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Abstract. This work is a follow-up to our previous work [2]. It extends and com-
plements, both theoretically and experimentally, the results presented there. Under
consideration is the homogenization of a model of a weakly random heterogeneous
material. The material consists of a reference periodic material randomly perturbed
by another periodic material, so that its homogenized behavior is close to that of the
reference material. We consider laws for the random perturbations more general than
in [2]. We prove the validity of an asymptotic expansion in a certain class of settings.
We also extend the formal approach introduced in [2]. Our perturbative approach
shares common features with a defect-type theory of solid state physics. The compu-
tational efficiency of the approach is demonstrated.
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1 Introduction

Our purpose is to follow up on our previous study [2]. Let us recall, for consistency, that
we consider homogenization for the following elliptic problem

—div((Ap@r(g> +by <g,w) Cper(§)>Vu€) =f(x), in DCRY,
u.=0, on 9D,

(1.1)
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where the tensor A, models a reference Z?-periodic material which is randomly per-
turbed by the Zd—periodic tensor Cper, the stochastic nature of the problem being en-
coded in the stationary ergodic scalar field b, (the latter getting small when 7 vanishes).
We have studied in [2] the case of a perturbation that has a Bernoulli law with parameter
17, meaning that b, is equal to 1 with probability 7 and 0 with probability 1—7. In the
present work, we address more general laws. The common setting is that all the per-
turbations we consider are, to some extent, rare events which, although rare, modify the
homogenized properties of the material. Our approach is a perturbative approach, and
consists in approximating the stochastic homogenization problem for

using the periodic homogenization problem for A.,. In short, let us say that our main
contribution is to derive an expansion

Ay = A A+ AT+ Ay to(n?), (1.2)

where A} and A}, are the homogenized tensors associated with A, and A, respectively,
and the first and second-order corrections A} and A} can be, loosely speaking, computed
in terms of the microscopic properties of Ay, and Cp., and the statistics of second order
of the random field b,. The formulation is made precise in [2] and in Sections 2 and 3
below.

Motivations behind setting (1.1), as well as a review of the mathematical literature on
similar issues and a comprehensive bibliography, can be found in [2]. We complement
our study of the perturbative approach introduced with [2] in two different directions.

In Section 2, we rigorously establish an asymptotic expansion of the homogenized
tensor in a mathematical setting where our input parameter (the field b, in (1.1)) enjoys
appropriate weak convergence properties, as 77 vanishes, in a reflexive Banach space,
namely a Lebesgue space L®(D,L?(Q2)) (with p>1). In such a setting, we are in position
to rigorously prove a first order asymptotic expansion (announced in [3] and precisely
stated in [3, Theorem 2.1] and Theorem 2.1 below) for the homogenization of A, using
simple functional analysis techniques very similar to those exposed in [4]. In our Corol-
laries 2.1 and 2.2, the expansion is pushed to second order under additional assumptions.

Our aim in Section 3 is to further extend our formal theory of [2]. Recall that this for-
mal theory, rather than manipulating the random field b, itself, consists in focusing on its
law. We indeed assume that the image measure (the law) corresponding to the perturba-
tion admits an expansion (see (3.3) below) with respect to 7 in the sense of distributions.
While [2] has only addressed the specific case of a Bernoulli law, we consider here more
general laws and proceed with the same formal derivations. These derivations lead to
a first-order correction Ai“ in (1.2) obtained as the limit when N — oo of a sequence of
tensors AT’N computed on the supercell [-N/2,N/2]¢. It is the purpose of Proposition
3.1 to prove the convergence of A;"N . The second-order term A} is likewise defined, in

Proposition 3.2, as the limit of a sequence of tensors AS’N when N — co. The proof of
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convergence is not given here for it involves long and technical computations. We refer
the reader to [1] for the details. As in [2], our approach in this Section exhibits close ties
with classical defect-type theories used in solid state physics.

We emphasize that, in sharp contrast to the exact stochastic homogenization of A;, the
determination of the first and second-order terms in (1.2) relies on entirely deterministic
computations, albeit of very different kind, for both approaches of Sections 2 and 3.

Finally, a comprehensive series of numerical tests in Section 4 show, beyond those
contained in [2], that the two approaches exposed here are efficient and quite robust:
the computational workload induced by the perturbative approach is light compared to
the direct homogenization of [2], and expansion (1.2) proves to be accurate for not so
small perturbations.

