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Abstract. To enhance the stability of traffic flow, a new car-following model is pro-
posed by taking into account the support of intelligent transportation system (ITS)
information, which includes both the headway and the velocity difference of multiple
preceding cars. The new model is based on the Optimal Velocity (OV) model and its
extended models. The stability condition of the model is obtained by using the linear
stability theory. Through nonlinear analysis, the modified Korteweg-de Vries equation
is constructed and solved, and the traffic flow is classified into three types, i.e. stable,
metastable, and unstable. The jam phase can thus be described by the kink-antikink
soliton solution for the mKdV equation. The numerical simulation results show that
compared with previous models considering only one of the ITS information, the pro-
posed model can suppress traffic jams more efficiently when both headway and veloc-
ity difference of arbitrary preceding cars are taken into account. The results of numer-
ical simulation coincide with the theoretical ones.

PACS: 05.70.Fh, 05.70.Jk
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1 Introduction

Traffic phenomena have attracted much attention from physicists in recent years. Many
studies have been conducted with different traffic models, such as the cellular automaton
models, car-following models, hydrodynamic models and gas kinetic models [1, 2]. The
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car-following model is one of the most important microscopic models that depict the
motion of cars by differential equations. In 1995, Bando et al. [3] proposed the optimal
velocity (OV) model which can describe many nonlinear characteristics of traffic flow,
such as nonequilibrium traffic flow, jam formation and stop and go waves, and thus
attracted much attention [4–7]. Generally, it is important to enhance the stability of traffic
flow to avoid traffic jams.

Recently, with the development of the intelligent transportation system (ITS), the traf-
fic control system has been utilized as a part of ITS, and drivers can receive information
of other cars on the roads. Several traffic flow models have been proposed involving
the use of ITS information [8–15] to enhance the stability of traffic flow. Nagatani [8]
presented an extended car following model by taking into account the car interaction of
before the next car ahead. Nakayama et al. [9] discussed the improvement of stability
when a driver looks at the car that follows. Lenz et al. [10] extended the OV model by
incorporating interactions of multiple cars ahead. Ge et al. [12–14] presented another car
following model that incorporates the headways of arbitrary preceding cars. Hasebe et
al. [11] proposed a fully extended OV model by taking into account the information of
arbitrary cars that precede or follow. However, all of the above models considered only
the interactions induced by the headways. On the other hand, based on the full velocity
difference (FVD) model [5] (which is an extended OV model by introducing the velocity
difference term), Wang et al. [15] presented the multiple velocity difference (MVD) model
to improve the stability of traffic flow.

Previous studies indicate that the headway or velocity difference can stabilize the traf-
fic flow. However, all existing models are only subject to one type of the ITS information,
either headway or velocity difference of other cars. It is expected that the traffic flow
can be more stable by simultaneously introducing both two types of the ITS information.
Thus based on the OV model and its related models, an extended car-following model by
incorporating both headways and velocity difference of multiple preceding cars, called
multiple headway and velocity difference (MHVD) model, is presented in this paper. We
then give the stability condition of the model by using the linear stability theory. More-
over, the nonlinear analysis is applied to derive the modified Korteweg-de Vries (mKdV)
equation near the critical point, and its kink-antikink soliton solution to describe the traf-
fic jam is also obtained. Numerical simulation is carried out to validate the theoretical
analysis. Comparisons between previous models considering only one type of the ITS
information and the proposed model here are made. The results show that in our model
the stability of traffic flow is clearly enhanced when multiple ITS information is consid-
ered.

This paper is organized as follows: in Section 2, the OV model and two of its extended
models are reviewed, and the MHVD model is presented. In Section 3 linear stability
analysis is applied to the MHVD model. Nonlinear analysis of the model is given in
Section 4. The property of our model is investigated using numerical methods in Section
5. Conclusions are summarized in the final section.
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2 Models

It is necessary to review the optimal velocity (OV) model and some of its extended mod-
els before presenting the new model. The dynamic equation of the OV model is [3],

d2xn(t)

dt2
= a[V(∆xn(t))−vn(t)], (n=1,2,··· ,N), (2.1)

where xn(t) and xn+1(t) are the positions of cars n and its front car n+1 at time t,

