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Abstract. We investigate problems of fluid structure interaction type and aim for a
formulation that leads to a well posed problem and a stable numerical procedure. Our
first objective is to investigate if the generally accepted formulations of the fluid struc-
ture interaction problem are the only possible ones. Our second objective is to derive
a stable numerical coupling. To accomplish that we will use a weak coupling proce-
dure and employ summation-by-parts operators and penalty terms. We compare the
weak coupling with other common procedures. We also study the effect of high order
accurate schemes. In multiple dimensions this is a formidable task and we start by in-
vestigating the simplest possible model problem available. As a flow model we use the
linearized Euler equations in one dimension and as the structure model we consider a
spring.
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1 Introduction

Fluid structure interaction (FSI) problems occur in many different areas including aerody-
namics [2,4,8], acoustics [3,7,24] and medicine [9,12,14,15]. The specific FSI phenomenon
called aerodynamic flutter is very dangerous and can cause accidents. It deserves atten-
tion in its own right, but it is also an example of a problem where most of the activity is
due to the interaction between two separate physical problems.
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Unless the coupling between these two problems is well posed and stable, either un-
physical growth or damping can occur. (Some formulations try to avoid or decrease
the coupling problem, see, e.g., [10]). The unphysical growth could result in expensive
counter measures while the unphysical damping can provide a false sense of safety. We
will investigate well-posedness and stability in detail and due to the complexity, we will
start in one dimension and focus on the spatial problem.

First we investigate if the generally accepted formulation of the FSI problem is the
only possible one (uniqueness) and such that it does not generate artificial energy growth.
In short we will make sure that the coupling is well posed (see [11] for various concepts
of well-posedness). Next, given that the problem is well posed, we will make sure that
the numerical approximation is accurate and stable. We will study both the linear and
non-linear problem.

The rest of the paper proceeds as follows. In Section 2 we formulate the problem
mathematically. Section 3 deals with the linear problem and well-posedness while the
non-linear problem is discussed in Section 4. In Section 5 we construct stable approxima-
tions for the linear semi-discrete approximation and describe the non-linear approxima-
tion. Section 6 presents the numerical experiments and conclusions are drawn in Section
7.

2 Mathematical formulation

Our model problem is schematically depicted in Fig. 1. The flow part to the left of x;(t)
influence the structural part to the right and vice versa. The governing equations for the
flow problem are the symmetric and linearized Euler equations in one dimension

Ui+ AU, =0, 0<x<x(t), 2.1)

where

i /YT 0

A=/ a e |, u=
_ 'y_—] _
0 Cy/ > 1l

In (2.2), p, u and T represents the perturbation from the mean value of the density (p),
velocity (71) and temperature (T) respectively. Furthermore, ¢,Ms, and 7 stands for the
speed of sound at reference state, the Mach number at reference state and the ratio of
specific heats. The equation of state is p=¢c%p/y+pT/(yM2). For more details on how
to obtain (2.1), (2.2), see [1,19].

To simplify the analysis we transform equation (2.1) to a fixed domain using ¢ =x/x;
and T=t. We get

ut o/ Y
u? } = { cou ] .22
pT//y(y—1)M3,

X1<T)UT+<A—€5C1)U§IO, 0§§§1 (23)
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Figure 1: A one-dimensional flow problem interacting with a spring.

The structural model, the spring equation, is given by
mAx+bAx+kAx=f(U), (2.4)

where Ax = x;(t) —xg, xg =1 being the equilibrium position of the spring. m >0 is the
mass of the “surface” of the spring, b >0 is the damping friction coefficient and k >0 is
the spring constant. f(U) is the net external force imposed by the flow. Let V= [V} V,]T =
[Ax %1]T and rewrite (2.4) on first order system form as

MV;+KV=F(U), (2.5)

wfba) ) el e

Eq. (2.5) governs the structural part of the FSI problem.

Egs. (2.3) and (2.5) must be coupled in order to describe the FSI problem correctly.
One of the coupling terms is the forcing function F(U) in (2.5). The other is the boundary
condition for the flow equation (2.3) at { =1 which we formulate as

where

BU=GV. (2.7)

The final form of the non-linear problem in terms of the dependent variables U and V
(and changing notation from 7 to t) are

(T+ V) Ui+ (A—EVa)Us =0, 0<&<1,
MV;+KV=F(U), ¢=1, (2.8)
BU=GYV, E=1.

The problem (2.8) describes the coupling problem with the unknown forcing function
F(U) and coupling condition BU = GV. Boundary conditions at the left boundary and
initial conditions must also be supplied. The linearized version of (2.8) is obtained by
letting Vi =V, =0 in the first equation.

We will consider both the linear and non-linear version of (2.8). The two versions
differ at the right boundary where the coupling occurs but require the same treatment at
the left boundary.
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2.1 Well posed problems

We will use the energy method as our main analysis tool and derive an equation for the
energy-rate. We will give well posed boundary conditions at the left boundary but really
focus on the interface coupling at the right boundary. At that boundary no external data is
provided and for that reason, the following definition for well-posedness is appropriate.

Definition 2.1. The continuous problem (2.8) with homogeneous boundary conditions at the left
boundary is well posed if a minimal number of boundary and coupling conditions are used and

d
ZlIvlz=o, (29)

where W= (U,V)T and |W|3= fol WTWdE. The equality sign can only be valid if the damping
in the structure problem is zero (b=0).

