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AN ALTERNATING DIRECTION GALERKIN METHOD
COMBINED WITH A MODIFIED METHOD OF
CHARACTERISTICS FOR MISCIBLE DISPLACEMENT
INFLUENCED BY MOBILE AND IMMOBILE WATER
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Abstract. Numerical approximations are considered for a mathematical model
for miscible displacement influenced by mobile and immobile water. A mixed
finite element method is adopted to give a direct approximation of the velocity,
the concentration in mobile water is approximated by an alternating direc-
tion Galerkin finite element method combined with the method of character-
istics and the concentration in immobile water is approximated by a standard

Galerkin method. Optimal order L2- and H!-error estimates are derived.

Key Words. alternating direction Galerkin method, modified method of char-
acteristic, finite element methods, error estimate.

1. Introduction

In recent years, the intentional or accidental release of chemical wastes on soils
has further stimulated current interests in the movement of chemicals. Displace-
ment studies have become important tools in soil physics, particularly for predicting
the movement of pesticide, nitrates, heavy metals, and other solutes through soils.

The soil structure is complex. In aggregated media, soils are composed of slowly
and quickly conducting pore sequences, the liquid-filled and dead-end pores; or
immobile water exists. In [12] the movement of a chemical through a sorbing porous
medium with a lateral or intra-aggregated diffusion was considered. The liquid in
porous media is divided into mobile and immobile regions. Mobile water is located
inside the larger pores. The flow in mobile water is assumed to occur in this region
only. Solute transfer in mobile water occurs by both convection and longitudinal
diffusion. Immobile water is located inside aggregates and at the contact points
of aggregates and/or particles. Diffusion transfer between the two liquid regions
is assumed to be proportional to the concentration difference between the mobile
and immobile liquids. A dynamic soil region is located sufficiently close to the
mobile water phase for equilibrium between the solute in the mobile liquid and
that sorbed by this part of the soil mass. A stagnant soil region, where sorption is
diffusion limited, is located mainly around the micro-pores inside the aggregates or
along dead-end water pockets. Sorption occurs here only after the chemicals have
diffused through the liquid barrier of the immobile liquid phase. In [12] sorption
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process in both the dynamic and stagnant regions of the medium was assumed to
be instantaneous and the adsorption isotherm was assumed to be linear.
The Darcy velocity of the fluid mixture is given by [2, 3, 4]

(1.1) u=—a(c)Vp,

where a(c) = k(z)/v(c), k is the permeability of the medium, v the concentration-
dependent viscosity, and p the pressure. Incompressibility implies

(1.2) V-u=g,

where g = ¢(z,t) is the imposed external flow. The equation for the concentration
can be put in the form [2, 12, 14]:
oc

(1.3) 51%+525+u~Vc7V~(DVc):q(c*fc), zreQ, tel,

(1.4) %—Ct:a(c—c/), e, teJd

where J = [0,T], si(z) = (Om + [pK)/Om, s2(x) = (Oim + (1 — f)pK)/Oim, and
a = ap/(lim + (1 — f)pK); f is the fraction adsorption in dynamic region; K the
constant in the Freundlich isotherm; 6,, and 6;,, the mobile water and immobile
water content, respectively; p the bulk density; ¢ and ¢’ denote the solute con-
centrations in the mobile water and immobile water regions, respectively; D the
dispersion coefficient, o the mass exchange coefficient; ¢* the concentration of the
contamination.
The boundary and initial conditions can be imposed in the following form:

(1.5) u-n=0, DVe-n=0, z€dQ, telJ,

(1.6) c(z,0) = co(x), (z,0)=cy(z), =€,

where n is the unit outward normal to the boundary 92 of the domain . For
compatibility one requires that

/ q(z,t)dx =0, for all t e J.
Q

Our objective is to design and analyze a numerical method for approximating
the solution of the system (1.1)—(1.4) subject to the initial and boundary conditions
(1.5) and (1.6). Note that the pressure does not appear explicitly in the equation
(1.3) for concentration; however, velocity does. A mixed finite element method will
be adopted here to approximate the pressure p and the velocity u simultaneously.
The concentration ¢’ in the immobile water will be approximated using a standard
Galerkin finite element method. The concentration c¢ in the mobile water will be
approximated by an alternating direction method combined with the method of
characteristics which combines the attractive attributes of the two methods.