∆xn(t)= xn+1(t)−xn(t)

is the headway of car n, vn(t) = dxn(t)/dt is the velocity of car n, V(·) is the optimal
velocity function, a is the sensitivity parameter, and N is the total car number on the
road. With the development of new technologies, Hasebe et al. [11] proposed an extended
OV model applicable to cooperative driving control system incorporating the headway
information of arbitrary number of cars that precede or follow. The model is formulated
as,

d2xn(t)

dt2
= a
[

V(∆xn+p+(t),··· ,∆xn+1(t),∆xn(t),∆xn−1(t),··· ,∆xn−p−(t))−vn(t)
]

, (2.2)

where ∆xn+p+(t),··· ,∆xn+1(t) are headways of the cars ahead the n car, and ∆xn−1(t),··· ,
∆xn−p−(t) are headways of the cars that follow. The model with p+ = p− = 0 is the OV
model. They pointed out that the headway information of preceding cars as well as the
following ones can improve the stability of traffic flow.

Recently, based on the OV and its extended models, Wang et al. [15] proposed another
car following model incorporating multiple velocity difference of preceding cars. The
differential equation of the model is given as

d2xn(t)

dt2
= a[V(∆xn(t))−vn(t)]+

q

∑
j=1

κj∆vn+j−1(t), (2.3)

where
∆vn+j−1(t)=vn+j(t)−vn+j−1(t),

and κj are the coefficients of velocity difference. They pointed out that the critical value of
the sensitivity in the MVD model decreases and the stable region is apparently enlarged
when the information of multiple preceding cars is considered.

The previous studies show that the headways or velocity difference can be helpful to
enhance the stability of traffic flow. We expect that if both the information of multiple
headway and velocity difference are used at the same time, then the stability of traffic
can be further improved. Thus the multiple headway and velocity difference (MHVD)
model is presented here. The differential equation is given as

d2xn(t)

dt2
= a
[

V(∆xn(t),∆xn+1(t),··· ,∆xn+p−1(t))−vn(t)
]

+
q

∑
j=1

κj∆vn+j−1(t), (2.4)
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where a = 1/τ is the sensitivity parameter, and κj = λj/τ is the coefficient of velocity
difference, p and q are the number of preceding cars considered. Generally, p is equal
to q. However, to compare with the previous works, we select them optionally in our
model. The first term on the right side of Eq. (2.4) denotes stimulus to a driver about the
difference between the optimal velocity and the current velocity, and the second term on
the right side of Eq. (2.4) denotes stimulus to a driver about velocity difference of multiple
preceding cars. In this paper, the boundary conditions are assumed to be periodic. The
optimal velocity V(·) depending on the car headways is,

V(∆xn(t),∆xn+1(t),··· ,∆xn+p−1(t))=V

(

p

∑
l=1

βl∆xn+l−1(t)

)

, (2.5)

where βl is the weighted function of ∆xn+l−1(t). It is assumed that βl decreases with the
increase of l, which means the effect of headway decreases with the increase of preceding
car number. The optimal velocity function is selected similar to that in Ref. [3]:

V

(

p

∑
l=1

βl∆xn+l−1(t)

)

=
1

2
vmax

[

tanh

(

p

∑
l=1

βl∆xn+l−1(t)−hc

)

+tanh(hc)

]

, (2.6)

where vmax is the maximal velocity, and hc is the safety distance.

3 Linear stability analysis

The method of linear stability is applied to the MHVD model. Let ac(θ) to be the critical
value of a for the Fourier-mode exp(iθn+iωt), where θ =2πk/N, (k=0,1,2,··· ,N−1), N
is the total car number. It is (see the derivation in Appendix A)

ac(θ)=ω2

[

ω
q

∑
j=1

λj

(

sin(θ j)−sinθ(j−1)
)

−V ′(h)
p

∑
l=1

βl

(

cos(θl)−cosθ(l−1)
)

]−1

, (3.1)

where h is the constant headway when the traffic flow is stable, and ω is

ω =V ′(h)
p

∑
l=1

βl

(

sin(θl)−sinθ(l−1)
)

(

1−
q

∑
j=1

λj

(

cos(θ j)−cosθ(j−1)
)

)−1

. (3.2)

For the following analysis and numerical simulation, we take the parameters βl (similar
to Ge et al. [12]) and λj (similar to Li et al. [22]) of the MHVD model as

βl =











6

7l
l 6= p,

1

7p−1
l = p,

(3.3)
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and
λj =λ0(1/5)j, (j=1,2,··· ,q), (3.4)

where
p

∑
l=1

βl =1, βl =1 for p=1,

λ0 is a constant parameter. From numerical calculation of Eq. (3.1) with (3.3)-(3.4), it can
be found that ac(θ) reaches its maximum value as θ→0. Thus the neutral stable line can
be given as

a=2V ′(h)

