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Abstract. We discuss a priori error estimates for a semidiscrete piecewise lin-
ear finite volume element (FVE) approximation to a second order wave equation
in a two-dimensional convex polygonal domain. Since the domain is convex
polygonal, a special attention has been paid to the limited regularity of the
exact solution. Optimal error estimates in L2, H! norms and quasioptimal es-
timates in L°° norm are discussed without quadrature and also with numerical

quadrature. Numerical results confirm the theoretical order of convergence.
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1. Introduction

In this paper, we are interested in the finite volume element method (FVEM) for
the following second order linear hyperbolic initial boundary value problem :
Given f(z,t), g(z) and w(zx), and ¢t € (0,7T] for z € Q, find v = u(z,¢) such that

ugy — V.(A(z)Vu) flz,t) VeeQ 0<t<T,

(1.1) u(z,t) = 0 Vee o, 0<t<T,
u(z,0) = g(x) Vo € Q,
u(x,0) = w(x) Vo € Q,

where €2 is a bounded, convex polygonal domain in R? with boundary 92 and
A(z) = (ai;(2))? -, is a real-valued and uniformly positive definite matrix in €.
It is assumed that the functions f, g, w have enough regularity and they satisfy
appropriate compatibility conditions so that the boundary value problem (1.1) has
a unique solution satisfying the regularity results as demanded by our subsequent
error analysis.

The FVEM employs a finite element partition of the domain Q = Q U 9Q. It may
be considered as a Petrov-Galerkin finite element method in which the trial space is
C- piecewise linear on the finite element partition of € and the test space is piece-
wise constant over the control volume to be defined in Section 2. The FVEM has
been studied by Bank and Rose [3], Cai [4], Chatzipantelidis [6], R. Li et al. [13],
Ewing et al. [10], etc. for elliptic problems and by Chou et al. [5], Chatzipantelidis
et al. [7] and Sinha et al. [18] for parabolic problems. For elliptic problems, the
authors [13] have obtained optimal order H! and L? error estimates of the following
form

lu—unllo < ChQHU”W&P(Q)’ p>1,
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where u is the exact solution and wy is the FV approximation of u. Note that the
regularity on the exact solution seems to be too high compared to that for the finite
element methods. On the other hand, it may be difficult to have u € H? if Q is a
convex polygonal domain. The authors [10] have derived optimal L? error estimate
assuming that the exact solution u € H? and the source term f € H'. They have
also provided an example that if f € L?, then FVE solution may not have optimal
error estimates in L? norm. In [7], the authors have extended the analysis of [10]
to parabolic problems in a convex polygonal domain. They have also considered
the effect of quadrature for the L? inner product and derived a priori error esti-
mates. Ewing et al. [11] have discussed a priori error estimates for the parabolic
integro-differential equations using FVEM. In the present paper, we have extended
the results to include the second order hyperbolic equation. Special attention has
been paid for the data with minimal regularity assumption. Moreover, the effect of
quadrature is also discussed.

Let us relate our work with the literature for the second order hyperbolic equations.
R. Li et al. [13] have proved the optimal order of convergence in H!- norm without
quadrature using elliptic projection, but the regularity of the exact solution seems
to be high compared to our results. The finite element analysis for the second or-
der hyperbolic equations without quadrature was discussed by Baker [1] and with
quadrature by Baker and Dougalis [2] and Dupont [9]. Baker and Dougalis [2] have
proved that the finite element solution for hyperbolic equation has optimal order
convergence in L>(L?) for the semidiscrete scheme, provided ¢ € H® N H} and
w € H*N H}. In [15], Rauch has also discussed the convergence of the Galerkin
approximation to a second order wave equation by using piecewise linear polyno-
mials and proved optimal L>°(L?) estimate with ¢ € H® N H} and w = 0 which
are the minimal regularity conditions for the second order wave equation. Pani
et al. [14] and Sinha [17] have also studied the effect of numerical quadrature in
finite element method for parabolic and hyperbolic integro-differential equations
with the assumption that g € H3 N H} and w € H? N H}. In this paper, we have
derived optimal L°°(L?) estimate even with quadrature when g € H® N H and
w e H? N H{.

This paper is organized as follows: In Section 3, optimal order of convergence in
L? and H' norms for the semidiscrete scheme without quadrature and with the
assumption that the initial functions g, w are in H® N H} and H? N H{, respec-
tively, has been derived. Moreover, quasi-optimal order of convergence in maximum
norm has also been proved. The integrals occurring in the semidiscrete scheme are
replaced by quadrature formulae. The effect of numerical quadrature on the esti-
mates has been discussed in Section 4. The analysis is based on the properties of the
standard Ritz projection. In both Sections 3 and 4, the error estimates are derived
under the assumption that the domain is convex polygon. In order to verify the
derived order of convergence, some numerical experiments are discussed in Section

5.

2. Notation and Preliminaries.

In this paper, we use the standard notation for the Sobolev spaces. Let W*P(Q)
with 1 < p < oo consist of functions that have generalized derivatives of order s in
the space LP(Q2). The norm of W*P(Q) is defined by

1/p

lullsp = lullsp = | D 1Dl for 1 <p < oo,
la|<s
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and for p = oo,

[ulls,00.0 = llulls,co = sup [[D%ul| o~

la|<s
We denote by LP(0,T;W*P(Q)), 1 < p, ¢ < oo, s > 0, the space of functions
¥(t) : [0,T] — W*P(2) such that ||¢(t)]|s,p,0 € LP(0,T), see [12, pp.285]. In order
to simplify the notation, we denote W*?2 by H*® and skip the index p = 2, Q and

(0, T) whenever possible. Let H} () = {v € HY(Q) : v = 0 on 9Q}. Now denote the
inner product and norm on L?(Q) as (u,v) = [, uvdz and |v|lo = ([, |v|2dx)1/2.

