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Abstract. We propose an artificial boundary method for solving the deterministic
Kardar-Parisi-Zhang equation in one-, two- and three dimensional unbounded domains.
The exact artificial boundary conditions are obtained on the artificial boundaries. Then
the original problems are reduced to equivalent problems in bounded domains. A fi-
nite difference method is applied to solve the reduced problems, and some numerical
examples are provided to show the effectiveness of the method.
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1 Introduction

Surface growth is a class of important problems arising from many practical applica-
tions [22], such as molecular beam epitaxy, bacterial growth, fluid flow in porous media
or evolution of fire fronts, etc. During the recent two decades, many models based on
stochastic partial differential equations have been developed to simulate the mechanism
of surface growth. Among these, one of the most well known models is the one introduced
by Kardar, Parisi and Zhang (KPZ) [18],

uy = vAu + AVul? +1, (1.1)

where u = u(x,t) represents the height of surface growth at d—dimensional position x
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and time ¢, v and X are the parameters of diffusion and nonlinear terms, respectively. The
last term of the equation (1.1), n = n(x,t), is a Gaussian white noise which is produced
by a stochastic force.

The KPZ equation is the first continuum partial differential equation to model the
dynamics of surface growth. Based on it numerous studies have been carried out by many
authors. Among them a relevant problem is to study the dynamics of the KPZ equation
without noise term, which describes the relaxation of an initially rough surface to a flat
one.

In this paper, we study the initial boundary value problem of the deterministic KPZ
equations with a source term in unbounded domains,

uy = Au+ [Vul> 4+ f(x,t), inR?x (0,T] (1.2)
u(2,0) = up(z), @ €RY,

u— 0, when |z| — 400,

where d = 1,2, or 3, and the initial value ug(z) and the source term f(z,t) vanish outside
a d-dimensional ball B¢ = {z : |z| < R}, namely,

supp{f(z,)} C Bf x [0,T], supp{uo(z)} C Bf. (1.5)

For the numerical solution of problem (1.2)-(1.4), we need to introduce artificial boundaries
to make the domain finite, to find the artificial boundary conditions, and to reduce the
original problem to an equivalent problem on a bounded domain. The so-called artificial
boundary method has been the most efficient method for the numerical solution of PDEs
in an unbounded domain, including applications to wave equations [3, 8,9, 19], elliptic
equations [4,11,12,25] and, most relevant to the current work, the parabolic equations [7,
13,14,21,24], etc. In general, the basic assumption of the artificial boundary method is that
the equation is linear. Consequently, certain analytic forms of the boundary conditions on
the artificial boundaries can be obtained. Usually, the artificial boundary method cannot
be applied directly to nonlinear problems. However, for some problems, if the equation
can be linearized outside the artificial boundaries, then it is possible to find the boundary
conditions on the artificial boundaries [5,10,15].

The artificial boundary method of the KPZ equation is an extension of the existing
method for linear parabolic equations. Because the source term f(z,t) is compact, the
KPZ equation (1.2) can be transformed into a linear parabolic equation in the exterior
domain where the artificial boundary condition can be derived. After transforming it
back into the original variable, we can solve the problem on the finite domain. In the
one-dimensional case, we have used this idea to solve the Burgers equation in unbounded
domains [16].

Many numerical methods have been used for solving the stochastic KPZ equation (1.1)
in bounded domains, such as finite difference methods and their improved versions [1,20],
pseudospectral methods [6] etc. For the deterministic equation, an effective method is
the second order Crank-Nicolson scheme. The stability and convergence for the artificial
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boundary method for the parabolic equation are proposed in Wu and Sun [24]. It is
also unconditionally stable for the KPZ equation which is demonstrated in our numerical
examples. The deterministic KPZ equation (1.2) is often referred to as a simplest model
equation of the viscous Hamilton-Jacobi equation which has attracted much interest in
recent years (see [2,26]).

The organization of this paper is as follows. In Section 2, we present exact and ap-
proximating artificial boundary conditions of the KPZ equation in one-, two- and three-
dimensional spaces. In Section 3, finite difference discretizations are discussed. Some
numerical results will be presented in the final section.

2 Artificial boundary conditions

Denote by I' = 8B6l the artificial boundary and €, = R%\ Bg by the exterior domain. In
order to obtain boundary conditions on the artificial boundary I', we consider firstly the

restriction of u on the exterior domain .. It follows from the condition (1.5) that the
problem (1.2)-(1.4) satisfies

ug = Au+ [Vul?, in Q. x (0,7 (2.1)
u(xz,0) =0, z€ Qg

u — 0, when |z| — 4o0.