(

p

∑
l=1

βl(2l−1)+2
q

∑
j=1

λj

)−1

. (3.5)

For small disturbances of long wavelengths, the uniform traffic flow is stable if

a>2V ′(h)

(

p

∑
l=1

βl(2l−1)+2
q

∑
j=1

λj

)−1

. (3.6)

When λj=0, (j=1,2,··· ,q), the MHVD model is equal to the model proposed by Hasebe et
al. [11] with p−=0 (where p− is the number of behind cars), and Eq. (3.6) can be rewritten
as

a>2V ′(h)

(

p

∑
l=1

βl(2l−1)

)−1

. (3.7)

From Eqs. (3.6)-(3.7), it can be found that the stability region of the MHVD model is
further enlarged when both two types of the ITS information are considered.

The MHVD model is simplified to the MVD model for p=1 and βl =1. In this case,
Eq. (3.6) can be rewritten as

a>2V ′(h)

(

1+2
q

∑
j=1

λj

)−1

. (3.8)

From Eqs. (3.6) and (3.8), it can be found that the stability condition of the MHVD model
can be satisfied more easily than the MVD model, due to the introduction of the multiple
ITS information.

The neutral stability curves in the parameter space (∆x,a) are shown in Fig. 1. The
curves are obtained based on Eq. (3.5), which are the critical boundaries of the linear
stability regions. Obviously, there exist the critical points (ac,hc) for the neutral stability
subject to different sets of (p,q). From Fig.1, it can be seen that the critical points and the
neutral stability curves are lowered as the information of more preceding cars is taken
into account, which means the stability condition of the uniform traffic flow has been
strengthened. Assume that s denotes the number of cars taken into account. In the fol-
lowing, the cases with identical s will be compared. For s = 1, the curve of (p,q)= (1,1)
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Figure 1: Phase diagram in the headway-sensitivity space. The solid lines represent neutral stability curves
defined by Eq. (3.5) (which are the critical boundaries of the linear stable regions), and the dotted lines indicate
the coexisting curves. For each set of (p,q), the plane is divided into three regions by the solid line and dotted
line: stable region above the dotted line, metastable region between the solid line and the dotted line (metastable
state is the state under that there exists a critical amplitude for the formation of traffic jams), and unstable
region below the solid line. (vmax =2, hc =4, λ0 =2).

is below the curve of (p,q)= (1,0), meaning that the case of considering both two types
of information has more efficient effect on the traffic stability than that using only one
of them when the same amount of preceding cars are taken into account. Compared
with the cases of s=2, with for example (p,q)=(2,2) and (p,q)=(2,0), (p,q)=(2,2) and
(p,q)=(1,2), and s=3, with for example (p,q)=(3,3) and (p,q)=(3,0), (p,q)=(3,3) and
(p,q)=(1,3), similar results can be obtained.

4 Nonlinear analysis

In recent years, some researchers have investigated the traffic jam by using nonlinear
analysis. Kurtz and Hong [16] derived the Korteweg-de Vries (KdV) equation from the
hydrodynamic model and show that the traffic soliton appears near the neutral stability
line. Komatsu and Sasa [17] deduced the modified KdV (mKdV) equation from the OV
model proposed by Bando et al. [3]. Nagatani [18] derived the mKdV equation based
on a hydrodynamic model. In [8], Nagatani also investigated a car following model by
nonlinear analysis and derived the mKdV equation. Ge et al. [12] used the nonlinear
analysis base on another car following model incorporating the ITS information. In this
paper, the method of nonlinear analysis is applied to the MHVD model. Consequently,
the slowly varying behavior for long waves in the stable and unstable regions can be
obtained.
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First, slow scales for the space variable n and the time variable t are introduced. De-
fine the slow variable X and T as follows:

X = ε(n+bt), (4.1)

T = ε3t, (4.2)

where 0< ε≪1, b is a constant to be determined. Let

∆xn(t)=hc+εR(X,T). (4.3)

Substituting Eq. (2.6) into Eq. (2.4) and reorganizing the resulting equation gives

d2(∆x(t))

dt2
= a

[

V

(

p

∑
l=1

βl∆xn+l(t)

)

−V

(

p

∑
l=1

βl∆xn+l−1(t)

)

− d(∆xn(t))

dt

]

+
q

∑
j=1

κj

[

d(∆xn+j(t))

dt
−

d(∆xn+j−1(t))

dt

]