Remark 2.1. Definition 2.1 does not allow for temporal solution growth, as would be
necessary in order to bound arbitrary source terms, boundary data and non-linear terms.
However, the only source of growth (both in the linear and non-linear case) in (2.8) is the
coupling procedure at the interface. Our definition is therefore well suited for establish-
ing well posedness of the coupling procedure, our primary goal. See [5] for a similar use
of this definition.

Remark 2.2. Note that time integration of (2.9) leads to an estimate of the solution in
terms of initial data and leads to the standard form of well posedness where the boundary
data and forcing functions are assumed zero. See [11] for a discussion of various versions
of well posedness.

Remark 2.3. The inequality (2.9) implies that the spatial operator in (2.8) is semi-bounded,
see [11] for a discussion on semi-boundedness.
2.2 Well posed boundary condition at the left boundary

We use the energy method on the linear version of the first equation in (2.8) to arrive at
the estimate

d -1 (upe+p)?  _(upc—p)?\ 5=1 o =1
Euuugz—uTAu@_O:—(c( p2 Py _(upi=p) >‘ =—22pup|i (210)

2 &=0

We have used || ll||%:f01 uTudg, i=0 (zero mean flow) and p=2c2p/y+pT/(yM2%). Con-
sider the left boundary at { =0. In general, a set of well posed boundary conditions are
obtained by specifying the ingoing characteristic variable as a function of the outgoing
variables and data on the boundary. In this case we use

(upc+p) =a(upc—p)+g(t), (2.11)
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which in the other variables become

(1+zx)\g, (1-a), (1+a), /’%1] . (2.12)

urAul,_,= %(wz—l)f(uﬁf—l?)z(

LU=g(t), L=

With ¢(#) =0 we obtain

g=0

which implies that —1 <a <1 to obtain a non-positive contribution in line with Definition
2.1. The most appealing choices of a is 0,—1 and +1, since that corresponds to giving
boundary data to upc+p, u and p respectively.

3 The linear problem and well-posedness

We will derive the coupling conditions at the right boundary for the linear problem in
two distinctly different ways and start with the more conventional technique.
3.1 Physical coupling approach at the right boundary

The flow is adjacent to the spring which means that the velocity of the flow is equal to the
velocity of the spring, i.e., u(1,t) = x;. The external force from the flow onto the spring is
apy, where a is the surface size (for simplicity we use a=1) and p; is the pressure at { =1.
In summary the coupling conditions derived by physical reasoning are

u(lt)=x, f=plt). (3.1)

To make sure that the conditions in (3.1) are reasonable we must investigate well-posedness.
If we multiply the second equation in (2.8) by VT we obtain

d
FlIVIi=2vaf-2bv7, (3.2)

where
V|2 =kVZ+mVZ.

A linear combination of the estimates (2.10) and (3.2), the coupling (3.1), and ignoring
terms at ¢ =0 leads to,

d
T (IUl3+0]|V]]F) = —UTAUe=1 +6(2Va f —20V5)
=2 p1(—2°p+0) —26bx3. (3.3)

With 2¢2p =6 we cancel the indefinite term and arrive at a well posed coupling.
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3.2 Mathematical coupling approach at the right boundary

In this section we will replace the specific physical coupling assumption (3.1) and only
assume that the coupling conditions are linear relations, i.e.,

fU)=a"U, o« =lay,a,a3], (3.4)
BU=BTU=GV=1"V, BT=[B1,p2psl, 7 =[r,72). (3.5)

Our objective is to see if we automatically arrive at the correct coupling conditions by
demanding well-posedness.

The energy-method applied to the linear version of (2.8), ignoring terms at ¢ =0 and
a linear combination of the results lead to

d
= (IUlB+oVIR) = —uT AUy +26(f Va=bV3). (3.6)

The absence of V; implies that we can take 1 =0 and 7y, =1. This means that we can
solve for Vo, = %7 in terms of U and arrive at

%(HuH%MHVH%) = —U"[A—6(Ba" +apT)U—266U" BET UL (3.7)

For zero damping (b = 0) in the system, the symmetric matrix [A—&(Ba’ +aBT)] must
vanish for well-posedness. We have the condition

—2(5061‘31 5/ﬁ—5(0€1ﬁ2+0&2ﬁ1) —(5(0&1‘33-1-063‘51)
¢/\/rY—o(ar1fa+azpB1) —20a282 5\/7771—5(062/334-043/32) —0.
—d(a1B3+aspi) cy/ 77_1 —6(a2B3+a3p2) —200383
By inspection we find that the boundary matrix [A—&(Ba’ +aBT)] vanish for
1 ¢ 1 [y-1
ary=B1=pB3=0, a1=——, a3=—"C4) —— 3.8
2=p1=P3 =8 YT 5 (3.8)
or
o e L 1yl
B2=wa1=a3=0, ,31—5“2\/7 ,33—5“2C _— (3.9)

The relations in (3.8) and (3.9) lead to the following two alternative forms of coupling
conditions

= (e, fm (L o (g0, [ (L
X1 =(B2pc)u, f= (5ﬁ2>r) or x1=(apl)p, f= <5a2)u. (3.10)

The two relations in (3.10) are obtained without any physical knowledge at all.
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To sort out the correct formulation we must add the requirement that the fluid is
adjacent to the spring, i.e., u =x;. That condition removes the second set of conditions in
(3.9) and leads to the scaling 8, =1/(p¢). The choice 6 =p¢? yield f=p.