If we assume that the boundary condition u(z,t)|r is given, the above is a well-posed
problem. By the Cole-Hopf transformation v = e* — 1, the problem (2.1)-(2.3) can be
transformed into a linear problem [23],

v =Av, in Q. x (0,7 (2.4)
v(z,0) =0, =z €8,

v — 0, when |z| — +o0,

which can be solved together with the corresponding boundary condition on I'.

In the one-dimensional case d = 1, the exterior domain 2, consists of two semi-infinite
parts Q; = {z : 2 < —R} and Q, = {z : * > R}. Consider the problem (2.4)-(2.6) on the
right part €,. It can be verified that the solution v(z,t) is

r—R t ef(sz)2/4(th)
U(.’L',t) = ﬁ o U(R, T)Wd’r. (27)

From the formula (2.7), a relationship between % and % was obtained by Han and

Huang [13], namely,

ou(R,t) 1 [tOu(R,7) 1
B Tty Ny =y =Ll (2:8)
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A similar relationship can also be obtained on the left boundary x = —R,
Ov(—R,t) 1 ["Ov(—R,7) 1
—_— = — dr. 2.9
ox NZs /0 or  Vt—r T (2:9)

When transforming them back into the original variable, we obtain the nonlinear artificial
boundary conditions of the one dimensional KPZ equation

t u(R,m)—u(R,t)
QuBY) _ _ 1 / QuiR,m) e dr, (2.10)
ox \/7_1' 0 or t—T71
Ju(-R,t) 1 /t Ou(—R, ) e“(*R’T)*”(*R’t)d (2.11)
or )y or t—T1 T '

2.1 The two-dimensional KPZ equation

We now concentrate on the two-dimensional case d = 2. Let D be a bounded domain in Bg
and ; = Bg \ D the computational domain. We consider the following initial boundary
value problem in the bounded domain §2; with the polar coordinates:

Up = Upp + uZ + %ur + %(uag +ud) + f(r,0,t), inQ; x (0,7], (2.12)
ulop = g(r,0,1), in 00 x (0,7],  (2.13)
u(r,0,0) = up(r,0,0), in €, (2.14)
ulp = u(R,0,1), (2.15)

where the artificial boundary condition I' = {(r,0) : » = R,0 < 0 < 27} is a circle
and u(R,0,t) is unknown. In order to obtain the artificial condition on I', consider the
restriction of the solution on the unbounded domain €2, in which the KPZ equation can
be transformed into a parabolic equation [23] by the Cole-Hopf transformation v = e* —1,

1
Ut = Upp + ;Ur + ﬁv%’ (216)
v(r,0,0) =0, (2.17)
v — 0, when r — +o0, (2.18)
vlr = v(R,0,t). (2.19)
To solve this problem, we look for the solution of the form
v(r,0,t) = vo(r,t) + Z (1, t) cos ml + By, (1, t) sin mé. (2.20)
m=1
Substituting the above form into (2.16), we obtain
vy %vg 10w > [ (&xm Py, 10y, m2>
= — A5 A Z -5 — - + —5 | cos mb
ot or r or — ot or r Or r (2.21)

aﬁm 825771 185771 m? . o
+( ot oz poor gz )sinmf) =0
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The equation holds only when the coefficients of the series are equal to zero, which yields
the following one-dimensional problems:

9o T 2% _ (2.22)

— - +— =0, m>1, (2.23)

OBm  *Bm  10B8m m?
— — — = > 1. 2.24
ot Or? r Or + r2 0, mz ( )

After solving the above equations together with the corresponding initial and boundary
conditions, we obtain a relationship between v, v; and v, on I' [14],

%;nat) _ —2Ri/§ /Ot /0277 3”(12’7‘75’7)@}[0(;__:)617
_RL i m/%v(R, ¢, t) cos m(¢, 0)do, (2.25)
s 1 0
with ]
() = 224 7 c dn (2.26)

Vs Jo JE(uR) +Y2(uR) p’

where Jp,(+) and Y;,,(-) are the Bessel functions of the first and second kinds of order m,
respectively.