In 1971, Douglas and Dupont in [9] formulated a Galerkin alternating-direction
procedures for nonlinear parabolic equations posed on a rectangular region with a
uniform grid. The alternating-direction method reduces multidimensional problems
to a collection of one-dimensional problems and the matrices that must be inverted
at each time step of the solution process are independent of time and require only
one decomposition. The storage requirements for these matrices are associated with
one-dimensional problems rather than the full multi-dimensional problem, so the
storage requirements can be quite low. The Galerkin alternating-direction method
is particularly attractive for solving large three-dimensional nonlinear problems. A
survey of some results in the use of the alternating-direction finite element methods
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for linear and nonlinear partial differential equations was presented by Ewing [11].
Dendy and Fairweather [6] extended these methods on rectangles to certain unions
of rectangles. Hayes [10] further generalized these methods to non-rectangular
regions that can be isoparametrically mapped onto a rectangle.

The modified method of characteristics is attractive for convection-diffusion
problems, which reflects the physical characters more clearly, produces much smaller
time truncation error, and therefore allows for larger time steps than those of the
standard methods.

For the sake of simplicity, we assume Q = [0, 1]3 is the unit cube and the coeffi-
cients a, s1, s and D are bounded both above and blow by positive constants:

0<as<a(c)<a*, 0<D,<D<D"

0 < s1. <s1(x) <57, 0< 894 < s9(x) < 85,
where a.,a*, 814, 87, S24, 55, D, and D* are positive constants.

Throughout the paper, M stands for a general positive constant and has different
meanings in different places.

The organization of the paper is as follows. In Section 2, a weak form of the
problem is presented and the approximation procedure based on an alternating-
direction Galerkin method combined with a modified method of characteristics is
formulated. The convergence analysis is given in Section 3, where a-priori error
estimates in both L?- and H!- norms are derived.

2. The Approximation Procedure

We will use the standard notation for the Sobolev spaces H™ () and L?(2) and
their corresponding norms || - ||, and || - ||. The inner product in L?(Q2) is denoted
by

(F.9)= [ fada.
We also define the following vector-valued function space:
H(div;Q) = {v: ve L*(Q)* V-velL?*Q)}
equipped with the norm

1/2
Wl vy = (VIZ + 19 - vI)

and let
V={ve H(iv;Q): v-n=0on 00}
and
W =L*Q)/{¢: ¢ is contant on Q}.
The finite element discretization of the problem (1.1)—(1.4) is based on the fol-
lowing weak formulation: Find {u,p,c,c/} € V. x W x H'(Q) x L?(Q) such that:

(2.1) (a(c) ™ ta,v) = (V-u,p) =0, YveV,
(2.2) (V-u,0)=(q,9), YVeeW,
(2.3) (slgi, z> + <32%Ct/, z) + (u- Ve, z) + (DVec, Vz)

= (q(c* —¢),2), YVz€HQ), 0<t<T,

/
(2.4) (%ct,z’) =(alc—(),2), VZel*Q),0<t<T,
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and ¢(z,0) = ¢o(z) and ¢/ (z,0) = cj(z).

Let Jh., Jn, and Jp, denote three rectangular partitions of {2 with their re-
spective mesh sizes he, he, and h,. To discretize equations (2.1), (2.2), (2.3) and
(2.4), we introduce the following finite element spaces:

My ={z€ H'(Q): 2|, € Q for any e € Ty, },
Ny, = {7 € L*(Q): 7|, € Q for any e € Ty, },
V,=V,nV, W, = Wh/{go : ¢ is constant on Q}.

Here Q,, (m > 0) is the set of all polynomials whose degree in each variable is
no more than m, and (Vh, Wh) denotes the pair of the Raviart-Thomas spaces of
order k > 0 defined on the mesh J, [1, 7, 8, 15].

We now collect the following well-known approximation properties for the spaces
Mh, Nh, Vh and Wh.

