1 + hs — 1), U,(s) = Ult,_1 +hs—1), e+ (s) = iy (s) — Ur(s)

/_ () + ha@)a()i(s)ds + [eas =0, 1<n <k, (2.10)
and

[1([é’(s) + ha(s)é(s) + hb(s)é(s)]i(s)ds + [en_1]n} |, =0, k<n <N, (2.11)
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respectively. For the error analysis of discontinuous finite element, we consider Legendre poly-
nomials on interval [—1,1]:

1 d

:ﬁds—n(SQ_l)n, n=0,1---, (212)

In(s)

which satisfy [,,(£1) = (£1)™ and the following orthogonal property (cf. [5])

1 0; for 4 7é .j7
(Ui 1;) = / L) (s)ds = 4 o
—1

a— for i = j.
51 ori=j

Moreover, motivated by the idea from references [1,5], another set of the Radau II polynomials
associated with the Legendre polynomials:

wo(s) =1, @i(s) =1li(s) —li—1(s), i>1

will be also used in the subsequent analysis, where each polynomial ¢;(s) has ¢ distinct zeros
Sq (@ =1,--+,4) in [-1,1]. These polynomials have some quasiorthogonal properties, which
play an important role in the following error analysis.

The lemma below was used to study the convergence of Galerkin methods for different
differential equations by Chen [5]. Since the reference is not readily accessible to non-Chinese
readers, we collect a concise proof here.

Lemma 2.1. (cf. [5]) Suppose the sufficiently smooth function u(s) is expanded as
(o)
i(s) =bo(n) + > _bi(n)ei(s), s€[-1,1]. (2.13)
i=1

Then its coefficients {b;(n)} satisfy
bi(n) = O(h"), i>0. (2.14)

Proof. For sufficiently smooth function @(s) in J,,, expanding (s) as a Legendre series
i(s) =Y _ Bi(n)li(s), (2.15)

where B;(n) = (i + 3) f_ll u(s)l;(s)ds. Using integration by parts, we get
Bi(n) = O(hY). (2.16)

Noting that

ZZBZ(H)Z,L(S), (2.17)
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where B;(n) = b;j(n) — b;y1(n), we have

(o)
bi(n) =Y _ Bj(n) =0O(h"), i>0. (2.18)
j=i
This completes the proof of the lemma. O

It is printed out that the relation (2.16), which is used to study the superconvergence of
continuous Galerkin methods for DDEs, is also derived in [10] and [18].

3. Error Analysis

In this section, by means of the orthogonal analysis method, we will derive a superconver-
gence result of the DG methods.

Theorem 3.1. The m-degree finite element U(t) defined by (2.4) for the DDEs (2.1) with a
smooth solution u has the following superconvergence estimate at nodal points {t,}:

((w=U)(ta)| = O™ 1), n=1,--- N,

and satisfies the superconvergence estimate at eigenpoints {tiloi)l /2}:

)

=tp_1/2 + hsa and s, a =1,---,m, are the zeros of the m-degree polynomial

}(U’_U)(tila_) :O(hm+2)a nzla"'7N; azla"'7m7

%
(a)

n—1/2
©m(s) in [-1,1].

where t

Proof. Following [5], we first construct the m-degree polynomial approximation of u in the
element J,, as follows:

m m

ur(tp_1/2 + hs) = Z bi(n)p;(s) — Zb;(n)goj(s), s € [-1,1], (3.1)
§=0 j=1

where b%(n) are some coefficients to be defined later. Then the remainder is of the form

oo m

5(s) = (u—ur)(tn-1ja +hs) = D bi(n)p;(s) + Y b5 (n)o;(s). (3.2)

Jj=m+1 Jj=1

It follows from the facts ¢;(1) =0, @;(—1) =2(—1)7 (j > 1) that

5(1) =0, 6(-1) =2 (=1)bj(n)+2 Y (~1)7b;(n).
j=1 j=m+1
Introduce the functionals
By (a,m) :/J [0 () + a(t)o (t)|n(t)dt + [on—1]ni_1, 1<n<k, (33)

B,(o,n) = /J [0/ (t) + a(t)o(t) + b(t)o(t — )| n(t)dt + [on_1]ni_1, k<n < N,(3.4)
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where o(t) = 7(s) (t = tn—1/2 + hs). Since 6(1) = 0 means o,, = 0, an integration by parts
yields that

| oo+ lonni == [ oo =1,
In

Jn
This implies that (3.3) and (3.4) can be simplified as
B, =- f — ha(s)n(s))ds, 1<n<k, (3.5)
Bu(o,m) = — [, [ (s) — ha(s)5(s)ii(s) — hb(s)o (tn_r_1/2 +hs)ﬁ(s)] ds, k<n <N, (3.6)

respectively. Inserting the test function 7j(s) = >_i" ) Bip; into (3.5) and (3.6) gives

m m o0 1
Bu(ovm) ==Y Bi | Y Cybi(n)+ D Cybj(n)|, 1<n<k, (3.7)