Taking the first M terms of the summation and transforming it back into the original
variable, we obtain an approximate artificial boundary condition on I,

t 27 u(R,p,T o
puron QUi 0,t) - 1 / / 0c07) | Holt—7)
or 2RV73 Jo Jo or Vit

1 t M2 goulRior) Hp,(t—1)

m=1

M om
1 / w(Ry,t)
— m eV — 1) cosm(¢, 0)de. 2.27
| ) cos m(s,6) (227

For brevity, we write the approximating condition as

Ou(R,0,t)

B = K (u,uy). (2.28)
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It is obvious that when M — 400, the boundary condition is exact. With this boundary
condition, the original problem is reduced to an initial boundary value problem in the
bounded domain €2;:

1 1
Up = Uy + U2 + r + T—Q(ueg +ud) + f(r,0,t), inQ x (0,7] (2.29)
ulop = g(r,0,1), in 909 x (0, 7] (2.30)
u(r,0,0) = ug(r,0,0), in ;, (2.31)
%;M = K (u, uy), onT. (2.32)

2.2 The three-dimensional KPZ equation

Under the spherical coordinates the KPZ equation in three dimensions is given by

2 1
up = u 4 up A+ U + T—Q(ug + ugp + cot Qug)
1
m(u?b +ugg) + f(r,0,0,1). (2.33)

In the exterior domain Q. = {(r,0,¢) : > R,0 € [0,7],¢ € [0,27]}, where the initial
value u(r,0,¢,0) and the source term f(r,0,$,t) vanish, the KPZ equation can also be
transformed into a parabolic equation [23] by the Cole-Hopf transformation v = e* — 1:

2 r2 0 1

Vg = Upp + ~Ur + — Y — (sin fvg) + mv¢¢. (2.34)

The idea to obtain the artificial boundary condition is similar to that of the two-dimensional
case. For the parabolic equation (2.34), the 3D problem can be solved using the Fourier
series expansion. Let P! (-)(m =1,--- ,1 =1,--- ,m) be the associate Legendre functions
in spherical coordinates. Then

P, (cosy) = P,?l(cosg)PSL(cosH)

+2 Z (m 1) l (cos €) P! (cos B) cosm(vp — o), (2.35)

where P,,(-) is the Legendre polynomial of degree m, and v, £ and 6 satisfy cosy =
cos £ cos 0+sin € sin 0 cos(¢)— ¢). The relationship between v, vy and v, on ' = {(r, 0, ¢)|r =
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R} was found by Han and Yin [17],

0v(R,0,,t)
6r
(R, &, T 1
= _—R v(R, &, t)dSe y — 43/2// v 51# ng,wmdr
> +1)(2m +
mZ: [ “ 47TRm )/ v(R, &, 1, ) P (cos y)dSe
2 +1 (R, &, T H, 1 (t—=7)
m / v 57/) (cosfy)dséw%ch’ (2.36)

with o iy
I ) 44/t e H dp
1 == -
™t V73R Jo JSH%(HR) +Y:L+%(NR) 1%

Taking the first M terms of the summation and transforming back into the original vari-
ables, we obtain the approximate artificial boundary condition on I' for the KPZ equation
in 3D,

u(R0.6.0) Ou(R,0,9,t)
or

1 1 DetFE1.7) 1
- - w(REDE) _ 1)4Se » — —— // =4S d
4R S(e ) & 47'('3/2 0Js or & \/ﬁ T

M
oy [(m +1)(2m +1) /S (e (BEVD _ 1) P, (cos)dSe

4R

m=1

2m +1 HeWREN,T) H, +l(t 7)
7]3 ds, 2—d . 2.37
+ / / (COS '7) & \/ﬁ T ( )

Again for brevity, we write the approximating condition as

Ou(R,0,¢,t
7u( o ¢ ):ICM(u,ut).

3 Numerical approximation

We consider the numerical approximation of the reduced problem in the two-dimensional
case. In the computational region [a, R] x [0,27], let Ar = (R —a)/I and A0 = 27/J be
the spatial mesh size in r and 6, respectively, and let At = % be the time step, where I, J
and N are positive integers. Let the grid points and temporal mesh points be

ri =a+iAr, 0; =jA0, t, =nAt,
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and denote the approximation of u(r;,0;,t,) by ug.
For the approximation of the KPZ equation, we use the second-order implicit Crank-
Nicolson scheme,

TL+1 n
w = ug
At
"+2 +2 nt3 n+1 n+1 )2 n n 2
Uip1y — + Uy’ n (wity; —wi™y )" 4 (uly j — uiy ;)
AT S8Ar2
"JF* n+% TL+2 n+3 n+3
iy T Uity Mg T 2 4
riAr EYNE
n+l _  n+1l \2 n _on )
L gy =g )™+ (Wl = i) 4 f (050t o) (3.1)
8r2Af? © Y5 Int1/2)>
with initial and boundary conditions
0 n n n
Ujy = uo(n‘, 9]',0), Uy = g(a,Hj,tn), uiy = g, (3,2)
where ) .
nty _ n+1 n