Both the physical and mathematical coupling approach lead to the following formu-
lation for the relations f(U) and BU =GV in terms of the matrices a”,8T and 7T as,

AR N = P

We summarize the result so far for the linear problem (2.8) in the following proposi-
tion.

_aT_ o L T
- - 0/ pE’ O:|/ G—’)/ —[0,1]. (3.11)

Proposition 3.1. The linearized version of (2.8) (obtained by letting Vi =V, =0 in the first
equation) combined with the boundary condition (2.11), (2.12) and the couplmg condition (3.1),
(3.11) is well posed in the sense of Definition 2.1.

Remark 3.1. To arrive at the correct coupling condition (3.1), (3.11) by only demanding
well-posedness was not possible. That lead to two possible versions of coupling condi-
tions in (3.9). The physical condition u = x; (which can be seen as an accuracy require-
ment) had to be imposed in order to sort out the correct version.

Remark 3.2. The left boundary condition (2.11), (2.12) lead to a dissipative boundary
treatment and a well posed problem in the sense of Definition 2.1. Other types of bound-
ary conditions that do not lead to a norm decay are possible, and might lead to a well
posed problem in some other sense.

3.3 The continuous spectrum

In the linear setting with i1 =0 the system (2.1) have one zero eigenvalue and we can
reduce our problem to a 2x2-system where p and T are linearly dependent. We get

&(y—1)M%p—pT = constant.

To simplify further we will keep a linear combination of them, namely the pressure p. We
get the reduced system

wf+< W, =0, wz< ”55 ) (3.12)

a O
S o
N———

which on diagonal form becomes

(@]
a O

1 -
wi+Aw,=0, w= [ P
up

NG } . (3.13)

+p}’ A_[ 0

o
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By Laplace transforming (3.13) we obtain s+ A, =0. The ansatz © = Ye'* leads to
(sI+AA)¥ =0. A non-trivial solution yields

Ma==s/¢, ¥1=[10]T, ¥,=[01]"
and finally
A A c A\ "
Z@IUlT1€ 1X+UQT2€ 2X — ((71€+SX/C,(72€_SX/C> . (314)
The coefficients o7 and o> will be determined by the boundary conditions.

At the left boundary we consider the boundary condition (2.11) with « = +1,—1,0
respectively. That leads to

V2plo=1tn|o—@1|o =00 —01 =41, (3.15)
V2pei|o=1ts|o+d1|o =02 +01 =, (3.16)
(pcit|o+plo)/V2=1)g =02 =§3. (3.17)

At the right boundary we specify the velocity (required for well-posedness), hence
V2pei|y =Wa 1+ |1 = 02e* Ctore’ T = gy =V 2pc V. (3.18)

The data g4 is obtained from the structural part which we consider next.
The Laplace transform of (2.5) yields

Sa I e g P 1
sV-I-[k/m b/m]V_[ﬁh/m} = V_msz+bs+k[5} (3.19)

The boundary conditions (3.18) now yields

s(a|1 —1|1) _ Wo |1 +11)1
V2(ms? +bs+k) V2p¢

= w1\1(1+(p)+w2\1(1—¢):0, (320)

where
¢(s) =pcs/ (ms®+bs+k)
and @1 |1 =01¢° /¢ and Wy|1 = cpe~5/C.
The linear equations system for determining the coefficients ¢q and ¢, can formally
be written

C(s)c=g, (3.21)

where

B —u 1 % | S
C(s)= (1_|_q))es/c‘ (1_¢)e—s/c' }/ U= [ (7; ]r g—[ 0 ] (3.22)
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A unique solution is obtained for

yC(s)\:—(es/5<1+¢)+e*5/5a(1—¢)) £0. (3.23)

The s values that lead to a singular matrix C(s) gives the spectrum or the eigenvalues of
the problem. The value of x =1 corresponds to giving data to p, a =—1to u and a =0
to pcu+p. If the damping of the system is zero (b =0) and data is given to either u or
p, then all eigenvalues will be on the imaginary axis. Each eigenvalue correspond to an
eigenfrequency of the coupled system.

4 The non-linear problem and well-posedness

The full non-linear representation of the flow system is given by (2.3) or equivalently the
first equation in (2.8). The energy method gives

%((Hvl) Huug) =-U"(A-Val3)U|z—1 +UT AU |z—o. (4.1)
In comparison with the linear case, the norm is slightly modified and at the interface
between the fluid and the spring, an additional term V> UTU]ér:l is added on. The condi-
tions at the left boundary is the same as in the linear case. The term VoUT U|z_; is indef-
inite since V, changes sign. This means that the non-linear problem is not well-posed in
the sense of Definition 2.1. We summarize this as follows.

Proposition 4.1. The non-linear problem (2.8) combined with the boundary condition (2.11),
(2.12) and the coupling condition (3.1), (3.11) is not well posed in the sense of Definition 2.1.

Remark 4.1. Note that we do not claim that the non-linear problem (2.8) is ill-posed. It
does not satisfy the requirements in Definition 2.1 and hence it is not well posed in that
sense. However, it might be well posed in some other sense.