=0 |j=1 j=m+1 |

m m o0 1

Bu(oyn) ==Y _Bi | Y _Cibi(n)+ > Cibj(n)

=0 |j=1 j=m+1 |

(o)

Z chjb; n—k)+ Y Chbjln—k)|, k<n<N, (38)

=0 j=m+1

where . .
Cyi= [ )~ has)oitsles(ds, Cy=h [ We)oitsleseds. (39)
-1 -1
In (3.9), the basis functions satisfy
2 + o fori=yjy
) 2it1 2i—1 -
/ pi(s)pj(s)ds = ;2’ for |i — j| =1, (3.10)
-1 2i+1
0, for | — j| > 2.
1 -2, fori=752>1,
/ i (s)pi(s)ds = 4, fori=j+1, (3.11)
-t 0, fori=0, ori<j or |i—j|>2.

By the orthogonality of [;(s), we can obtain the following estimates:

-2+ O(h), fori=j>1,

Cij = 44 O(h), fori=j+1, (3.12)
O(nli=il, otherwise,
O(h) for i=7 or j=i+1
o= b 1
Cij { O(hli=ih, for i <j or |i—j|>2. (3.13)

In order to determine the coefficients b7 ;, we set that

Zc”b; — > Cijbj(n), i=1,---,m, 1<n<k, (3.14)

J=m+1



580 D.F. LI AND C.J. ZHANG

and

S Cybin)=— > Cybi(n ZC;]b]*n— K+ Y. Clibi(n—k),
j=1 j=m+1 j=m+1
i=1,---,m, k<n<N. (3.15)

It follows from (2.14) and (3.12) that the right-hand of the Eq. (3.14) satisfies fori = 1,2,--- ,m:

Z Cijbi(n) = O(W =% . b7) = Oh*+2Y), 1<n<k, (3.16)
j=m+1 j=m+l1

A combination of (3.16) and (3.14) leads to a vectorial equation

—24+0(h)  Oh) om2) - Omm Y ] [bi(n) O(h2m+1)

4+0(h) —2+00)  Oh) - O0wm2) | |bin) O(h2m)
Oh2)  4+0h) -2+0(h) - OH™3) | |bitn) | — |OBZ1)

Ohm1)  Omm?)  O(hm-?) .- - com| | m) O(hm+?)

When h is sufficiently small, the coefficient matrix are diagonally dominant. Noting the diagonal
terms in the matrix equations are O(1) or observing from the last line, we have

* _ 2m—+42—j L
bj(n) = Oh*"*279), j=1,---.m, 1<n<k (3.17)

Next, we use mathematical induction to prove that (3.17) holds for 1 < n < N. Assume that
(3.17) holds for k < n <n (< N). Then, by (2.14), (3.12) and (3.13), we have for n =7 + 1:

= > Cubj(n)+ Y _Cubj(n—k)+ > Cibj(n—k)=0®*""27"), i=1,-,m. (318
j=m+1 Jj=1 j=m+1

This, together with (3.15), implies
ZC’Ub;‘ OR*™ 2= i=1,--- m; n=n+1. (3.19)

Using a similar derivation for (3.17), we find that (3.17) stays valid for n = 72 + 1. Therefore,
(3.17) holds for alln: 1 <n < N.
The above arguments show that B, (o, n) can be expressed as

on) =—Bo | Coibi(n)+ D Cojbi(n)| = O(R*™ )8y, 1<n<k,  (3.20)

j=m+1

or

S b=k + Y Chybyn—

j=1 j=m+1

+ 6o

n) =-"PHo ZCOjb;(n) + Z Cojb;(n)

j=m+1

=0(h*""*)By, k<n<N. (3.21)
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By the inverse estimate |Bo| < é||7]lo,z (e.g. [5]), (3.20) and (3.21), we know that there exists
a constant ¢; > 0 such that

1/2

1 1/2
|B,.(0,n)]| <c h2mt2? </ ﬁst) < ¢ h2m (/ nth)
1 Jn

1
<5 [cfh‘*m“ +/ nth] , 1<n<N, (3.22)
Jn

In the following, we estimate the error 0(t) := (uy — U)(¢t). With (2.8) and (2.9), we have by
substituting i for n that
Bi(0,n) = —Bi(o,n), 1<i<N. (3.23)

When ¢y < t < tg+ 7, taking both n =6 and 1 <i < k in (3.23) derives that

1 1
FO0 = 502+ 67, = 07007, = ~Biler) - [ ayoPa
which gives
(07— (07 )2+ (07, — 0 )2 = —2Bi(0,0) — 2 / a(t)6dt. (3.24)
Ji