On the artificial boundary I', we follow the method proposed in Han and Huang [14] to
discretize the integrals,

u(R,p,7) _
/ Oe ng)HO(tn T)dT

or th — T

_ ln J:: % (e — gvhe) tltl“ %dﬂ (3.3)
/n de ;T,ax ) cosm(é— 0 )dquWtLitiTT)d
_ 7m2A1¢9At S i(eulﬁi et [2 cosm(fs — 0;) — cosm(0s+1 — 0;)
1=0 s=0
—cosm (01 —0y)] /n " %dﬂ (3.4)

where D,, = [0, 27| x [0, tp41]; and

2
/O (eu(R,¢>,tn+1) _ 1) Cosm(¢ _ 9 QAQ Z e Itl _

X {2 cosm(fs — 0;) — cosm(fs41 — 0j) — cosm(fs—1 — Hj)] (3.5)
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Since the above system is implicit, we must use an iterative method to solve it numerically.
Here a simple iteration method is used in our numerical experiments. At each iteration
step, we approximate the nonlinear term of (3.1) by

+1 +13\2 _ [, n+l +1 \(k) [, n+1 +1 y(k+1
(with; —wity ;)" = (uhy; — U?A,j)( )(U?Jrl,j —u” 1,j)( ),

1 1 1 1 \(k 1 13\ (k+1
(u?,;rﬂ unj 1) = (unjﬂ u?,j;l)( )(u?jﬂ - nj 1)( ),

where the superscript k& denotes the k-th iteration for solving the nonlinear difference
equations at each time step. The initial iteration is chosen as (u?jﬂ)(o) = u?]

Furthermore, in order to improve the convergence speed, we approximate the kernels
of (3.3) and (3.4) in the region [t,,t,+1] as follows:

n+1 n 1 n+1 n
QU [(u?il)(lﬂ—kl) _ U?,s} : (6(u1,s o eul,s> , (3.6)
n+1

Moreover, €"Is in (3.5) is approximated by the k-th iteration value. Finally, a related
problem is the computation of the integral

e H, (1) f 1 e H' Ty d,u
dr =
/tl N / T2, (1uR) + Y2 (uR) p
The integral kernel decays slowly which reduces the computational efficiency. Fortunately,
this integral is independent of the variable u. Therefore, we can make some tables before

starting the numerical computations.

4 Numerical examples
To show the effectiveness of the new approach using artificial boundaries, we present some
two-dimensional numerical examples in this section.

Example 4.1. Consider the following initial boundary value problem in the domain in
the exterior of a circle:

1 1
Uy :urr+u$+;ur+r—2(ue9+ug), forr >a (4.1)
u(a,0,t) = g(0,t), (4.2)
u(r,0,0) =0, (4.3)

with ¢ = 2 and

_ 2 ; _ 2
o(0.1) = log [%exp (_(acos@ o) Z;Z(asmﬁ Yo) )—i—l},

where (xo,y0) = (0.5,0.5). The exact solution of the problem is

1 — 2 in@ — 2
u(r,0.1) = log [z exp (_ (rcos@ — x) ;;(rsm@ Yo) > N 1} .

We introduce the artificial boundary I' = {(r,6) : r = R,0 < 0 < 27} with R = 3.
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Table 1: Example 4.1: L, errors and orders of accuracy.

M I xJ Error | Order | M | I xJ Error | Order

0 | 4x24 | 1.82-2 - 3 | 4x24 | 2.15e-3 -
8 x48 | 1.72¢-2 | 0.08 8§ x 48 | 1.07e-3 | 1.00
12 x 72 | 1.68e-2 | 0.06 12 x 72 | 5.86e-4 | 1.48
16 x 96 | 1.67e-2 | 0.06 16 x 96 | 4.40e-4 | 1.00

1 4 x24 | 6.76e-3 - 4 | 4x24 | 2.15e-3 -
8§ x 48 | 6.31e-3 | 0.10 8 x48 | 9.24e-4 | 1.22
12 x 72 | 5.94e-3 | 0.15 12 x 72 | 3.85e-4 | 2.16
16 x 96 | 5.86e-3 | 0.05 16 x 96 | 2.11e-4 | 2.09