5 The semi-discrete approximation and stability

We will do numerical calculations using both the linear and the non-linear equations.
For both cases we will use the linear coupling treatment developed above. With a slight
abuse of notation we use U,V both for the continuous and discrete vectors.

5.1 The semi-discrete linear formulation

The discrete version of the linearized flow equation in (2.8) with the boundary and inter-
face conditions (2.11), (2.12), (3.1), (3.11) imposed as penalty terms is written as

Ui+ (P'QeA) U= (P Ey@IT) (U~ Go)+ (P 'Exy®X) (U~ Gy). (5.1)
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The grid in (5.1) consist of N+1 equidistant grid points and the solution is organized as
U= (Up,Uy, -, Ui+, Un_1,Un)T with U;= (UL, U2 U3);.

We have used a summation-by-parts (SBP) difference operator P~1Q (see [13, 23])
and imposed the boundary conditions weakly using the SAT technique [6]. The SBP
difference operators satisfy the relations

P=PT>0, Q+QT=Enx—Ey=diag(—1,0,---,0,1), (5.2)

and hence they mimic integration by parts perfectly. More details on the weak imposition
of boundary and interface conditions using the SAT technique will be given below. For a
read-up on this technique see [6,17,21,22].

The left penalty term on the right-hand side of (5.1) is connected to the left continuous
boundary condition (LU = g) by the following relations:

(P Ey@IT)(U—Gp) = (P leg®1°) (e} ®L)(U—Gy)
= (P leg@1®) (LUp—g). (5.3)

The boundary condition at the utmost right in (5.3) is defined in (2.12), ep=(1,0,--- ,O,O)T,
eoed = Eo, I1=1L, Go=(g°,0,---,0)7,¢° = (g0,41,42)T and g=Lg". The penalty matrix
IT has an undefined component ° = (7,70,7)) which will be determined by stability
requirements.

The right penalty term on the right-hand side of (5.1) is connected to the right contin-

uous interface condition (BU = GV) by the following relations:
(PIEN®XZ)(U—Gy)= (P len®@TV) (eh ®B)(U—Gy)
= (P ley®tV)(BUN—GV). (5.4)
The interface condition at the utmost right in (5.4) is defined in (3.11), ey = (0,0,---,0,1)7,
eNeIT\, =En,2=1VB, Gny=(0,0,---,0,¢N)T, GV =BgN =V, and gV = (U}\,,pc‘Vz,U?\,)T. The
penalty matrix ¥ has an undefined component ™ = (t}V,7l¥, 7)) which will be deter-
mined by stability requirements.

By multiplying (5.1) with U (P®I3) from the left, adding the transpose and using the
relation (5.2) we obtain

d
aHLIH%JFUT((—EOJFEN)@A)u:zLIOTH(uo—gO)JrzLIITVZ(uN—gN), (5.5)

where ||U||3 = UTPU. For convenience we have introduced the notation P = P®I3. By
adding the estimate for the structure part using the same scaling J as in the continuous
case we find

d
= (Il +olvig)
=Uj AUp+2Ul TI(Up— ") — U{ AUN 42U E (Un — gV ) +25 f Vo — 250V (5.6)
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5.2 The semi-discrete non-linear formulation

In the non-linear discrete case we have an additional matrix operator & which models
the impact of the coordinate ¢. Since the matrices Q and E do not commute we must split
the derivative terms in a symmetric and skew-symmetric part, see [20] for more details.
Consider the first equation in (2.8). We split the term as

1 1
Sl =5 (6Ug) +5 ((EW) - ), 67)
and use the following discrete representations
AU~ (P'Q®A)U, U~ (EP'Q®L)U, (¢U):~ (P 'QE®I)U.
We have used {~E=diag(0,1/N,2/N,---,1). The semi-discrete version of the non-linear
flow equation in (2.8) is written as
1+ V) U+ (P1Q@ AU -V, ((EP‘1Q®13)+ (P 1QE® L) — (1N®13)) u/2
=(P'Ey®IT)(U—Gp)+ (P 'ENy®X)(U—GN). (5.8)
The energy rate is given by multiplying (5.8) from the left by U (P®1I3), adding the

transpose, using (5.2), adding the spring estimate and observing that (1+V;); =V,. We
have

d
(V) UB+8VIR) = Ug AU+ 2UFTI(Us —8°) — UK (A= Va ) Un
+2ULE(Un—gN) +25f Vo —26bV3. (5.9)

The difference between the linear (5.6) and non-linear (5.9) estimates is the form of the
norm and the additional term V5, UIE Uy (the same difference as in the continuous case).

5.3 Stability

We will define stability in a similar manner as we defined well posedness for the contin-
uous problem. We focus on the interface coupling at the right boundary (even though
the imposition of the boundary conditions at the left boundary are also considered). At
that interface no external data is provided and for that reason, the following definition of
stability is appropriate.

Definition 5.1. Consider the linear (5.1) and non-linear (5.8) numerical approximations of the
problem (2.8) with homogeneous boundary conditions at the left boundary. These approximations
are stable if

d
ZIwiE<o, (5:10)

where W= (U, V)T. In the linear case, see (5.6), we have the norm |W||3 = ||U||5+6||V[|3. The
norm in the non-linear case, see (5.9), is [|W||3 = (14+V1)|U||5+8[ V3.
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Remark 5.1. Just as in the continuous case (see Remark 2.1), Definition 5.1 does not allow
for a general temporal solution growth but is well suited for establishing stability of the
coupling procedure. See [5] for a similar use of this definition.