(2.5) inf ||z —zll; < M||z) g4 1h57 Y 2 € HYY(Q) and j = 0,1,
Zh h

(2.6) m}cv 12" — 2|l < M||2' ||l hit ¥V 2/ € HT(Q),
z €
(27) hlg{'/h ||V — Vh”Lz Q)3 < MHVHHkJrl(Q) h];"‘l , Vvev,

(2.8) vllelf lv— VhHH div;0) < M{||V||Hk+1(g)3 + ||V'VHHk+1(Q)}h§+1 ,Vvev,

(2.9) inf  |lw—wp|lw < M||w||Hk+1(Q)h , VweW.

wpEWp
By a standard inverse property and the approximation property (2.5), we have
" (u — 2)

2.1 inf ——
(2.10) el Oz 0xy"? 05"

z€ M,
' e€Th,

for m = mq1 +mg + ms, my > 0, my > 0 and mg > 0.
In order to define the alternating-direction Galerkin method, we write
Mh — M}a;l ® Miﬂlw ® Mza
where ® denotes the tensor product. Let {®L (z1)})1,, {®3 (xg)}ﬁ . {q)i(xg)}Ns

y=1
be the bases for M;*, M,? and M;?, respectively. Then any C' € M) can be

written as

(2.11) C = lezzicag,y .’131 q)ﬁ(mg)q)?’(xg)

a=1p3=1v=1

< Mlullggr RS
L2(e)

For any continuous function s(z), its patch approximation 5 is defined as follows: If
U, (j =1,---,NiNaN3) are the bases of Mh and e;; = supp(¥;) N supp(\I/ i), we
deﬁne 5 = 4/s(x?) - \/s(a7) on e;j, where z* € supp(¥;). In practice, 2* is chosen
to be the node pomt assomated with the basis function ¥;. It can be shown that
for such a choice of 5 and for sufficiently small & we have
(2.12) sup |31 (x%) — s1(z")| = o(1).

e

For the time discretization, we partition the time interval [0, T into the following

time steps:

0=t"<tl<...<tV =1
with At =T/N and t! =t~ + At (i=1,--- ,N).
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The modified method of characteristics is a time-stepping procedure that can be
combined with any spatial discretization. To apply this method to our problem,

let 7 denote the unit vector in the characteristic direction and ¢ = (s 4 |u|?)'/?;
then it follows
Oc Oc
wg fslaJru'Vc,
and (2.3) becomes:
0 oc
(2.13) (zb&?,z) + (SQact,z) +(DVe,Vz) = (q(c* —¢),2), ¥V z€ HY(Q).
For a function ¢ = ¢(x, ), let o™ = p(z,t™). We approximate the directional deriv-
n+1
ative dc (z) = ? (x,t" 1) by a backward difference quotient in the T—direction:
T
el o) A 51" (x) — & (x)
or T At
where
. o u”(z)
" (x :c”z7x:x— At.
() = " (@) e

For (1.3)—(1.6) the characteristic-alternating direction finite element schemes
are: assuming {uy,py, C™,C""} are known, find {u}*!, p} !, C"F CmHLY € V), x
Wi, x M}, x Ny, such that:

n+1 _ n m+1 _ m
(2.14) (‘ ¢ ¢ ¢ ¢

m) + o7
+A (5 V(C"T —C™), Vz)
3
a2(0n+1 _ Cn) 822:
2 _
+)\ At . Z (Sl 8551(911] ’ 8a:zax])
i#],48,7=1
f Bertt—cny 9%
MAL? (5
+ <81 8$18$26$3 ’ 8%‘16.1‘28.%‘3)

n _ n—1
= @O =)+ (1 - ) T 2)

cr—Cn
At

—(DVC"™,Vz) — (51 ,2), V 2z € My,

C/n—i—l _ Cln
(215) (At,z/> = (O[(Cn — C/"'H),z/), A ZI S Nh,

(2.16) (a(C™H) T ut v) — (V- v,pi ) =0, Vv EVy,

(2.17) (V-upth o) = (q,9), Vo € W

Here the initial values C(0) € M}, and C’(0) € N;, are chosen as approximations of
co(z) and ¢ (x), respectively; A is a constant such that A > %%; 51 is the patch
approximation of s (z).