. (4.4)

Then from nonlinear analysis (see Appendix B), we obtain

∂T R′−∂3
X R′+∂XR′3+εM[R′]=0, (4.5)

where T′= g1T, R=
√

g1/g2R′, and

M[R′]= g1
−1/2

(

g3∂2
X R′+

g1g5

g2
∂2

X R′3+g4∂4
X R′

)

, (4.6)

where

V ′=
dV(∆xn)

d∆xn

∣

∣

∣

∆xn=hc

=V ′(hc), V ′′′=
d3V(∆xn)

d∆x3
n

∣

∣

∣

∆xn=hc

=V ′′′(hc), (4.7)

and

g1 =
1

6
V ′

p

∑
l=1

βl(3l2−3l+1)+
1

2

q

∑
j=1

(

κj(2j−1)V ′/ac

)

, (4.8a)

g2 =−1

6
V ′′′, g3 =

1

2
V ′

p

∑
l−1

βl(2l−1), (4.8b)

g4 =

(

2V ′

ac
−

q

∑
j=1

κj

ac

)[

1

6
V ′

p

∑
l=1

βl(3l2−3l+1)+
1

2

q

∑
j=1

(

κj(2j−1)V ′/ac

)

]

+

[

− 1

24
V ′

p

∑
l=1

βl(4l3−6l2+4l−1)− 1

6

q

∑
j=1

κjV
′(3j2−3j+1)/ac

]

, (4.8c)

g5 =− 1

12
V ′′′
(

p

∑
l=1

βl(2l−1)−4V ′/ac−2
q

∑
j=1

κj

)

. (4.8d)
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Eq. (4.5) is the modified KdV equation with an o(ε) correction term. First, we ignore the
o(ε) term in Eq. (4.5) and get the mKdV equation with the kink-antikink soliton solution

R′
o(X,T′)=

√
ctanh

√

c

2
(X−cT′), (4.9)

where c is the propagation velocity. In order to determine c for the solution of Eq. (4.5),
the following requirement must be satisfied:

(R′
o,M[R′

o])=
∫ +∞

−∞
dXR′

o(X,T′)M[R′
o(X,T′)]=0, (4.10)

where M[R′
o]= M[R′]. By solving the above equation, we obtain

c=5g2g3/(2g2g4−3g1g5). (4.11)

Hence, the kink-antikink soliton solution is of the form

R(X,T)=

[(

−V ′
p

∑
l=1

βl(3l2−3l+1)+3
q

∑
j=1

(

κj(2j−1)
V ′

ac

)

)

c

V ′′′

]1/2

tanh

√

c

2

×
[

X−cT

(

1

6
V ′

p

∑
l=1

βl(3l2−3l+1)+
1

2

q

∑
j=1

(

κj(2j−1)
V ′

ac

)

)]

. (4.12)

Here the amplitude A of the solution is

A=

(

( ac

a
−1
)

[

V ′
p

∑
l=1

βl(3l3−3l+1)+3
q

∑
j=1

(

κj(2j−1)
V ′

ac

)

]

c

−V ′′′

)1/2

, (4.13)

where

ac =

(

2V
′
(hc)−2

q

∑
j=1

κj

)(

p

∑
l=1

βl(2l−1)

)−1

.

The kink solution represents the coexisting phase which includes both freely moving
phase and jamming phase, and the headways of the two phases are given by ∆x=hc +A
and ∆x=hc−A, respectively. According to these, we can depict the coexisting curves in
the plane (∆x,a), as shown by dotted lines in Fig. 1.

Fig. 1 is the phase diagram in the headway-sensitivity space. For each set of (p,q),
the plane is divided into three regions by the solid line (representing the neutral stability
curve) and the dotted line (representing the coexisting curve): the part above the dot-
ted line is the stable region, the part between the solid line and the dotted line is the
metastable region, and the part below the solid line is the unstable region. From Fig. 1,
it can be seen that both the neutral stability curve and the coexisting curve decrease with
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Figure 2: Space-time evolution of the headways after t = 10000s. The patterns (a)-(f) are for the coexisting
phases which corresponding to the cases of (p,q)=(1,0), (2,0), (3,0), (1,1), (1,2) and (1,3) respectively.