Remark 5.2. Time integration of (5.10) leads to an estimate of the solution in terms of
initial data and the standard form of stability. See Remark 2.2 and [11] for a discussion of
various stability concepts.

Remark 5.3. The inequality (5.10) implies that the spatial operator in (2.8) is semi-bounded,
see Remark 2.3 and [11] for a discussion on semi-boundedness.

5.4 A stable left boundary procedure

Consider the boundary terms (BT) of (5.6) at ¢ =0 and the boundary condition (2.11),
(2.12). By assuming that g(¢) =0 we obtain,

T?Ll T?Lz T?L3
BT=U"(A+IT+11NHU, T=7L=| YL, ©wWL TL;
Tng fng T§L3

Recall that the boundary operator L = (L1,Lp,L3) is a function of the parameter «, see
(2.12), which lead to well posedness if —1 <a < 41. Recall also that « = —1,0,41 corre-
sponds to giving boundary data to upc+p, u and p respectively.

The specific choices of a together with the requirement that BT must be negative
semi-definite lead to the following three penalty coefficients,

L e 5l
_ v - NG v
u_2 ’ p 2 ’ ocu+p —

7—1 [y—1 7—1
y T i y

For stability reasons, the semi-bounded parameter 7 in (5.11) has to be negative semi-
definite for 7,9,’(]9 and less than —1/4 for Tgc—u +p
The penalty coefficients in (5.11) above lead to the following three penalty matrices,

(5.11)

0 _% 0 T% 0 77771
I,=c| 0 T 01, 1m,=¢ _% 0 _1/77*1 , 1<0, (5.12)
_ =t T
0 7 0 T “{;1 0 T”T_l
1 1 vr=1
v Nai v ,
_ Al L [1—1 _ -
ey p=1C 7 1 = |- < 1 (5.13)
1—1 7—1 7—1
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The penalty matrices in (5.12) and (5.13) lead to a stable left boundary treatment for both
the linear and non-linear case. The choice of T on the stability borders (0 for (5.12) and
—1 for (5.13)) give a minimal numerical damping.

5.5 A stable right boundary procedure for the linear case
Consider the coupling terms (CT) at the right boundary where ¢ =1. We have
CT=—-ULAUN+2ULZ(Uyn—gN)+25¢% f Vo —2pE°b V3.

The coupling conditions f = py, ¢V = (Ux,pcVo, UX) T, £=1VB and zero damping (b=0)
lead to

0 ¥/pc 0 0
CT=—2pcunpn+2UL | 0 /pc 0 (U?) Ny —peVs | +256*Vapn
0 ©¥/pc 0 0
=2(un —V2) (—p& pn+ULTY). (5.14)

Clearly, ™ =pc*(1/,/7,0,/(7—1)/7)" leads to CT =0 and a stable boundary treatment
for the right boundary. The final form of X is

0 ¢/ O
0 0 0], (5.15)
0 o/ 0

Remark 5.4. Note the similarity between the matrix elements in the penalty matrices
(5.12), (5.13), (5.15) and the matrix elements of A in (2.2).

Just as in the continuous case (see Theorem 3.1), we summarize the result so far for
the linear approximation in the following proposition.

Y=

Proposition 5.1. The semi-discrete approximation (5.1) of the linear version of (2.8) is stable in
the sense of Definition 5.1 if the penalty matrices (5.12), (5.13) and (5.15) are used to impose the
boundary condition (2.11), (2.12) and the coupling condition (3.1), (3.11), respectively.

Remark 5.5. Just as in the continuous case, see Remark 3.2, other types of less restrictive
stability definitions are of course possible.

5.6 The right boundary procedure in the non-linear case

By applying the exact same procedure (the penalty matrix in (5.15) with the same data)
for the non-linear case we obtain

CT=V,Ul Uy. (5.16)

Clearly this cannot be shown to be stable since the sign of the right-hand-side varies. We
will investigate numerically what this means and come back to this issue.
We summarize the result so far as follows.



1124 J. Nordstrom and S. Eriksson / Commun. Comput. Phys., 8 (2010), pp. 1111-1138

Proposition 5.2. The semi-discrete approximation (5.8) of the non-linear version of (2.8) to-
gether with the penalty matrices (5.12), (5.13) and (5.15) is not stable in the sense of Definition
5.1

Remark 5.6. Note that we do not claim that the approximation (5.8) of the non-linear
problem (2.8) is unstable. It does not satisfy the requirements in Definition 5.1 and hence
it is not stable in that sense. However, it might be stable in some other sense.

6 Numerical simulations

The semi-discrete FSI problem was integrated in time as a large system of ordinary dif-
ferential equation of the form y; = M(t)y+g(t), where y = [U;V] and g(t) includes the
boundary data. To integrate the system in time we used the classical 4th order Runge-
Kutta method. In the linear case, M is a constant (3N +5) x (3N +5) matrix. In the non-
linear case, M = M(t) is slightly modified. The structure of the matrix M depend on the
boundary and coupling conditions. For details, see Appendix A. In all the calculations
below we have used the parameters m=0.1,b=0, k=1, p=¢c=1,1=0, y=14.