The weak formulation associated with (1.1) may be stated as:
Find u(-,t) € H}(Q)(0 < t < T) such that
(2.1) (ug,v) + a(u,v) = (f,v) Yo € HHQ), 0<t<T,
u(z,t) =0 VeredQ, 0<t<T,
U(Z‘,O) = g(ﬂf), ut('rvo) = w(m) Vz € Q7
where (-, -) denotes the standard inner product in L?(Q) and a(-,-) : Hi x H — R
is a bilinear form defined by

a(u,v) = / AVu - Vovdr Yu, v Hy.
Q
Since A is symmetric and positive definite, the bilinear form a(-,-) satisfies the
following coercivity condition
(2.2) a(v,v) > a|lv||} Yve Hj.

Through out this paper, C' is a generic positive constant independent of the mesh
size h. The following Lemma yields a priori estimates of the exact solution in terms
of the data f, g and w.

Lemma 2.1. Let u be the solution to (1.1). Then the following estimates hold:

k am+1

omu oty Ok f
essoiltlgT (| orm ll2 + | gpm+1 1) < C(};} HMHLQ(O,T; Hm—k) + HW”L?(O,T; L?)

gl grmss + ||w||Hm+1), m=0,1, 2.

Proof. Differentiate (1.1) with respect to ¢ and multiply by us to obtain

(2.3) (wtte, wee) + aluge, ut) = (fe, uer)-
Since the bilinear form a(-,-) and the L? inner product (-, -) are symmetric, we have
1d

3 g Lwee wee) + aur, ue)] = (fe, uee)-
Integrate from 0 to ¢, use (2.2) and the inequality ab < a?/2 + b?/2 to obtain
¢ ¢
el + lluellf < C (o) <||Utt(0)||3 + [l (0)]F +/O [FAEE +/O ||Utt||3d8> :

Using Grownwall’s Lemma and the following estimate which follows from (1.1)

l[wst (0)llo < C (llgllz + 1170)o) »

we obtain

T
(24) lueell + e} < Cla) <||9||§ +wlf + IIf(O)H%Jr/0 ||ft||3d5> :
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Using the elliptic regularity i.e., ||ulla < C(||f|lo + |Juetllo), we obtain

T
(25)  lull3 + Jluell? < Cla) <||g||§ +wl + [FO)F + ||f||3+/O ||ft|3d8> :

Also,

1£(O)lo < ClifllLe(o,r;e2) < C (IflL2o,m5e2) + 1fellL20,152)) »
and

t
1fllo < C <||f(0)||o + / ||ft|ods) .

So, from (2.5), we obtain

T
(26)  [lull3 + lluell¥ < C(o) <||g|§+ Hw||?+/0 (||f|(2)+||ft|(2))d5>'

In a similar way differentiate (1.1) two times with respect to t and use
lutllz < C(l fello + llutello) with the following estimates

[ttt (0)]Jo < C([[wll2 + [[£:(0)[|o)
and

l[wse (0] < C(llglls + £ (0)]]1),
which follow from (1.1), to obtain

T
D)l lult < @) (Lol + i+ [ (71 + 1503 + 1 al)ds).

Similarly, we can prove

T
lwgelI3 + [lueeellf < C(a)(llglli+llw\\§+/ (£ + el
0

(2.8) el 3+ 1 feel13)ds)

Combine the estimates derived in (2.6)-(2.8) to complete the rest of the proof. W
Let T}, be a regular triangulation of the closed, convex polygonal domain € into
closed triangles Ko = K with barycenters @ such that Q = Uxer, K and let h =
maxger, (diamK). Let N = {P; : P; is a vertex of the element K € T), and P; € Q}
and let Ng be the set of interior nodes in T}, with cardinality N.
Now we introduce the dual mesh 7} based on T}, as follows. Let P, be an in-
terior node of the triangle K € Tj, and P; (i = 1,2---m) be its adjacent nodes
(see FIGURE 1, m = 6 here). Let M;, ¢ = 1,2---m denote the midpoints of
PyP; and let Q;, i = 1,2---m denote the barycenters of the triangle APyP;P; 4
with Py,41 = P1. The control volume KF, is obtained by joining successively
My, @1,y My, Qum, M. Let Q;, (i =1,2---m) be the nodes of control volume
K}, and let N;; be the set of all dual nodes @;. For a boundary node P, the control
volume K is shown in the FIGURE 1. The union of the control volume forms a
partition T}’ of Q.
Let the areas of the triangles K € T} and control volumes Ky € Ty be de-
noted by Sk, and S}, respectively. We assume that the partitions 7, and T}; are
quasi-uniform, i.e., there exist positive constants C; and Cy independent of h such
that

(2.9) C1h* < Sk, < Coh® YQ; € N,

(2.10) C1h? < Sy, < Csh® VP, € Ny,
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FIGURE 1

3. Finite Volume Element Method (FVEM)

For the finite volume element the standard linear finite element space on the
triangulation T}, denoted by Uy, is defined by

Up = {v, € C°(Q) : vk is linear for all K € Ty, and vy,|pq = 0},
and the dual volume element space V}, is defined by
Vi = {vn € L*(Q) : vh|K;0 is constant for all Ky € Tj; and vp,|aq = 0}.