We complement the text by a long appendix. The reader less interested in theoretical
issues can easily omit the reading of this appendix. Besides providing, in Section A.1
and for consistency, some theoretical results useful in the body of the text, the purpose
of this appendix is two-fold. We examine in details in Section A.2 the one-dimensional
setting, and we show that, expectedly, all our formal expansions can be made rigorous
through explicit computations. We next demonstrate, in Section A.3, that our two modes
of derivation coincide in a particular setting appropriate for both the theoretical results
of Section 2 and the formal results of Section 3. This final section therefore provides a
proof of our formal manipulations of Section 3, in a setting-we concede it-that is not the
setting the approach was designed to specifically address. Definite conclusions on the
theoretical validity of the approach developed in Section 3 are yet to be obtained, even
though applicability and efficiency are beyond doubt.

Throughout this paper, and unless otherwise mentioned, C denotes a constant that
depends at most on the ambient dimension d, and on the tensors A, and Cpe,. We write
C(y) when C depends on vy and possibly on 4, Aper and Cpe,. The indices i and j denote
indices in [1,d].

2 A model of a weakly randomly perturbed material

For consistency, we first recall the general setting of our related work [2].

Throughout this article (Q2,F,IP) denotes a probability space with IP the probability
measure and w € () an event. We denote by E(X) the expectation of a random variable X
and Var(X) its variance.

We assume that the group (Z4,+) acts on Q and denote by 7, k€ Z¢, the group action.
We also assume that this action is measure-preserving, that is,

VAEF, Vkez®, P(A)=P(1n.A),
and ergodic:

VACF, (Vkez?, A=1.A) = (P(A)=0 or P(A)=1).
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We call FEL} (RY,L1(Q)) stationary if

loc

VkeZ?, F(x+kw)=F(x,w) almost everywhere in x € R? and we€Q. (2.1)

Notice that if F is deterministic, the notion of stationarity used here reduces to 74
periodicity, that is,

VkeZ?, F(x+k)=F(x) almost everywhere in x € R”. (2.2)
We then consider the tensor field from R? x Q) to R?*4:
Ay (x,w) = Aper(x) +by (x,w) Cper(x), (2.3)

where Aper and Cper are two deterministic Zd—periodic tensor fields and b,7 a stationary
ergodic scalar field. The matrix A, models the reference periodic material, perturbed by
Cper- This perturbation is random, thus the presence of b,,. We refer the reader to [4] for a
more detailed presentation of the stationary ergodic setting in a similar weakly random
framework.

We make the following assumptions on the random field b:

IM>0, V>0, ||byll1=(oxay <M, (2.4a)
bylly o 0, 2.4b
16y [l (@;r2(00)) 77_%:* (2.4b)

where Q is the unit cell [—1/2,1/2]4.

Assumption (2.4b) encodes that the perturbation for small 7 is a rare event. Still, it is
able to significantly modify the local structure of the material when it happens, for we do
not require it to be small in L*(Q x Q)) as # —0.

We additionally assume that there exist 0 <« < 8 such that for all € R, for almost all
x €R? and for all s € [ M, M],

“‘g‘ZSAperO‘)g‘g/ ‘szf (Aper+scper)(x)‘§"§/ (2.5a)
Aper(x)C| < BIE], | (Aper+5Cper) (x)&] < BIE]- (2.5b)

We can therefore use the classical stochastic homogenization results (see for instance [7]

for a comprehensive review or [2] for a concise presentation). The cell problems associ-
ated with (2.3) read

—div(A,(Vw! +e¢;)) =0, in RY,

(2.6)

Vw? stationary, IE( /Q Vw?) =0.

Problem (2.6) has a solution unique up to the addition of a random constant. The
function w! is called the i-th corrector or cell solution.
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The homogenized tensor A} is given by
vie[Ld], Ajei=E( /Q Ay(Vool +er)). 2.7)

Throughout the rest of this paper we will denote by w! the i-th cell solution associated
with Ay, defined up to an additive constant by

—div(Aper (Val+e;)) =0, in Q, 28)
w? Z%-periodic. '
The periodic homogenized tensor is then given by
Vie[Ld], Abgei= /Q Aper (Vi +e;). (2.9)

Due to the specific form of A, the following zero-order result can be easily proved.
The proof is actually the same as that in Lemma 1 of [2], which relies on the fact that
16y |l (@;12(02)) converges to 0 as 17 tends to 0.

Lemma 2.1. When n—0, A} — A,,,.