According to the structure of the basis functions in M}, the approximation C of
the concentration has a representation (2.11) in terms of the one-dimensional basis
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functions in each axis direction. We have the following equation:
(2.18) (D™)2(B*™ + AAtA™) @ (B® + AAtA®?)
@(B™ + AALA®s) (D)2 (C"FHL — C™) = ALF™,

where B*1 A®t B¥2 A%2 B%* and A®® are matrices whose entries are given by

1 1 d(I)l d(I)l
B! :/ (Ptl)uq)(llzdxlv Al :/ - =2 dml,
0 0

1,02 1,002 dl,l dxl
1 1 d®2 P2
Bz, = / 0% 0 dry, AL, = 1 P2 gy
B1,B2 o 17 B2 B1,82 o dzy dxo 2

L Ld®3 des
T3 _ 3 3 x3 _ 1 Y2
B = /0 ®3 O3 dvs, AT = /0 — 2 i,

D™ is the diagonal matrix
D" = diag (51 ("), 51(«*) -+, 51(2™)) , M = N1N, N3,
and F™ is the vector

Fn:<F(;l7B’,WO[:1,---7N17ﬁ:1,---,N2,7:17"~7N3)

with
way=—(DVC™", V(P @ 0F @ 93))
~ Cnicnfl . C”—C’n i
C’n+1 _C«’n

—(s9 L BL @O P) + (¢(C* = C™), @), ® DF © B2).

At

We point out that (2.18) can be solved by the alternating-direction Galerkin
method.

3. Convergence analysis

In this section, we prove error estimates for the finite element approximations
introduced in the previous section. Before we state our results, we introduce some
notation. For each t € [0,T], let (@1, 5, ¢ ¢') € Vi, x Wi, x M, x Ny, be a projection
of (u,p,c,c) defined through the following equations:

(3.1) (a(e) ta,v) = (V-v,p) =0, Vv €V,
(3.2) (V-1,0) = (g, 0), V€W,

(3.3) (DV(é—¢),V2) + (uwé—c),z) =0, ¥ z € My,
(3.4) (¢,2)=(c,2), V2 €Ny

The function x> 0 in (3.3) is to assure the coercivity of the form.

In view of (2.1), (2.2), (3.1) and (3.2), (0, p) is the mixed finite element approx-
imation of (u,p). According to the well-known error estimates for the mixed finite
element method [7], we have

(3.5) la = @l iy + 1P = Bllw < Mplisaht.

Since ¢ is the Galerkin projection of ¢ and ¢ is the L? projection of ¢/, we have the
following error estimates [1, 16]:

(3.6) lle = &l + helle = éll, < Mlelliahet,
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0 oc
(3.7) H (c—&)|| <M e, + H Rl
ot ot
(3.8) I =&l < M|l hL,
o,, - ac —
. - _ < _ T’/
(3.9) Hat(c ) _MH 5 h!

We split the errors into two terms:
C—c=¢-n, C'-d=p-g
where
E=C—-¢, n=c—¢,
p=C"—¢, ¢(=c—¢.
Our main results are stated in the following theorem.

Theorem 3.1. Suppose that the exact solution of problem (1.3) and (1.4) is suffi-
ciently smooth and the time and space discretization are such that

(3.10) At=0(h2), hy? (A + B -0, as h—0,
and At = O(h?) and \ > %, k> 1,1 > 1. If the initial approzimations satisfy
P12 4 (1o 1%+ 1EPNT + NIEH 1T + Atl|de||?
2 | 12k+2 | 52042 2942
SM{(A)* + he" 2 + hZF + hZTTEY,
then the following error estimate holds:

max{]c"™ — C"| + || — C"|]* + he||c” — C"|3
n

(3.11)

(3.12) + 3 llde(c* = CH)PAL+ [Ipf — phlTy + 0™ — up 3}
k=0
2042 2r 42 2k+2 2
S M{hc + hc/ + h’p + (At) }a
where M > 0 is a constant independent of hy, he, he and At
Proof. From (2.1), (2.2), (2.16) and (2.17), as well as the definitions of & and p, we
have
(3.13) (a(C’”“)_l(uZ+1 —a"t),v) - (V- V,p2+1 —pth
= (a(c"™H)7 A"t v) — (a(C"TH A v, veVy,

and

(3.14) (V- (uptt —a™h),0) =0, @€ W

From [8] we obtain:

(315) it = 0" vy + IR 5 e < Ml =0

Combining (2.4), (2.15) and (3.4) leads to the following error equation for ¢’ and
C:

<M®(mwx®=m@“mw—qw“—@“»w+<

ac/"“ Il om /)
- 2.

ot At
Choosing 2z’ = p™ and then 2’ = d;p™ in (3.16), we obtain

1 T
(317)  z7 o™ 2 = [lp™[17) < M {NEMI + 1" M1 4 B2 4 B2 + (A1)
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and
(3.18) Idep™||* < M {717 + 11" TH1? + h2H2 + W22 + (A1)*}