Note that, U, = span{¢y : P, € N} and V,, = span{x; : P; € N}}, where
¢;’s are the standard nodal basis functions called pyramid functions which are
associated with the node P; and yx;’s are the characteristic functions corresponding
to the control volume K, defined by

[ 1, fzekp
Xi(@) = { 0, elsewhere.
Then, the FVE approximation uy, : (0,7] — U}, of (1.1) is to find a solution of
(3.1) (Un,ttsvn) + an(un,vn) = (f,on) Vo, € Vi,
up(0) = gn, un,(0) = wp,
where the bilinear form ay(-,-) : Uy x V), — R is defined by
ap(up,vp) = — Z vh(R-)/ AVuy.n ds
P,EN? OKE,

with n as the unit outer normal to the boundary of the control volume K7, . Here,
gn, and wy, are certain approximations of g and w in Uy, respectively, to be defined
later.

For our further use, let us introduce the following discrete norms

1/2
lonllon = (Zxer, [onl3ni)  and lonlin = (lenli3, + lonl? )
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1/2
Here the seminorm |vy|1,, = (ZKGTh |Uh‘ih7K) ,and for K = Kg = AP, P, Ps,
1 1/2
[vnlon,x = {3 (on(P1)? + v (P2)? + 'Uh(PS)Q)}

- 8’Uh 2 8vh 2 1/2
lnie = { (G2F +152P)sa}

The following Lemma gives the relation between the discrete norms and the con-
tinuous norms on the Sobolev spaces.

Lemma 3.1. [13, pp. 124] For v, € Uy, |- |15 and |- |1 are identical; || - |jo,n and

Il - l1,n are equivalent to || - ||o and || - |1, respectively, that is, there exist positive
constants Cs, - -+ ,Cg > 0, independent of h, such that

(3.2) Csllvnllo,n < llvnllo < Callvnllon Yon € U

and

(3.3) Csllonll1,n < |lonllr < Cellvnll1n Yon € Un.

Let II;, : C(Q2) — U and II} : C(Q) — V4 be the interpolation operators
defined, respectively, by

(3.4) Myu= Y u(P)gi(x) and Mu= > u(P)x;(x).
PieNp P,eN}
Note that for 1 € H?, II; has the following approximation property, (see, Ciarlet
[8]):
(3.5) [ = M llo < CRZ[J3]2-

Lemma 3.2. The following statements hold true.
(¢) For II} : Up, — Vj, defined in (3.4),

(3.6) (én, Uvn) = (vn, I 0n) Vo, v € Up.

(ii) With |||énlllo := (¢n, Ti¢n)'/2, the norms || - ||lo and || - ||o are equivalent on
Upn, that is, there exist positive constants C7 and Cg, independent of h, such that
(3.7) Crllénllo < ll@nlllo < Csllonllo  Yon € Un.

For a proof, we refer to [13, pp. 192].

4. A Priori Error Estimates

Since a direct comparison between u and uj, may not yield optimal error esti-
mates, we now split u — up = p+ 0 with p = v — Rpu and 0 = Rpu — up, where
Ry, : H} — Uy, is the Ritz projection defined by

(4.1) a(Rpu, xn) = a(u, xn) Vxn € Up.

For our subsequent analysis, we need the following well known results.
Lemma 4.1. [16] There exist positive constants C, independent of h, such that
(4.2) loll; < Ch I |ull; Yue H NHg, j=0,1, i=1,2

(4.3) loell; < CR 7 luglli Yu€ H' N Hg, j=0,1, i=1,2

(4.4) lpeell; < CR™I|uge|li Yu € H NHY, j=0,1, i=1,2
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and
1
45) ol = 002 (o0 ) o
Introduce
en(fox) = (fix) = (£, Ix)  Vx € Up,
and

ea(Xﬂb) = a(X»i/J) - ah(X7 H;w) Vd}a X € Uh'
The bounds for €, and €, can be given as follows:

Lemma 4.2. [6, pp. 317] There exist positive constants C' independent of h, such
that for x € Uy,

(4.6) len(f,x)| < O™ fl s
(4.7) lea(Rpv, X)| < Ch o] s
and
(4.8)  lea(un, )| < Chljunllr x| a2 Vun € Un.

Take L? inner product of (1.1) with II} x and integrate to obtain
(4.9) (ure, T x) + an(u, 1, x) = (f, 1) Vx € Up.

Now using the definition of ¢4, (2.1) and (4.9), we arrive at

Xl VfEH i, j=0, 1

Xllgs Yo e HY "N H i, =0, 1,

€a(psX) = €alu,x) — €a(Rpu,x)
= a(u,x) — an(u, I} x) — €a(Rpu, x)
= (f — U, X) - (f — Uy, H;;X) - ea(Rhuv X)

(4.10) = enl(f —we,X) — €a(Rnu, x).
4.1. Optimal L?- error estimates.
Theorem 4.1. Let u and up, be the solutions of (1.1) and (3.1) respectively, and
assume that f € L2(HY), f;, fu € L?(L?), g € H3NH andw € H*NH}. Further,
let up(0) =1IIpg and up,(0) = pw, where 11y, is the interpolation operator defined
in (8.4). Then, there exists a positive constant C = C(T), independent of h, such
that

0° Lo
Ju(t) — wn(®)llo < R [ olls + s + 11 5L ey + > [t T
Proof. Note that u —u;, = p+ 6. Since the estimates for p are known from Lemma
4.1, it is enough to estimate 6.
From (1.1) and (3.1), we obtain

(Oit, vn) + an(p,vn) + an(0,vn) = —(pee, vn) Yo € V.