the increase of p or q, which means the stable regions are enlarged, and the unstable re-
gions are reduced when the information of more preceding cars are taken into account. In
addition, the cases with identical s (which is the number of cars taken into account) will
be compared in the following. Compared with (p,q) = (1,1) and (p,q) = (1,0), it can be
seen that both the neutral stability curve and the coexisting curve are decreased, mean-
ing that the stable region is enlarged, and the unstable region is reduced; compared with
(p,q)=(2,2) and (p,q)=(2,0), (p,q)=(2,2) and (p,q)=(1,2), (p,q)=(3,3) and (p,q)=(3,0),
(p,q) = (3,3) and (p,q) = (1,3), the same results can be obtained. We can thus conclude
that the case considering both types of the ITS information has a more efficient effect on
the traffic stability than that considering only one of them.
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Figure 3: Space-time evolution of the headways after t = 10000s. The patterns are for freely moving phase
corresponding to the cases of (p,q)=(2,2) and (3,3) respectively.

5 Numerical results

In this section, to validate the results of the theoretical analysis, numerical simulation
is carried out for the MHVD model described by Eq. (2.4). The periodical boundary
conditions are used. The initial conditions are given as follows: ∆x = 4 for n 6= 50,51,
∆x=4−0.5 for n=50, and ∆x=4+0.5 for n=51, where the total number of cars is N=100.
The safety distance is hc = 4, and other input parameters are a = 1.0, λ0 = 2, vmax = 2.
According to the results of the stability analysis above, the traffic flow is unstable when
(p,q)=(1,0), (2,0), (3,0), (1,1), (1,2) and (1,3); and is stable when (p,q)=(2,2) and (3,3).

Fig. 2 shows the space-time evolution of the headways for different sets of (p,q). In
Fig. 2, the traffic flow is unstable because the stability condition Eq. (3.6) is unsatisfied.
When small disturbances are added to the uniform traffic flow, they are amplified with
time and the uniform flow changes finally to inhomogeneous traffic flow.

In Fig. 3, the disturbances disappear and the traffic flow becomes uniform over the
whole space. In addition, for fixed q=0, the traffic jams abate gradually for Fig. 2 (a)-(c)
with the increase values of p; similarly, for fixed p = 1, the traffic jams abate obviously
for Fig. 2 (d)-(f) with the increase values of q. Furthermore, the traffic jams completely
disappear for Fig. 3. It thus can be concluded that the traffic jam can be suppressed more
effectively by taking into account both ITS information of headway and velocity differ-
ence than by considering only one of them. In Fig. 2, the kink-antikink soliton solution
appears as traffic jam and the density waves propagate backwards. The simulation re-
sults are in good agreement with the analytical ones.

6 Summary

Based on the OV model and its extended models, the multiple headway and velocity
difference (MHVD) model has been proposed by considering the multiple ITS informa-
tion. The traffic nature has been analyzed analytically by using the linear and nonlinear
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analysis. The mKdV equation has been derived to describe the traffic behavior near the
critical point, and the traffic flows are classified into three types, i.e., stable, metastable,
and unstable. Obviously, the stable region is enlarged by taking into account the multiple
ITS information of preceding cars. The simulation results show that the traffic jams can
be suppressed more effectively in our model with both ITS information of headway and
velocity difference than those with only one of them, which are in good agreement with
the analytical ones.

Of course, it will take a long time for the cars to use ITS widely, and the mixed traffic
flow consisting of intelligent cars and usual cars will be last for a long period. For this
reason, further study on the mixed traffic flow is needed [20, 21].
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A Appendix to Section 3

Here we derive some formulas given in Section 3. Substituting Eq. (2.5) into Eq. (2.4), we
rewrite the resulting equation as

d2xn(t)

dt2
= a

[

V

(

p

∑
l=1

βl∆xn+l−1(t)

)

−vn(t)

]

+
q

∑
j=1

κj∆vn+j−1(t). (A.1)

It is obvious that the uniform traffic flow, i.e., the car moves with constant headway and
the optimal velocity V(h,h,··· ,h), is the steady-state solution of Eq. (2.4), given by

x0
n(t)=hn+V(h,h,··· ,h)t with h= L/N, (A.2)

where N is the total number of cars, and L is the road length. Suppose yn(t) is a small
deviation from the steady-state solution x0

n(t), i.e.,

xn(t)= x0
n(t)+yn(t). (A.3)

Substituting Eq. (A.3) into Eq. (A.1) and linearizing the resulting equation yield

d2yn(t)

dt2
= a

[

V ′(h)
p

∑
l=1

βl(yn+l−yn+l−1)−
dyn(t)

dt

]