6.1 Verification of the numerical approximation

We start by verifying that our numerical approximation (5.1) together with the second
equation in (2.8) is correct by checking it using the method of manufactured solutions.
We construct our manufactured solution such that the interface relation U? = pcV, or
equivalently, u(1,t) = x1(t) is satisfied. Next we insert forcing functions that balance
the residuals from the manufactured solutions on the right-hand-side in the equations.
Finally we compute the L, error in time for the position V; =Ax(t), and plot it against the
number of grid points N in space. The L, error is computed on a grid with # time levels.
As can be seen in Fig. 2, the results converge with the correct orders of accuracy.

We also verify our numerical approximation by making sure that the numerical eigen-
values (or eigenfrequencies) converge to the spectrum of the continuous operator. With
the damping coefficient of the spring b being zero and specifying the pressure p at the
left boundary, the continuous spectra is purely imaginary.

In Fig. 3, the eigenvalues of the linear discrete (second order accurate) operator M are
shown together with the continuous spectra. The position of the continuous eigenvalues
s are marked as dashed lines. The numerical eigenvalues converge to the continuous
ones as the number of grid points increases (plus a number of additional purely numer-
ical eigenvalues). The eigenvalues are purely imaginary and symmetrically distributed
around the real axis (we use the penalty matrix in (5.12) for the pressure p with zero
numerical damping (7=0)). Only the ones with positive imaginary part are shown.

The eigenvectors corresponding to the first four eigenvalues for N =16 are shown in
Fig. 4. Note that the eigenvectors related to the continuous spectrum are smooth while
those related to the purely numerical (spurious) eigenvalues are highly oscillatory.
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Figure 2: Convergence rates obtained using the method of manufactured solutions.
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In Figs. 5 and 6 we show the difference between the second, fourth and sixth order
accurate schemes when computing eigenfrequencies. The higher order ones are more
accurate and converges faster. In Fig. 6 we have only kept the numerical eigenvalues that
converge to the real eigenvalues. The purely numerical ones are removed for clarity, cf.
Fig. 3 where all the eigenvalues are shown.

To further check our numerical scheme we gave the spring a small displacement
(V1(0) =Ax(0) =0.1) as initial data, used the pressure boundary condition with zero data
and recorded the time history of the position x;(¢) of the spring. Fourier transformation
in time gave us the frequency response in Fig. 7. We used the same parameter values
as above and the angular frequencies correspond to the discrete spectra. We also see
the convergence of the numerical spectrum to the continuous one in the sense that the
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amplitude

6
angular frequency,

Figure 7: Frequency response for increasing number of grid-points from an initial small displacement of the
spring. The continuous frequencies are indicated by dashed lines.

frequencies with high amplitudes in the numerical solution correspond to the eigenfre-
quencies of the continuous problem.

6.2 Numerical simulations in the linear case

The calculations so far has been done with the weak penalty implementation of the
boundary and interface conditions. In that case we can prove stability by energy esti-
mates as was done in Sections 5.4 and 5.5 above. This is not the most common way to
implement coupling or boundary conditions. Often, so called strong implementation (or
injection) is used, see [16].

In the injection method, the values of the boundary conditions and coupling condition
are directly given to the appropriate variable. For the coupling procedure this means that
the value of the spring velocity V; is directly given to the velocity of the flow problem as
un = V. With injection, specific numerical boundary conditions must also be employed
(they are pre-computed and integrated in the SBP operator). We have used extrapolation
for both the density and temperature as py =apn_1+PpnN—2 and Ty=aTn_1+BTn—_2. For
first order extrapolation we use x =1, =0, and for second order « =2, = —1.

The effect of the strong boundary procedure along with a stable calculation using the
weak form with SBP operators can be seen in Fig. 8, where the second order extrapola-
tion has been used. At the left boundary we specify the velocity with an amplitude of 0.1
and the frequency w = 7r. Note that 7 is not an eigenfrequency. Clearly the weak treat-
ment with SBP operators is superior. The incorrect boundary treatment for the injection
method leads to an instability that resembles and can be mistaken for flutter.

Next we study the effect of higher order schemes. High order of accuracy is espe-
cially important when dealing with high eigenfrequencies and long time calculations.
Fig. 9 show that quite different results are obtained using second and fourth order accu-
rate methods. The second order method completely misses the long time growth that is
captured by the fourth order accurate method.
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Figure 9: The second order method misses the long time growth of the high frequency mode (w =
5.88659330731852) that is captured by the fourth order accurate method.

6.3 Numerical simulations in the non-linear case

In this section we return to the difference between the linear and non-linear version of the
equations. We start by studying the example shown in Fig. 10. In these calculations we
have used exactly the same boundary and coupling conditions and we are feeding in the
pressure at an eigenfrequency of the linear problem at the left boundary. The time-step
is the same for the linear and non-linear calculation in each figure, but varies from figure
to figure. In Fig. 10 we use At=2/100,2/200,2/300 respectively. In space we use N =64
grid points. The maximum time-step is well below the stability limit for the 4th order
Runge-Kutta scheme applied to the linear problem. We also made sure that the time-step
was continuously monitored and kept sufficiently small for the non-linear case, where
the spectral radius varies with time.
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Figure 10: The linear and non-linear response when feeding in pressure variations at the left boundary at an
eigenfrequency (w = 0.83756479484021) of the linear problem. (a) A large time step, At=2/100, is used; (b)
a medium time step, At=2/200, is used; (c) a small time step, At=2/300, is used.