Choosing v;, = II} x and using the definition of €, and (4.1), it follows that
(4.11) (61, IT5x) + a(0, x) = €a(p, X) + €a(0,X) = (pre, T5x)  Vx € Uh.
Integrating this from 0 to ¢ and setting x = 0, = 0, we arrive at

(6:,113,0) + a(0,0) = €a(p, 0) + €0 (0, 0) + (—p1, TT30) + (w — Tyw, TT;6),
where = fot (s)ds.
Using (3.6) and symmetry of the bilinear form a(-,-), we find that
1d

5% |:(97H29) + a(év é):| = Sa(ﬁ? 9) + ea(é7 9) + (—PuHZG) + (U} - th,HZQ)
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Integrate from 0 to ¢ to obtain

t

t
16112 + a(,6) = mwm%+2464@ww+2£eaaww
t
+2/ (= po, TE0)ds + 2(w — Thyew, TT; 6)
0
(4.12) = Ji+J+Js+Js+ Js5.

For Ji, use (3.5), (3.7) and (4.2) to find that

[Tl < CloO)E < Cllg = Ruglls + ITng — glI3)

(4.13) < Ch*gll3.

To estimate J, we note that from (4.10)

€a(p,01) = €h(f— attaét) - ea(Rhﬂ,ét)
d F 7 ) ~ N ~ ~
Tt (eh(f — U, 0) — ea( B, 0)) - <€h(f — g, 0) — €a(RhU,9)),
and hence,

t
Jy =2 (eh(f g, 0) — ea(Rhﬁ,G)) — 2/ (eh(f —ug, 0) — ea(Rpu, 9)) ds.
0
Using (4.6) and (4.7), we now obtain

o] < 2len(f — tut, 0)] + 2lea( R, )]
t

+2 [ (len(f = w0l + lea( R, 0)]) ds
0

IN

t
cﬁ[ﬁ<wm+mm1+wwaw]em

t
(4.14) +Ch2/0 A1+ Nwaelly + [lull2) 101 1ds

For J3, we apply (4.8) and the inverse inequality to find that

t t t
(4.15) ua:2/|%wﬁmwsc@/nwmmlgc/nmmwn
0 0 0

In order to estimate J4, we obtain from (4.3) and the stability of IT}, ( i.e.,
ITT0ll0 < C[[6lj0) that

| /4]

IN

t t
2AKmﬂWWESCAHMMst

(4.16)

IN

mfAHW@Nﬂﬂﬁ%%-

Finally for Js, we apply (3.5) and ||H7;é||0 < |||l to obtain

(4.17) [Js] < lw = Thwlo|M;0lle < Ch2[lw]a]16]1.

Substitute the estimates (4.13)-(4.17) in (4.12) and use the equivalence of the norms
Il |l| and || - |lo from (3.7) along with the coercivity property (2.2) of a(-,-) and
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ab < %(12 + %bz, a, b >0, € > 0. Then a standard use of kick back arguments
yields

t
015 + 1ol < ¢t {II9||§+IIMII§+/0 (Ilf?JrIUII§+IIuttII?JrIIUtII%)dS]

t ~
+c [ (118 +16172) s
0

Using Gronwall’s lemma for ¢ < T, we arrive at

1611 + 1017 < c(T)n*

T
I\g\\§+\IWII§+/O (AT A+ Nl A+ a1+ e |3) dS]-

Using Lemma 2.1, we obtain

1613 + 11613 < C(DR*llgl3 + llwli3

T
(4.18) + / (LFIZ + 102 + [ feel2) ).
Equation (4.2) with Lemma 2.1 leads to

(419)  Noll3 < O (Il + Il + 113z + 1ill2aes))

Combine the estimates derived in (4.18) and (4.19) and use triangular inequality
to complete the rest of the proof. |

4.2. H'- error estimate.

Theorem 4.2. Under the assumptions of Theorem 4.1,

1

01 o f
lu(®) = wn(®)lls < CAOM | llglls + wlle + 11 55l z2cen + 3155 s |
=0

where C(T') is a positive constant independent of h.
Proof. By putting x = 6; in (4.11), and using (4.10), we obtain
(02, 1116;) + a(0,0:) = en(f,0:) — en(uw,0:) — €a(Rpu, )
+€a(0,0:) = (per, 111,01).
Using (3.6) and symmetry of the bilinear form a(-,-), we arrive at

1d
2dt
Integrating from 0 to ¢ yields

[(0¢,1156;) + a(6,0)] = en(f — use, 0¢) — €a(Ruu, 0r) + €4(6,6:) — (pee, 111,6;).

1611 + a(0,0) = [HIGt(O)IIIQ+a(9(0)79(0))]+2/0 en(f — uu, 0r)ds

t

t t
—2/ €a(Rpu, Gt)ds—|—2/ ea(ﬁ,ﬂt)ds—i—2/ (—pet, 1T} 01 )ds
0 0 0
(4.20) = Ji+ o+ J3+Js+ J5.