Summing from 1 to n (1 < n < k) for i in (3.24) gives

n n tn
(0,)7 = (05)* + D [0i-1]> = =2 Bi(0,0) — 2/ a(t)6?dt. (3.25)
i=1 i=1 to
Applying the inequality (3.22) (with n = 6) to (3.25) yields
n tn
072 + 3 10 < (67)° + (21 + 1)/ 02t + cinh™2, 1< n <k, (3.26)
i=1 to

where @1 = maxy,<¢<t, |a(t)|. Because 6y =0 and >, [#;—1]> > 0, the inequality (3.26) can
be reduced to

(07)% < (2a1 + 1) / "Gt 4 ek, 1 <n <k (3.27)
to
When t > to + 7, taking both n = 6 and k < ¢ < N in (3.23) follows that
07)2 — (0, )* + (0, — 0. )* = —2B;(0,n) — 2/J [ab® + bO(t — 7)] dt. (3.28)
Summing from k+ 1 ton (k <n < N) for 4 in (3.28) yields

n

07— 07+ > (0]’ =2 3 Bi(o,n)72/tn[a92+b9(t77)]dt. (3.29)

i=k+1 i=k+1
Applying the inequality (3.22) (with n = ) to (3.29), we obtain for k < n < N that
trn, t‘n

(0,)*+ Z [0:-1]% < (0;)?+ (2a2+1) 62 dt +2b; 02 (t —7)dt+ (n—k)c h*™ 2 (3.30)
i=k+1 tr tr
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where Gz = maxy, <;<ty |a(t)| and by = maxy, <4<t |b(t)|. Also, it holds that

tn ln—k tn

/ 62(t — 7)dt = / 02(t)dt < / 6%dt, k<n<N. (3.31)

tr to to

By (3.27), (3.30) and (3.31), it can be concluded that

tW,
(0.)* < 2(a; +ag + by +1) 0%dt + ¢y Nh*™ 2k <n < N. (3.32)
to
Consequently, we have proved that
tn
0,,)* < 51/ 02dt + éh*™ 2 1< n <N, (3.33)
to

where & = 2(a; + @ + by + 1) and & = ¢; N. Taking
n=(t—tn_1)0(t) € Pn(J,)

in the second inequality of (3.22), then, when 1 < n < k, we have

2

/J(t—tn_l)(e’)thS—/J (t — tn—1)abd'dt + c; B! [/J [(t—tn_l)e’]th]

n

SZ”/ (6= tn-)l00' Yt + can® 3 [/ (t—tn_l)(e’)th]
J Tn

n

<ay [E/J (t —tn_1)(0")2dt + 4% /] (t — tn1)92dt]

n

1
+ e [s/ (t —tn_1)(0")2dt + —h4m+3}
g, 4e
arh
<(a; + 01)5/ (t —tn_1)(0")dt + ‘L/ 02dt + SLpAm+3. (3.34)
7. de J;, 4e
where we have used the inequality a8 < ea? + %2/4¢ with € > 0 being an arbitrary constant.
When 1 < n < k, similarly, we can deduce that
- ash
/ (t —tn_1)(0")2dt <(ag + b1 + 01)5/ (t —tn_1)(0")dt + % / 0%dt

Jn JIn

JIn

bih
T / §2dt + SLpim+s, (3.35)
de ;. _, 4e
Synthesizing (3.34) and (3.35) yields
bh bih c .
t—t, )0 2dt<‘/ t—t, 1)(0)2dt —/ 02dt 1—/ 02dt + L pAm+3
/Jn< D@t <ae [ @t @an [ et T2 [ i S

1<n<N, (3.36)

where @ = max{a; + c1,a2 + by +c1} and b = max{a;,as}. Let e = 1/(2a), then the inequality
(3.36) becomes

/ (t —t,—1)(0")2dt < th/ 02 dt +a61h/ 02dt +ac,h*™ 3, 1<n<N.  (3.37)
Jn Jn JLfk

n
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By the local inverse property (cf. [5]), there exists a constant by > 0 such that

/(9’)2dt gEQh—l/ (t —tn_1)(0")2dt
Jn JIn
<abby / 62 dt + ab, by / 02dt + aboci h*™ 2, 1< n < N. (3.38)
JIn Jn—k

Also, the identity

implies that

62 <20, 1% + 2h/ (0")2dt, teJy,, (3.39)
In
which gives
/ 02dt < 2h0,, |* + 2h2/ (6")2dt. (3.40)
Jn JIn