Next, we turn to the error equation for ¢ and C'. In fact, by a simple manipulation,
the equations (2.3), (2.14) and (3.4) imply

(3.19) (s1de€™, 2) + ((51 — s1)(d€"™ — di€"7 1), 2) + (DVE™, V2)

3 2 n 9
FAAE (5:VdiE", Vz) + (AAG? Y (gm 32)

1 9
0x;0x; Ox;0x;
i#j,i,j=1 T

23d&n 93z
A 3 n t
HAAY <31 3151596285837856183328:53)
= )\At((sl — §1)th§n7v,z) + ((5? — g?)(dtén _ dténfl),z)

8cn+1 CnJrl _=n
—AAt(5,Vdié™,Vz) + <51 +uj - Vet — g — z>

ot At

gn gn nn+1 _ ﬁn
+ (81 A ,z) + <51 A 2
ac/n-i-l C/7z+1 _ C/n
+ (82 ( 5 AL ) Z) — p(n", z)

3 -
02d, e 0%z
n+l _ .ny . n _ A 2 S t
H ) Ve - A7 Y ( . axiax)
i#j,1,5=1
93den 03z

—(M\AY)? (5

( ) (81 (9117135626933 ’ axlal‘gal’g)

+(q(c*7t _ Cn) _ q(c*n—i-l _ Cn+1),2>.

We now take z = 2Atd£™ in (3.19), sum over 1 < n < N — 1 and then estimate

each term of the resulting equation. For the first two terms on the left-hand side
of (3.19), one has

N—-1
(3.20) 2AL Y " [(s1di”,di€™) + (51 — s1)(de™ — dp&" 1), di™)]
n=1 Y
> MAE S [[dig™ |2 — eAt]|die>
n=1

Here, in (3.20) and the rest of the proof, € > 0 is a constant to be chosen sufficiently
small later. For the third and fourth terms on the left-hand side of (3.19), we deduce
that

2

-1
(3.21) [(DVE™, Vdi&™) + AAt(s1Vdi&", Vdi ™) At

n=1

N—
= Z S [(DVE, Ve — (DVe, ven)

Y

N—
D*||VEN|? = D[ VEY|* + (Asps — *D* Z V"> At.
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By the assumption that A > D*/(2s1,), the coefficient of the last term of (3.21) is
positive. The last two terms on the left-hand side of (1.3) can be bounded from
below as follows:

3

3 2

D2dyen Pdign 2,6
22)  (AAt)? 51—t : > M(AAL)? :
(3 ) ( ) . Z (81 8131'856]' ’ 8$¢axj> ’ - ( ) . Z 8:1:,-8@ ’
i#J,5,5=1 1#7,1,j=1
Pdig"  Pdig” Pdg |
2 AAL? | 5 > MOAL)? || —5—
(3 3) ( ) <81 0x10x20x3 ’ 833181‘28.’1}3) - ( ) 0x10x20x3

It remains to estimate terms on the right-hand side of (3.19). We will bound these
terms from above. We start with the first term on the right-hand side of (3.19). In
view of (2.12), we have for sufficiently small h

N-1 N—-1
(3.24) AL (s = 51)Vdig", V&™) < e > [|di&" [P At.
n=1 n=1

For the second term, the standard error estimates for difference quotients and the
approximation property (2.17) for ¢ yield

N-1 N-1
(3.25) 2At > [((sf — 1) (ded” — dye" ), di€™)| < &> [P At + M(At)2.
n=1 n=1

To estimate the third term on the right-hand side of (3.19), let F™ = AAt3,Vd.c".
We have the identity

N—-1
(3.26)  2At Y (F",Vd&")
n=1
N-2
= 2FNTNVEN) = 2(F1,VEY) — 248 Y (d P, VETT.
n=1

The terms on the right-hand side of (3.19) can be bounded by the Cauchy-Schwarz
inequality and the approximation property (2.17) as follows:

(327) (PN VEN) — (11, Ve

< el €M+ MYFENTHE A+ FY? + 1T
< el €NF + M{(AD) ([T + (A2 (|dee 1T + (1€
< el €M+ M{(Aan? + 1€Y1,
N—2 N-2 N—2