2 4 x24 | 2.89-3 - 5 | 4x24 | 2.15e-3 -
8 x 48 | 2.16e-3 | 0.42 8 x48 | 9.21e-4 | 1.22
12 x 72 | 1.73e-3 | 0.55 12 x 72 | 3.76e-4 | 2.21
16 x 96 | 1.61e-3 | 0.25 16 x 96 | 1.97e-4 | 2.25

<) @,f @
2} 2f 2
B B ,O
1k 1 1 O
0‘; 225 25 2.75 3 225 25 275 3 0225 25 275 3
r r r
(a) (b) (c)

Figure 1: Errors at T for Example 4.1, with I = 16: (a) N = 2, with 15 contours from —3.85 x 107* to
4.04 x 107%; (b) N = 3, with 15 contours from —2.82 x 10™* to 5.74 x 107%; (c) N = 4, with 15 contours
from —2.21 x 107" to 1.89 x 107",

Taking Ar = %, A0 = %—}T, At = Ar, and T = 1, we show the numerical errors and

orders of accuracy in Table 1 with different truncation order M. Here the Li-error Ej is
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defined by

1 N I J i i
BTN ;;%'u(r“eﬂ )l
We can see that the numerical errors decrease fast with increasing values of the truncation
order M. When M > 4, the order of convergence is close to 2. Fig. 1 shows the spatial
distribution of errors at t =T for M = 2,3 and 4, respectively.

Example 4.2. To see the relation between the numerical errors and the truncation order
M more clearly, we consider the same problem as in Example 4.1 with different interior
boundary condition,

g(0,t) = (1 - e*gt) cosw.

Here w represents the frequency of the oscillation. The artificial boundary is also intro-
duced on I' = {(r,0) : r = R,0 < 0 < 27} with R = 3. In all numerical experiments, we
take Ar = %, Al = 2g—1“’, At = Ar, and T = 1. So for different frequencies and the same
I, the grid point distribution in one wavelength is the same.

We obtain relative errors by comparing the solutions obtained with R = 3 and R = 8
with the same mesh size. The error is computed on the artificial boundary I' (i.e. R = 3)
at time t = T. We show the results with I = 8 and the frequency modes w = 1,2 and 3 in
Figs. 2-4, respectively. It is observed that the solution converges very fast as M increases.
It is also observed that larger values of M are needed when the frequency w becomes
larger.

Example 4.3. In this example, we consider the KPZ equation with a source term in the
domain outside of a circle,

1 1
Up = Upy + U2 + S + r_Q(u% +ud) + f(r,0,t), forr>a (4.4)
t
u(a,0,t) = (1 — e ") sin WZ, (4.5)
u(r,0,0) =0, (4.6)

with ¢ = 2 and the source term
t
flr,0,t) = e Br=4)? sin(%) sin 6,

which decays rapidly in . We introduce the artificial boundary on I' = {(r,0) : r = R,0 <
0 < 27} with R = 6. Outside of T', the source term is almost zero; thus we can use the
artificial boundary method to solve this problem in a bounded domain {(r,0)|r < R}.

In out computations, we take Ar = %, Af = 27“, At = Ar, and T = 8. Figs. 5 and
6 show the solution for different gird sizes at time ¢ = 4 and 8 using the approximating
boundary condition with M = 4. We can see that the artificial boundary method can
solve this problem very well. In particular, almost no reflecting waves are produced near

the artificial boundary.
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Figure 2: Example 4.2: Numerical errorg on the artificial boundary, with w = 1.
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Figure 3: Example 4.2: Numerical errorg on the artificial boundary, with w = 2.
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Figure 4: Example 4.2: Numerical error? on the artificial boundary, with w = 3.
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==

3 4 5 6 3 4 5 6
r r
32 x 32 64 x 64

Figure 5: Example 4.3: u values at t = 4, with 20 contour lines ranging from —0.04 to 0.54.

32 x 32 64 x 64

w

N

[,

Figure 6: Example 4.3: w values at t = 8, with 20 contours lines ranging from —0.28 to 0.19.

5 Conclusion

In this paper, the artificial boundary method is applied to the nonlinear Kardar-Parisi-
Zhang equation in one-, two- and three-dimensional unbounded domains. With the Cole-
Hopf transformation, we are able to obtain the boundary conditions on the artificial
boundaries. These boundary conditions are in nonlinear forms. The original problems
are reduced to equivalent problems in bounded domains. This procedure is similar to the
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artificial boundary method for linear problems. Numerical examples demonstrate that this
reduction is very effective, and high accuracy can be obtained by using relatively small
computational domains.
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