A combination of (3.33), (3.38) and (3.40) shows that there exist constants 71,2 > 0 such that

tn
/ 92dt§71h/ 0%dt + yoh*m 3, (3.41)
Jn to

Write o, = [ 62dt. Then (3.41) can be read as

an <1h Y aj+3h*TE 1<n<N. (3.42)
j=1

Assume the stepsize h satisfy 0 < y1h < 79 < 1. Then applying the discrete Gronwall inequality
to (3.42) yields

V2 yinh 4m+3

< h

n —1 7’)’1hexp (1 "ylh)
tn — ¢ .
<2 exp {M} W43 1 <n < N. (3.43)
L= L=
Namely, it holds that
/ 02dt < yzh?™ T3 1 <n <N, (3.44)
JIn

where v3 = exp[y1(tn —t0)/(1 —"0)]. Substituting (3.33) into (3.44), we know that there exists
a constant 4 > 0 such that

0] < yah*™* 1<n<N. (3.45)
A combination of (3.38), (3.39), (3.44) and (3.45) follows that
|6 [ <> te d,, (3.46)

where v > 0 is a given constant.
Since o(t) = (u—ur)(t) and 0(t) = (ur — U)(t), the global error of the DG finite element is
given by

m

et)=(o+0)t)= D bi(n)ei(s)+ Y i(n)p;(s) + OH ). (3.47)

j=m+1 j=1
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Using the fact of that ¢,(1) =0 for all ¢, we obtain the following superconvergence result at
the nodal points:

(u = U)(t)] = O(h2™+1), 1<n <N.

Moreover, when taking s = s, (¢ =1,---,m) in (3.47), we can conclude the superconvergence
result at the eigenpoints tiza—)l /2t

(= D)t )l = OB™2), 1<n<N: a=1--m.

This completes the proof of the theorem. O

4. A Numerical Example

In this section, we present a numerical example to confirm the superconvergence result
obtained in the last section. In the numerical experiment, high-order accurate quadrature
approximations are used if needed so that error in integration is negligible compared with DG
errors.

Consider the following delay differential equation with variable coefficients:

{ Z'(t):: e teos(mt)u(t) + tsin(rt)u(t — 1) + f(t), 0<t <6, (4.1)

(t) = sin(nt), -1<t<0,

where function f(¢) is defined such that the system has an exact solution u(t) = sin(nt).

Taking stepsizes h = 0.1, 0.1/2, 0.1/4, 0.1/8, 1/16, and then applying the one-degree, two-
degree DGFE methods to the above system, respectively, we can obtain several sets of finite
element solutions. The errors e(t) are plotted in Figs. 4.1 and 4.2. The figures shows that the
DG methods are effective for solving the DDEs and superconvergence is observed at both nodal
points and eigenpoints. In order to give a further observation for the superconvergence of the
methods at the nodal points, we introduce a quantity

| max le(tn)l
pZI (lln(h) : )

to characterize the convergence order of a DG method on the interval (0,6]. The convergence
orders of one-degree and two-degree elements at nodal points are computed in Table 4.1, where
it is found that the one-degree element has approximately convergence order 3 and the two-
degree element has approximately convergence order 5. This confirms the superconvergence
result stated in Theorem 3.1.

Table 4.1: Convergence orders of DG methods at nodal points

stepsize 0.1 0.1/2 0.1/4 0.1/8 0.1/16
1-degree element 3.09 3.09 3.09 3.08 3.08
2-degree element 5.93 5.70 5.56 5.23 5.10
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Fig. 4.1. The errors e(t) of one-degree element.

5. Conclusions and Discussions

585

In the present paper, the DG methods are investigated for solving first-order linear delay

differential equations. For the error analysis, we assume that Eq. (2.1) has a smooth solution.

The main superconvergence results are obtained with the help of an m-degree polynomial

approximation of w in the element J,. The approximation is constructed by adding some lower

order terms in the remainder of expansion so that the remainder satisfies some orthogonal

condition in the element. Then a desired superclose function to DG solution is derived. The

superconvergence results of the methods are derived by an orthogonal analysis in each element.
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Fig. 4.2. The errors e(t) of two-degree element.

For the case with multiple delays:

m

() + altyu(t) + Y bt)ult — 1) = f(1), to<t<T,

and the general DDEs with variable delays:

{ u'(t) + a(t)u(t) + b(t)u(t — 7(t)) = f(¢), to <t <T,7(t) >0,
u(t) =¥ (), t < to,

(5.1)

(5.2)

the value u(t — 7;) or u(t — 7(t)), which is denoted by an m-degree polynomials, may be

known when computing in the interval J,. The inner product [, b(t)u(t — 7;)n(t) dt or
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S5 b(t)u(t — 7(t))n(t) dt can be computed analytically. Therefore, the DG methods may be
also a good candidate to solve the above problems. However, it seems difficult to extend the
superconvergence result to these cases. This will be investigated in future works.
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