As expected the linear problem grows linearly in time in all three figures. The non-
linear problem does not. The difference is due to the remaining source term (5.16) which
changes sign in an oscillatory manner. For large and medium time-steps, see Figs. 10(a)
and 10(b), the non-linearity does not cause an explosion, instead the growth compared
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to the linear case is damped. The smallest time-step however, see Fig. 10(c), cause an
unlimited growth and a sudden explosion. Note also the higher frequency content in the
non-linear calculations.

We investigated this phenomena further and the role of the non-linear term (5.16) is
clarified in Fig. 11 where the eigenvalue with maximum real part is shown as a function
of time. The eigenvalues were computed from the matrix in the non-linear equation
(5.8) which is formulated more clearly in (A.13). (We are aware of the fact that a non-
linear problem does not have eigenvalues in the same sense as a linear problem and that
uniqueness is an issue.)

Note that the real part of the non-linear “eigenvalues” become positive and large
when %1 > 0. Not visible in Fig. 11 is the fact that the eigenvalues shift sign as x; shifts
sign. Also hardly visible is the fact the there are always eigenvalues with positive real
part, although small when x; <0. It is not completely clear why a sufficiently small time
step causes an explosion (maybe because the exponential growth can take full advantage
of the positive eigenvalues), but it does.

To investigate the unlimited growth in Fig. 10(c) we computed the eigenvalues for
that case and the result is shown in Fig. 12. The explosion at approximately ¢t =110 can
clearly be correlated with a sudden large growth of the maximum positive real part of the
eigenvalues. Fig. 12 reveals another interesting aspect. While the position x; has a rather
mild behavior with small amplitudes all the way to explosion, the speed of the spring xq
oscillates wildly already at early times.

As a final investigation of the results in Fig. 10 we added artificial dissipation of the
form

—0Ax(Pe 1) 'DTDU (6.1)

to the right-hand side of (5.8). The operator D is an undivided difference operator of the
appropriate order. The form (6.1) guarantees that accuracy and stability (if it exist) is pre-
served (see [18] for more details). The results for the final time t =40, five different grids
(N=32,64,128,256,512), the time-step At=4/3200 and four different amounts of artificial
dissipation (¢ =0,1,2,10) are shown in Fig. 13. Note that solutions with many grid-points
become non-smooth before solutions with fewer grid-points and that the oscillatory be-
havior is gradually reduced by increasing the artificial dissipation. For =10, most of the
oscillations in the solutions are gone. By reducing the time-step even further, we made
sure that this phenomenon was not time-step related.

The non-linear explosion in Fig. 10(c) can now be reasonably well understood. The
non-linear term in (5.8) generates higher and higher wave-numbers and without dissipa-
tion and a stability bound, they can grow and lead to an explosion. Once sufficiently high
wave numbers have been generated, no accuracy remains and virtually any result can be
obtained (see Fig. 10). By adding artificial dissipation as in Fig. 13 we can delay that
process. In fact, as long as the solution remains smooth, we have design order of accu-
racy. However, for a sufficiently fine mesh (and consequently a sufficiently small artificial
dissipation term), the potential instability will reappear and might cause an explosion.
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Another way of looking at the linear and non-linear problem is shown in Fig. 14 where
the effect of a small and large initial displacement is shown. The figures are obtained
in the same way as in Fig. 7. The spring is given an initial displacement, the pressure
boundary condition with zero data is used and the time history of the position 1+ V; =
x1(t) of the spring is recorded. Fourier transformation in time give us the frequency
response. Clearly, for small amplitudes, the linear theory describes the phenomenon well,
while the non-linear effects dominate for large deformations. No artificial dissipation is

used in Fig. 14.
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Figure 13: The nonlinear response of pressure variations at the left boundary at an eigenfrequency (w =
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of artificial dissipation is used; (d) five different grids and 6=10, a large amount of artificial dissipation is used.
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Finally we consider the linear and non-linear scheme for a frequency w =2 which is
not an eigenfrequency to the linear problem. We used the pressure boundary condition at
the left boundary and increased the amplitude to 0.3. Fig. 15 shows the result. The non-
linear problem eventually explodes, the linear problem does not. No artificial dissipation
is used in Fig. 15.

As was shown in Section 4, the non-linear right hand side problem is not well posed
in the sense of Definition 2.1 due to the remaining term V,UTU at ¢=1 on the right-hand-
side in the energy estimate. The lack of well-posedness results (of course) in a lack of
stability as shown in Section 5.6. This theoretical deficiency does not necessarily lead to
an unbounded growth which was exemplified in Figs. 10 and 14.

One possibility to correct the lack of well-posedness would be to add a boundary
condition at the right boundary when V; is positive. However, it is difficult to find a
(non-awkward) boundary condition that removes the growth term. Also, even if that
could be done, the data for the boundary condition do not really exist for the Euler case.
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Figure 15: The linear and non-linear response for a pressure variation at the left boundary at w =2 and the
amplitude=0.3. w=2is not an eigenfrequency. The non-linear problem explodes, the linear problem does not.

Another possibility would be to change equation set and use the Navier-Stokes equations
which naturally allows for more boundary conditions and types of data.