For the first term on the right hand side of (4.20), we use the boundedness of a(, )
and (3.5), (3.7) to obtain

(4.21) 73] < Cllo )5 + 100)]1F < Ch*(llgll3 + [lwl]?)-
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For estimating J> and Js, (4.6), (4.7) and inverse inequality yields

t
< O [+ ) [0l
0
t
(@22 < O [ (Sl + asel) [0elods,
0
and
t t
@2) | <CR [ JulalBilads < Ch [ ula]Orlods
0 0

Use (4.8) and the inverse inequality to find that

t t t
(424) || < / eal6,6,)|ds < Ch / 16111]16:l1ds < € / 16111116 lods.
0 0 0

For J5, apply the Holder’s inequality with L? stability of IT} and use (4.4) to obtain

¢
(4.25) 5] < Ch/ el 104 lods.

0
Substituting the estimates (4.21) - (4.25) in (4.20), using coercivity of a(-, ), equiv-
alence of norms ||| - ||| and || - || and applying the standard kick back arguments, we
obtain

1613 + 1011 < Ch?

T
||w||?+||9||§+/0 (laeelIF + 11T + ull3) dS]-

A use of regularity result (Lemma 2.1) and triangular inequality completes the rest
of the proof. [

Remark 4.1. In the above analysis we are choosing an approzimation for u(0) and
u+(0) as the interpolation operator onto Uy. One can also choose the approzimation
as the L? projection onto Vy,. In this case the term (ut(0) — up +(0), 115 6;) will be
Zero.

4.3. Maximum norm estimates.

Lemma 4.3. Assume that f € L?>(H?), f, € L*(HY), fu, fut € L*(L?), g €
H*N H} and w € H3 N HY. Further, let up(0) = Rpg and up(0) = Hpw, where
I}, is the interpolation operator onto Uy, defined as in (3.4). Then,

9 f 2D
16:15 + 1611 < C@A* [ Hlglz + llolls + 1 55 122 we) + D I 555 ez | »
§=0
where C(T') a positive constant independent of h.
Proof. We now modify the estimates of Jy,---,J5 in (4.20) to obtain a super-

convergence result for [|#(¢)||; norm. Since up(0) = Rpg, a(6(0),6(0)) = 0 and
up,+ = Ilw, we obtain

(4.26) 1] < [118:(0)[1* < Cll6:(0)1F < ChJwlf3.

For Js, we note that
d
€h(f - Uttaet) = %Gh(f - Um@) - Gh(ft - Uttt,9)7

and hence, J can be rewritten as

¢
Jo = 2ep(f —uw,0) — 2/ en(fr — e, 0)ds.
0
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From (4.6), we now find that

t
(4.27) [ J2] < ChQ[(IIle + llueell) 16112 +/0 (I fellx + llwseel[2) [10]2ds| -

To estimate J3, we first note that

d
€a(Rpu, 0;) = £€a(RhU79) — €a(Rpuy, 0)

and hence, using (4.7)

IN

t
Bl < 2lea(Rau,0)] + 2/ lew(Rpus, 0)|ds
0

(4.28)

IA

t
cn?(|lulla )10l + / el 1Ol ds)

For J4, we use the inverse inequality to obtain

t t t
(4.20) 1, <2 / cal6,6,)|ds < Ch / 16111 16:]12ds < © / 1611116 lods.
0 0 0

Finally for Js, apply (4.4) to arrive at

t t
@30) 15l <2 [ lpulol6ilods < €k [ Juulal6ilods.
0 0

Substituting the estimates (4.26)-(4.30) in (4.20), we use ab < $a* + £b%, a, b >
0, € > 0. Further, apply standard kick back arguments to obtain

1013+ 1017 < CB* ol + 1713 + el + Nl
t
[ O + el + e+ s 1) ]
0

t
+C [ (1015 + 1018
Using Grownwall’s lemma, ¢ < T and the following estimates

[ (0) [l < C([[u(0) I3 + [1£(0) 1),

t
Il <C <||f(0)||1 +f ||ft|1ds) ,

t
lull < (|u<o>||2 - ||Ut||2d8> ,
we arrive at

103 + 1003 < Ch* [l + llgll3 + 1.£ O3
T
+/O (NSl + Nawell3 + Nweell3 + lueee ) dS}

This together with Lemma 2.1 yields

T
1615+ 116117 < C(T)h* <||9||i + w3 +/0 (A1 + 1FellF + 11 feellE + IIfmIIS)d8> ,

and this completes the proof. |
Remark 4.2.
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The estimate for ||f]|- can be obtained by the following well known inequality

1\ /2

(4.31) Ixlle < C (log7 ) Vx| VX € Un.
h

Now from Lemma 4.3, we have

1
1615 < C(T)h%iog [Ilglli + wllz +

T
(4.32) + / (UFIZ 4 1702+ 1ol + el 3) s

Theorem 4.3. Let u and uy, be the solutions of (1.1) and (3.1) respectively. Fur-
ther, let the assumptions of Lemma 4.3 hold. Then,

1 *f
[u®) —un(t)]le < C(T)hzlogﬁ (HUIlz,oo Hllglla +llwlls + +ll 55 22
2

of
(4.33) + 55 ),

3=0
where C(T') is a positive constant independent of h.