(3.28) 2At > (dF™,VE™Y) < gAY || dF|P+ MAE Y &7
n=1 n=1 n=1

A

N-1
< M{Z e 28 + <At>2}.
n=2

The identity (3.26) and the inequalities (3.27) and (3.28) give us the following upper
bound for the third term on the right-hand side of (3.19):

N-1
(3.29) 2At > (AAt5 Vdye", Vi &™)

n=1

N-1
< ellgVIR+M <(At)2 N + Aty ||€”|?> :

n=2
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We now turn to the next term, the fourth term on the right-hand side of (3.19).
Recall that

8cn+1 N aCnJrl
1 T u, - Ve =z, uh)
where 1(z,u}) = (s3(z) + |u}|?)!/2. Let us make the induction hypothesis that
(3.30) sup [[uf ™! —a" 00 < M.

By the induction hypothesis (3.30) we know that u} is bounded, so is ¥(z, uf;). For
At small enough, we have
Ocntl

$1—— +ul - Vet — g
157 h 1

n+175n 2

At
2

C

cn+1 Cn+1 —_cn

:Hw(m’“m or 7 A

@) g2e |
/ 8—dT
(

2 3
s/ (Sl(m)> (wm> Cdr| do
o \ At s1(zx) z tn) or
tn+1
0 00 t’!L
82
MY \
ar? (s LQ)
Thus
8cn+1 n " cn+1 _ En n
‘(slat—f—uh-Vc +1—81T dtf )‘
(3.31) N1
<e Y |l dgm P At + M(AL)?,
n=1

N-—1 n n
(332) 24ty < 3 5 dt§”> <c Z 14" > At + MAt Z Ve 2.
Note that

n=1
n+l _ =n n+l _ . n —_
‘(Slw,dtfnﬂ < ‘(Slnmnvdtfn)‘ + (5177 Atn dtf”)

It is easy to estimate the first term in the above equality. We will take diligent
efforts on the following term:

N—1 n __ =n N—-1_ =N-1
(3.33) At S <sl’7 At” ,dt§”> = <s1"At",£N)

n=1

0 =0 N—1 n =n n—1 —n—1
T ) n-n. n N n
<51 At > P <51( At At >’§ )

It is easy to obtain:

77N —77 -t < N2 L pflinN-1)2
s 6 ) [ < el IR + M,

0_ =0 0_ =0
n=n 4 n—n 1 2042 12
‘(81 At 75 ))‘ = H At H_l Hf ||1 =~ {hs ||§ ||1}
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For the term

nn _ ﬁn B nn _ nn 1
At At
1 — =n in =N pn—
(338 = ) (e ) - ) (@ )]
1
_E [n(i,TL7tTL) _ n(fn_17tn_1)] _ Il _ 127

using a Taylor expansion, we have I} = [ [8—” x,t%) — ‘317 (" t"‘)} do, where t* =
at™ + (1 — a)t"~1. Note that

. 1 on I
x,t ¢ = —— sup / [ ¢ "t ] odx.
|Feo-Femo] - g e, L[ - G
We introduce the space variant transformation Z = F(x) = 2" = x — Su& jAh
1

where DF represents the Jacobi matrix for transformation Z = F'(z) and |det(DF)|
be the Jacobi determinant for this transformation. For sufficiently small At, we
have |det(DF)| < MAt and |det(DF)~'| < M At. Similarly to the procedure in [6]
we have the estimate:

on on on
t* ot <M= At.
)= G| <o)
Thus we have
0
(3.35) II1]|-1 < MAt aZ (|| da
To estimate I», we introduce the space variant transformation ¥ = G(z) =
n—1
771 =g — “h__At to have
s1(x)

1
I e p—— Y (AN gn—1 4n—1
2 = A @) = (@ )]
11 N N
= e s [ S@hEEL ) (G, e
ol peri) Ja
11
=-——— sup
(3.36) At [|9[ly gerrn) Ja