Our conclusion is that the lack of well-posedness cannot be corrected in a straight
forward manner for our problem. The lack of well-posedness and stability for this model
problem might exist even for three-dimensional FSI calculations using the Euler equa-
tions.

7 Summary and conclusions

We have investigated well-posedness of FSI problems. As a flow model we have used
the linearized Euler equations in one dimension and as the structure model, a spring. We
have studied both the non-linear and linear problem. The non-linearity stems from large
deflections and high speed of the spring.

It was shown that the generally accepted formulation of the linear FSI problem is the
only possible one. It was also shown that coupling in the linear case can be derived using
the demand for well-posedness as the main tool. The non-linear version of the problem
is not well-posed in the classical sense.

For the linear problem we derived and proved that the numerical coupling using
summation-by-parts operators and weak boundary conditions is stable. We verified our
numerical procedure by using the method of manufactured solutions and by showing
that the numerical eigenfrequencies converge to the analytical eigenfrequencies (the spec-
trum) of the coupled partial differential equations.

We compared our numerical procedure with the common way of using injection to
impose the boundary and coupling conditions for the linear problem. Our procedure is
stable and gave correct results while the injection procedure can lead to instabilities that
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easily can be interpreted as flutter. The effect of higher order schemes was studied. It was
shown that the higher order accurate approximations converges faster and more easily
capture the effects related to the higher eigenfrequencies.

Non-linear calculations using exactly the same coupling procedures as in the linear
case were performed. It was found that the non-linear and linear calculations agree well
for small deflections, which verified the non-linear scheme also, since the linear scheme
is provable correct. It was also shown that for large deflections and high speed of the
spring, clear differences exist.

The lack of well-posedness (and stability) for the non-linear problem did not lead to
an unbounded growth for all the cases we studied. In fact, the growth in the non-linear
problem could be modified in various ways, for example by the choice of time step. For
large time steps (although within the linear stability limit), no growth was observed. On
the other hand, for sufficiently small time steps, unbounded growth was obtained.

It was concluded that higher and higher wave-numbers were generated in the non-
linear problem. Without dissipation and a stability bound, they can grow and lead to
explosions. Once sufficiently high wave numbers have been generated, no accuracy re-
mains and virtually any result can be obtained. By adding artificial dissipation, that
process can be modified and delayed but not removed.

Finally, the comparison between the linear and non-linear problem was discussed and
it was concluded that it would be difficult to correct the lack of well-posedness for this
problem. It was also noted that the lack of well-posedness and stability for this model
problem might very well exist even for realistic three-dimensional FSI calculations using
the Euler equations.
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A The time integration procedure

We start by constructing the scheme for the linear problem. The non-linear scheme is
easily obtained by a few small modifications.

A.1 The linear scheme

We will integrate the coupled system as one large system of ordinary differential equa-
tions. The formulation including boundary conditions is

Ui=—(P1Q@A) U+ (P Ey@I1)(U~Gy)+ (P TEN®X) (U—-Gy), (A1)
Vi=—BV+F(U), (A.2)
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where

B:M‘lK:[ 0 —1 F 0 }

a1l
k/m b/m]’ F=M F_[pN/m

By introducing the notation A=(P~1Q®A), L= (P !Q®X) and 1= (P~ !Q®II) we can
rewrite the system as

(A.3)

U= (—A+Z+IT)U~TIGy— Gy, (A4)
Vi=—BV+F, (A.5)

where the coupling between (A.4) and (A.5) is included in £Gy and F(U) as

T
LGy =Pyppc*Va [o,-.-,o, /7,0, ,/(7—1)/7} , (A.6)

F(Uu)= [O, %<U3N+1/W+U3N+3 (7—1)/7” T- (A7)

Next we form y = [U;V] as a vector of length 3(N+1)+2 where N+1 is the number
of grid-points. This gives us the final form of the system which is now ready for time
integration.

0 0 B 0 0 T - -
—A4+S4+11 . o 0 Do [1G,
Y= o YT y— . (A8)
0 % 00 0
0 --- 0 00 0 0 i
0 --- 0 00 | |0 - x3 0 x4 i . 0 ]
The coupling terms in (A.8) are
Pl 582 Pl sa2 -1 —
K1=— NNPE ; Ko=— NNPE (’y )I K3 = ! ; K4= (,)/ 1) . (A9)
vl vl my/y my/y

A.2 The non-linear scheme
The discrete version of the non-linear flow equation is written as

(1+ V) U= —AU+VoCU+TI(U—Gp) +E(U~Gy), (A.10)
where A% and IT are defined above and C = (EP'Q+P~'QE—Iy)®I3/2. The corre-

sponding system to (A.4) and (A.5) in the nonlinear case becomes
(1+ V1)U = (—A+Vo,C+E+TT)U-T1Gy—EGy, (A.11)
V,=—BV+F. (A.12)
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The definitions of all the terms in (A.11) and (A.12) can be found in Section A.1 above.
The non-linear coupled equations formulated as a single system corresponding to (A.8)
is

0 0 I 001 I 1
—A+EHTHVC y 0 Do e
Y= 0 1+Vl+ y— ’ (A13)
0 K 0 0
0 -« 0 00 0 0 3 0
0 -~ 0 00 | (0 - x3 0 Ky ] L 0]

where the coupling terms in (A.13) are the same as the ones in (A.8) and given by (A.9).
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