Proof. Combine the estimates obtained in (4.5), (4.32) and use the triangular
inequality to obtain the required result. |

Remark 4.3. We note that under the extra reqularity assumptions on the initial
functions f, g, w and choosing Ritz projection as an approximation of u(0), we
obtain the superconvergence result for 6 in H'- norm.

5. Effect of Numerical Integration

To study the effect of numerical integration, the L? inner product (-,-) and the
bilinear form ay (-, ) appearing in (3.1) need to be evaluated using numerical quad-
rature formulae.

For a continuous function ¢ on a triangle K, consider the following quadrature
formula defined by

3
6.1) Qucal®) = gl o) = [ olw)ds VI €T,

where P;, 1 <1 < 3 denote the vertices of the triangle K and | K| denotes the area
of the triangle K. Note that the quadrature formula defined in (5.1) is exact for
¢ € P (K)VK €Ty,

Using (5.1), we define the quadrature formula for discrete L? inner product as

LG = 3 QraldTv)

KeTy,
(5:2) = D X(P)Y(P)|Sk,, | VX, ¥ € Un.
Pq‘,GNg

We note that || x||2 = (x,X)n ¥x € Uy, is a norm on U, which is equivalent to the
L? norm, i.e., there exist positive constants Cy and Cg, independent of h, such
that

(5.3) Collxllo < lIxlln < Ciollxllo-

Setting the quadrature error €(x, ) = (x,II;v¥) — (x, i), we discuss below an
estimate for €,(-, ).
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P3

P, M 1 P,
FIGURE 2

Lemma 5.1. For x, ¢ € Uy, there exists a positive constant C, independent of h,
such that

(5.4) [€n (O, ¥)| < CR? (Il s
Further, for x € H? and ¢ € Uy, we have
(5.5) [en(c ¥)| < CR2||x 211

Proof. Since the quadrature formula in (5.1) involves only the values of the functions
at the interior nodes and I} up(P;) = un(P;) VP; € N,? and uy, € Uy, we obtain

(56) (Xa¢)h = (X7 ;;,ql})h va 1;[} € Uh~
Therefore,
o)l < 106Y) = OGILY) [+ (06 ¥) — (X ¥l
(5.7) < a6 )+ 106¢) = (G ¥l
From [19],
(5.8) 106 9) = 06l < CR2IX 9l Yx, ¢ € Un,
and
(5.9) 1069) = 060kl < CR?|Ixll2llglh Yx € H?, ¢ € Up.
Now using (4.6), we obtain
(5.10) len (O ¥)| < CR?|IxIhllv ]l V. ¥ € Un,
and
(5.11) len(x, )| < CR?|xllall9lln ¥x € H?, % € Up.
Substitute (5.8)-(5.10) (respectively, (5.9) and (5.11)) in (5.7) to obtain (5.4) (re-
spectively (5.5)). This completes the proof. |
Let us introduce the following quadrature approximation over each element K by
M .
612 [ e s 06) + (@) = Gl
M,QNK

where M; is the mid point of P,P;; and @ is the barycenter of the triangle
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AP, P1P o, (see FIGURE 2 for [ = 1).
Now we introduce the following quadrature error:

Ermgo(®) = [ uls)ds = Qni(w).
M QNK
Lemma 5.2. Forv € W2 (M;Q N K), there exists a positive constant C indepen-
dent of hy, such that

(5.13) E5rank | < Chicllvlly, 0 TrG0R
where hg is the diam(K ).

For a proof, we refer to Cai [4, pp. 732].
In order to replace the integral in the definition of an(-, ), we note that

ap(up, Mpvp) = — Z vi/ AVup.n ds (vl-:vh(Pi))
P,EN;, 9K},
- ZIK(U'}MHZU}L)7
K
where
I (up, Myvp) = — Z vl/ AVuy,.nds
p(1<i<3) JOKpNK
= Z (Ul+1 —’Ul)/ AVuh.nlds,

P (1<1<3) MinK

vg4 = v1 and ng is the outward unit normal vector to M;Q. Since Vuy.n; is constant
on each element K, we define the quadrature rule

(5.14)  Ix(un,Ton) = > Exppnix(A)Vunm (s — vis).
Pi(1<i<3)

Thus, the bilinear form ap(-,-) in (3.1) is approximated by ap(-,-) using the quad-
rature formula as follows:

an(GIw) = Y Ix(x IG).

KeTy,
Now let us introduce the following error functional for the bilinear form ay/(-,-):
(515) Ea(X77/)) = ah(X7 ;kz’ll)) - ah(X»HZQ/’) VX, 1][} € Uh~
Lemma 5.3. If A(x) = (a;;(2))7 =, with each a;; € W2, then
€a(x,¥) < CR?|IxIhllvlls VX, ¢ € Un,
where C' is a positive constant independent of h.