1 1 n—1 —1
:EWM%){ | o2z det(DF) (2)az

P(x)n(Z,t" 1) = n(Y,t"1)]ds

/ »(G n(Y,t" " Hdet(DG) "1 (Y)dY},
where
n(Z, " [G(F~1(Z))det(DF) ™ — 6(G~1(Z))det(DG) ]
(3.37) =n(Z,t" Y o(F~(Z))[det(DF)™* — det(DG)™ ]
+det(DG)THB(F~H(Z)) = o(GTH(2))]} = A1 + As.
Note that ||¢(F~1(2))|| < M||¢|| and |det(DF)~! —det(DG)~*| < M(At). Then

we have

(3.38) Ay < M|n" At
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. . B FY(2) 3
@) e = [ e
(339 = IZZ[G%Z) +(FH2) - GH2)0(FH(2) - G (2))db
0
- §§< )(F4(Z) - GL(2))do.
0
Since |[F~1(Z) — G™1(2)] = |G7Y(Y) = G~YZ)| < |Y — Z| < M(At) and
|det(DG)~1| <1+ MAt, we see that
(3.40) Ay < M||n" 1| At.
From (3.34) and (3.36) we obtain
(3.41) I2]|-1 < M||n"‘1||At.

Combining (3.30), (3.31) and (3.37), we have

n—

Nz::( <n -7 A—tn” 1>,£n>

Z (20121 + 12212 )+MAtZ €™ 13
(3.42) = n=t

sz__jl {Hnn P 2 }AHMAtNZ_le"H%

n=1
M{hil“ A Ay |5“||1}.
n=1

For the other terms on the right-hand side of (3.17), when [ > 1, we have

| /\

IN

IN

3 2

3 -
82dtcn 82§n+1 82§n+1
< M(At)? At)?
. Z <81 Ox;0x;’ 8xi8xj> < M(A1)" +e(AA) _ Z Oz, 0z,
i#£4,1,j=1 i#7,4,5=1
and when [ > 1, At = O(h?), we get

83 dté" a3€n+1 83£n+1 2

< M(A)? + eAAL? || s

‘ <81 6581(91’28:173’ 3I18I26$3> ’ - ( ) + 8( ) (91’181‘26583

The other terms can be estimated easily:

N-1
D g™ PAt+ [1€V]1F
(3.43) =t

N—-1
<M { D NEMIRAL) + (A + hpF 2 4+ BZH2 4 hrﬁ”Q} + 1113
n=1

We next combine (3.15) and (3.39), and choose ¢ sufficiently small to obtain
N-1
o™ IP + NI + D ™2 At
(3.44) n=t .

< M{(AE)? + B2 4 22 4 22y 3 (€715 + 1" 1P At
n=0
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If condition (3.9) holds, an application of a discrete version of Gronwall’s lemma
shows that
N-1
VT + 1N IP + D (™I At
n=0

S M{(At)2 + hZQ)k:-‘rQ + h§l+2 + h/c27'+2}.

Now, check the induction hypothesis (3.26) and suppose k& > 1,1 > 1; then, under
the constraint (3.8), the induction hypothesis (3.26) holds.
We can summarize our results by combining (3.3), (3.5), (3.7) and (3.41). O

(3.45)

4. Start-up procedure

For the three-level method (2.12), one must obtain C°, C* and C’°, C" such
that (3.9) holds. Ideally, we choose C° = ¢(0), C"® = &(0). If the linear system
associated with ¢(0) or ¢(0) cannot be solved exactly, an iterative procedure such
as a preconditioned conjugate-gradient method may be used to obtain C° and C"°
close to &(0) and ¢/(0) separately.

We obtain u(,)L by solving the following equations:

(a(CO)_lugaV) - (V : vvp(f)b) = Oa v e Vhy
(V ' u%’gD) = (Qa(p)a pe Wh-

We can obtain C'! by solving (2.13). There are several possible methods for
obtaining C'. We can define C'! with one iteration by

ol — C‘«O cn oo
(s————,2) + (DVC*, V2) + (sg————,2) = (q(C* = C%),2), z€ My,
At At
here C° = C(z ) At)
w = — .
81(56)

One can also obtain C! by defining the following iterative procedure, whose
matrix factors into the alternating-direction form

Y? =Y = &0),
YiJrl _ 0
<51C, z) + (82d;C™, 2) + (DVC°, V2)
At
. 3 O2(Yitt — % 9%z
- i+1 _ 0 2 _
A (5 (VY C%)),Vz) + A Ati#% . <51 T ’8@6@)
3 i+1 _ 0 3
ESCYNCY it
6%181‘28173 81‘181’26563
Yz'-i—l _ CO CO _ C_vO
= (q<C*O_CO)az)+<(§1 _SI)T»Z)_(SIT,Z), z € My,

It is straightforward to verify that this choice of C°, C' and C’°, C'! satisfies
the hypothesis of Theorem 3.1.
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