+
q

∑
j=1

κj

(

dyn+j(t)

dt
−

dyn+j−1(t)

dt

)

, (A.4)

where

V ′(h)=
dV(∆xn)

d∆xn

∣

∣

∣

∆xn=h
.
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Expanding yn(t) in the Fourier-modes, i.e.,

yn(t)=exp(iθn+iωt),

where θ =2πk/N, (k=0,1,··· ,N−1), N is the total car number. We obtain

ω2+a

(

V ′
p

∑
l=1

βl exp(iθ)(1−exp(−iθ))−iω

)

+iω
q

∑
j=1

κj exp(iθ j)(1−exp(−iθ))=0. (A.5)

In the following, we study the condition under which Eq. (A.5) has real valued solution
ω. Let ac(θ) be the critical value of a, such that three different cases of the Fourier-mode
exp(iθn+iωt) can be classified, i.e., for a = ac(θ) the mode is marginal (ℑω(θ) = 0), for
a>ac(θ) the mode is stable (ℑω(θ)>0) and for a=ac(θ) the mode is unstable (ℑω(θ)<0).

The real part and imaginary part of Eq. (A.5) can be given as

ω2−ω
q

∑
j=1

κj

(

sin(θ j)−sinθ(j−1)
)

+ac(θ)V ′
p

∑
l=1

βl

(

cos(θl)−cosθ(l−1)
)

=0, (A.6)

ωac(θ)−ω
q

∑
j=1

κj

(

cos(θ j)−cosθ(j−1)
)

−ac(θ)V ′
p

∑
l=1

βl

(

sin(θl)−sinθ(l−1)
)

=0. (A.7)

Let κj =λj/τ =λja, (j=0,1,··· ,q). It follows from Eqs. (A.6) and (A.7) that Eqs. (3.1) and
(3.2) can be obtained.

The system is stable if and only if a> ac(θ). From numerical calculations for Eq. (3.1)
in the case of Eqs. (3.3) and (3.4), it can be found that ac(θ) has maximum value at θ→0.
The longest wave-length mode is most unstable in this case. Thus the neutral stable line
can be given by (3.5) and the stability condition of the system can also be given by (3.6).

B Appendix to Section 4

Substituting Eqs. (4.1)-(4.3) into Eq. (4.4), and making the Taylor expansions to the fifth
order of ε, we obtain the following nonlinear partial differential equation:

ε2(b−V ′)∂X R+ε3

[

b2

a
− 1

2
V ′

p

∑
l=1

βl(2l−1)−
q

∑
j=1

(

κj
b

a

)

]

∂2
X R

+ε4

{

∂T R+

[

−1

6
V ′

p

∑
l=1

βl

(

3l2−3l+1
)

− 1

2

q

∑
j=1

(

κj(2j−1)
b

a

)

]

∂3
X R− 1

6
V ′′′∂X R3

}

+ε5

{(

2b

a
−

q

∑
j=1

κj

a

)

∂X R∂TR+

[

− 1

24
V ′

p

∑
l=1

βl(4l3−6l2+4l−1)

− 1

24

q

∑
j=1

κj

(

(3j2−3j+1)
b

a

)

]

∂4
XR− 1

12
V ′′′

p

∑
l=1

βl(2l−1)∂2
X R3

}

=0, (B.1)
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where

V ′=
dV(∆xn)

d∆xn

∣

∣

∣

∆xn=hc

=V ′(hc), V ′′′=
d3V(∆xn)

d∆x3
n

∣

∣

∣

∆xn=hc

=V ′′′(hc).

Near the critical point (hc,ac), with b=V ′, ac =(1+ε2a), where

ac =

(

2V ′(hc)−2
q

∑
j=1

κj

)

/

(

p

∑
l=1

βl(2l−1)

)

,

Eq. (B.1) can be simplified as

ε4
[

∂TR−g1∂3
X R+g2∂XR3

]

+ε5
[

g3∂2
X R+g4∂4

XR+g5∂2
X R3

]

=0, (B.2)

where g1,··· ,g5 are given by (4.8). In order to get the standard mKdV equation, we use
the transformations

T′= g1T, R=

√

g1

g2
R′. (B.3)

Substituting Eq. (B.3) into Eq. (B.2), we obtain the regularized equation

∂T R′−∂3
X R′+∂XR′3+εM[R′]=0, (B.4)

where M[R′] is given by (4.6). Eq. (B.4) is the modified KdV equation with an o(ε) correc-
tion term.
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