Proof. Note that

[T (uns Ton) = T (un, Ton)| = | Y Expgni (A)Vupm(vg —v)|
P, (1<1<3)

0
> Z[ i (@m)l| |

P(1<1<3) m=1

IA

8uh
+|5mmx(a2m)||87y\} [vi11 — .
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Using Lemma 5.2, we obtain

3 2
* ~ « 8uh
[ (un, Wion) = I (un, Wion) | < CH* D2 D™ |l e w00 | |
=1 m=1
5uh
(5.16) ozl e argoncl ]l = vl

Now on each K, we use Taylor expansion and (2.9) to find that

5’vh (911h
_ < Z7h Z7h
s —ul < n (1514152
3vh c%h 1/2
< 9l/2 2 2
< 22 (152 +152P) Swq
(5.17) = Clop|i,nxk-
We also note that
8uh 8uh
1 — < — < .
(5.18) hl— | < Clunlinx, hl dy | < Clunli,p,x

Substitute (5.17), (5.18) in (5.16) to obtain

T (up, Tjvn) — I (un, o) | < CR2{|un |,k |vn

LhK-
Taking summation on K € T}, we arrive at
e (wn, T on) — Tie (wp, TWhon)| < CB2[|un|1,pl[vnl1,n-
[T (un, on) — I (un, T 0n)| < CR2| |
KeTy,
Since the norms || - ||1,, and || - |1 are equivalent, from (3.3), we obtain

|an (un, jon) — an (un, Ojon)| < CR? |lup|1]lon 1,

and this completes the proof.

Now the semidiscrete finite volume element method with quadrature is to seek

up, : (0,T] — Uy, satisfying
(5.19) (Whtt, V) + @n(up, vn) = (f,vn)n Yon, € W,
with up(0) and up +(0) in Uy to be defined later.

5.1. Optimal L? error estimate.

Theorem 5.1. Let u and uyp, be the solutions of (1.1) and (5.19) respectively, and
assume that f € L*(H?), f;, fu € L*(L?), g € H3N HE and w € H?* N H}.
Further, let up(0) = II,g and up4(0) = Rpw. Then, there exists a positive constant

C(T) independent of h, such that
> 9
lu(t) = un(®)lo < CDA* | lglls + lwlla + 1 Fllz2caz) + D 575 2w
= ot

Proof. The equation (5.19) can be written equivalently as
(5.20) (unae, X0 R + an(un, I x) = (f, 15x)n VX € Up.
Subtract (5.20) from (4.9) to obtain

(utt7 HZX) - (uh,tt; HZX)h + ah(u7 HZX) - Eih (uhd HZX)
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Use the definition of Ritz projection and ¢,, integrate from 0 to ¢ to obtain

(0,508 +a(,) = (o, 1) + €a(p, X) + a(6, X)
+€a(97 X) - E(I(Rhﬂv X) + Eh(f) X) - gh(Rhu’h X)
(5.22) +(w(0), T x) = (un 1 (0), T X) -
Put x = 0 = ;. Now use (5.6) and symmetry of the bilinear form a(-,-) to obtain
1d - A A
53 [0.00+a0.0)] = —(p1TG0) + €a(p.6) + a(0.0)
+4(0,0) — €. (Rn@1,0) + &,(f,0) — en(Rnus, 0)
(5.23) + [(u(0),I1;0) — (up,(0),10;6)5] .

Integrate (5.23) from 0 to t to obtain
t
0O +a0.0) = 10017 +2 [ [(0015:0) + ca(5.0) + (0.0)]
t . t t
+2/ éa(G,H)ds—Q/ Ea(Rha,e)ds—Q/ e (R, 0)ds
0 0 0
t
42 [ en(F.00ds + [(04(0).110) ~ (uns(0). 11,001
0

t
= 10O +2 [ [0 T130) + eal7.0) + a(0.0)] ds
0
(524) +J1+ Jo+ J3+ Jy + J5.

We have already derived other estimates in Theorem 4.1 except J; to Js.
For J;, use Lemma 5.3 and inverse inequality to obtain

IN

t t
7] <2 / €a(8.0)ds < COW? / 161161 ds
0 0

t
c / 1611018112 ds.
0

Now for Jo, use Lemma 5.3 and the stability result | Rpull1 < C|jul; to obtain

(5.25)

IN

| Ja]

IA

t
9lea(Rni, 0)] + 2/ | (Rpu, 0)|ds
0

IN

t
(5.26) cn2 (Jall 18 + [ fulolas).

To bound Js and Jy, an application of Lemma 5.1 yields

t
T < 2\Eh(Rhut,0)|+2/ e (Ruuee, 0)|ds
0
t
(5.27) < 2 (10l + | sl ds)
0
and
A A t ~
gl < 20 +2 [ larlds
0
t
(5.29) < on (100l + [ 151a00lhds).
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Since up 1 (0) = Rpu(0),

[J5] < |(ue(0), IT,6) — (un,:(0), IT;0)n] [(ue(0) = Ry (0), T15,0)| + [é5,(Rnue (0),
CR? ([[ue(0)l2 + [ Rrue (0)]]1) 19111
(5.29) Ch?[|ur(0)[|2[10]11 < Ch?[|uy(0)[|26]]1-
Substitute (5.25)-(5.29) in (5.24). Use the coercivity property of the bilinear form
a(-,-) and the equivalence of the norms || - || and | - ||o. Then as in Theorem 4.1,
apply standard kick back arguments with Gronwall’s Lemma to complete the rest
of the proof. [

IN AN IA

5.2. H! error estimate.

Theorem 5.2. Under the assumptions of Theorem 4.1, there exists a positive con-
stant C(T), independent of h, such that

2 .
f
lu(®) = un @)l < CDA | lglls + w2 + [ Fllac) + D55 e
j=1

Proof. Put x = 6; in (5.21) and use definition of Ritz projection with (4.10) to find
that

(Or, U500 +a(0,0;) = en(f — us,0:) — €a(Rpu, ;)
+€a(0,0:) = (per, 3,0¢) + €a(0,0¢) — €a(Rpu, 0;)
(530) +€h(f, Ht) — Eh(Rhutty Qt)
Using (5.6) and the symmetric property of a(-,-), we obtain
1d
S [(0r,0)n +a(0,0)] = en(f — ut, 0:) — ea(Rnu,0;)

+ea(0,0;) — (pue, 111,0:) + €.(0,0,) — €a(Rpu, 6;)
+en(f,0:) — en(Rpu, 04).

Integrating from 0 to ¢ and using the equivalence of the norms (5.3), we obtain

10 +0(0.0) = {1000V + a0(0).000)) +2 [ [en(F = .00 = cu(Ra )

t

Fea(0,6;) — (ptt,n;;et)] ds} n 2/ €a(0,0,)ds
0

t

t t
—2/ €a(Rhu,9t)ds =+ 2/ Eh(f, Gt)ds — 2/ Eh(Rhutt, Gt)ds
0 0 0
(5.31) = I+J1+Jo+ J3+ Js.

We have already derived estimates for I in Theorem 4.2.
For Jp, use Lemma 5.3 and inverse inequality to obtain
t

t t
mw>|M§2/|@@HM@50#/mewmmgc/mewww
0 0 0

Again from Lemma 5.3 and stability of the Ritz projection, it follows that
t t
PARE 2/ ea(Ruu, 0)|ds < cz«ﬁ/ lull1 16l ds
0 0

(5.33)

IN

t
c@/wmwmm
0

0

)
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To bound Js and Jy, we use Lemma 5.1 to obtain

t t
‘J3‘ + |J4| S 2/ ‘gh(f,gt)|d8+2/ |€h(Rhutt79t)‘ds
0 0

IN

t
Chz/o (I fll2 + [lueell) 1011 ds

(5.34)

IN

t
Ch/ (I fll2 + [t 11162 lods-
0

Substitute (5.32)-(5.34) in (5.31). We use the coercivity property of the bilinear
form a(-,-) and equivalence of norms. Then proceed as in Theorem 4.2 to complete
the rest of the proof. [ |

5.3. Maximum norm estimate.

Theorem 5.3. Let u and uy, be the solutions of (1.1) and (3.1) respectively. Fur-
ther, let the assumptions of the Lemma 4.3 hold. Then,

1 9% f
Ju) —un(t)llo < C(T)h21095<\IUIlz,oo+||g||4+||w||3+II@HL2(L2)

2 .
o f
(5.35) 3 155 e ).

where C(T') is a positive constant, independent of h.

Proof: Since up(0) = Rpu(0), then (0) = 0. Now we modify our estimates for J,
to Jy in (5.31) to obtain a superconvergence result for  in H!- norm.
For Js, use Lemma 5.3 to find that

t
| Ty < 2|€a(Rhu,9)|+2/ |€a(Rpuy, 0)|ds
0

(5.36)

IN

t
cn?(|lull 0] + / el 161l ds)

For J3 and Jy, using Lemma 5.1, we obtain

t
sl < 20en(f.0)] +2 / & (f1, 0)|ds
0
t
(5.37) < o <||f2||9||1+ / ft||20||1ds>.
0
and
t
|J4| S 2|€h(Rhutt79)|+2/ |€h(Rhuttt70)|d5
0
t
(59 < (Jualhlolh + [ ol ollas)
0

Substitute (5.36)-(5.38) in (5.31) and use the coercivity property of the bilinear
form a(-,-) with equivalence of norms (5.3). Then proceed as in Lemma 4.3 to
arrive at

Bf
16113 + 6117 < C@W(HQHZ +llwllz + 1555 122 22)
2

of
(5.39) + 1G5 es))-

Jj=0
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Use (4.31) and (5.39) to complete the rest of the proof. |

6. Numerical Experiment

In this section, we discuss a numerical result to illustrate the performance of the
finite volume element method applied to (1.1) by taking an example.

14 22 0
Choose g(z,y) = zy(z—1)(y—1), w(z,y) = zy(z—=1)(y—1), A= ( 0 sz)
and Q = (0,1) x (0,1). The load function f is chosen so that the exact solution is
u=claylz —1)(y —1).
Let T} be an admissible regular, uniform triangulation of Q into closed triangles
and 0 =tg < t1 < ---tpr = T be a given partition of the time interval (0, 7] with
step length At = % for some positive integer M. Let U™ denote the approximation
of up at t = t,,. Set O,U" = M and 0,U™ = w
" At At

discretization scheme is defined as:
Given U° and U, find U™ € Uy, such that

(6.1) (00, U™, TT5:x)p + an(U™, I x) = (f™, 5 x)n Vx € Up.

Let {¢;};=1,2.....n be the standard nodal basis functions for the trial space U}, and
{Xx;}j=1,2,...,n be the characteristic functions corresponding to the control volumes
which form basis functions for the test space Vj. U™ can be expressed as

. Then, the time

N
Uu" = Za?(bj(x), where o = U"(x;).
j=1

Then, (6.1) can be written as the following system of linear equations which can
be solved for a™.

Aa"tt = F* — Ba" — Aa" !,

Here a" = (O/f, CTRRE 7a7\7)t7 A= (¢j’Xj)h7 C= (At)2dh(¢j’Xj)v B=-2A+C
and F™ = (A2(f" x;)n-

The order of convergence is computed in L*°- norm. FIGURE 3 shows that the
computed order of convergence for ||u —up|o in the log-log scale matches with the
theoretical order of convergence derived in Theorem 5.3.
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