Our goal is to find an asymptotic expansion for A, with respect to 77, and a first answer
is given by the following theorem announced as Theorem 1 in [3]:

Theorem 2.1 (Theorem 1, [3]). Assume that b, satisfies (2.4a) and (2.4b), and denote by m, =
16yl (@;r2(qr))- There exists a subsequence of 1, still denoted 1 for the sake of simplicity, such

that by, / m, converges weakly-*in L®(Q;L*(QY)) to a limit field denoted by by when n—0. Then
e forallie[1,d], the following expansion
V! =V +m, Vo) +o(m,) (2.10)

holds weakly in L?(Q;L?(QY)), where w? is the solution to the i-th periodic cell problem and
v? is solution to

—div(Ape, Vo)) =div( bOCW(Vw +e;)), in RY,
Vo stationary, E / Vv (2.11)
e Aj can be expanded up to first order as
A =Ar,+myAf+o(my), (2.12)

where
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Proof. We fix i€ [1,d] and define v! = (w] —w?) /m,. v! is solution to

b
—div(A,Vo!) :div(—”Cp@r(Vw?—i—ei)), in RY,
My (2.14)
VU? stationary, 1E< /Q Vv?) =0.

Using an argument similar to that used in the proof of Lemma 1 in [2], we have

1
Vi >0, HVU? HLZ(QxQ) < 2 1Cper (Vw?—l—ei) HLZ(Q)/

where « is defined in (2.5a).

The sequence Vo! is bounded in L?(Q x Q) and therefore, up to extraction, weakly
converges in L2(Q x Q)) to some limit which is necessarily a gradient and which we denote
VY. Since b, converges strongly to 0 in L2(Qx Q), b, V! converges to 0 in D’(Q x Q).
It is then easy to pass to the limit # — 0 in (2.14) and to deduce that v? is solution to

—div(Ape, V0?) =div (boCper (V) +e;)), in RY,
0 : 0\ _
Vu; stationary, IE(/QVvi> =0.

Thus (Vw! —Vw))/m, converges, up to extraction, weakly to Vo? in L2(Qx Q). This
amounts to say that we have the following first-order expansion:

Vw! =Vul+m, Vo) +o(m,), in L*(QxQ) weak.

Inserting this expansion in (2.7), we obtain
Ajei= A;erei—l—mﬂ/CQIE(EO)Cper(Vw?—i—ei) —|—m,7/QAp@rVIE(v?) +o(my),

which concludes the proof. O

Remark 2.1. Notice that taking the expectation of both sides of (2.11), E(¢?) is actually
the Z?-periodic function that is the unique solution (up to an additive constant) to

{ —div(Aper VE(v})) =div (E (Do) Cper(Vao +e1)), in Q, (2.15)

E(¢)) Z%-periodic.

The computation of Aj, up to the first order in m, only requires solving 2d deterministic
problems, namely (2.8) and (2.15), in the unit cell Q.

In fact, the situation is even more advantageous when A, is a symmetric matrix, as
shown by our next remark.
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Remark 2.2. Defining the adjoint problems to the cell problems (2.8),

—div (AL, (Va?+e;)) =0, in Q, (2.16)
w? Zd—perlodic, .

where we have denoted by A, the transposed matrix of A, allows to write the first-

per
order correction (2.13) in a slightly different form. Indeed, multiplying (2.15) by @’ ; and

integrating by parts, we obtain
Likewise, multiplying (2.16) by VIE(¢?) and integrating by parts yields
/QAWVIE(U?) (V@) +¢j) =0.
Combining these equalities gives
and thus (2.13) may be equivalently phrased as
(i) €L, Afeiej= /Q E(Bo) Cper (V) +¢;)- (VA +e;). 2.17)

When A, is symmetric, @? = w?, and solving the periodic cell problems (2.8) suffices to

determine Ay up to the first order in m,,.
Pushing expansion (2.12) to second order requires more information on by:

Corollary 2.1. Assume in addition to (2.4a) and (2.4b) that
by =nbo+1*Fo+0(n7*) weakly—* in L¥(Q;L*(Q)). (2.18)
Then
e forallie [1,d], the following expansion
Vw! =Vl +7Vod +7°Vz) +o(17?) (2.19)
holds weakly in LZ(Q;LZ(Q)), where z? is solution to

VZ? stationary, / \Voa z (2.20)
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e Aj; can be expanded up to second order as
A=At AT+ A +o (), (2.21)
where ;\vi" is defined by (2.13) and for all i € [1,d],

Alei= /Q E(70) Cper (V) +e;) +17° /Q CperE(Bo Vo)) + /Q A VE(Z]),  (222)

or equivalently, for all (i,7) € [1,d]?,
Al jei- e]—/ E(70) Cper( Vw +e;)- (Vw] +e;) —l—/ CperIE( bOVU )- (Vw] +ej).  (2.23)

Proof. The proof follows the same pattern as that of Theorem 2.1. The computation of the
second order relies on the fact that (2.18) implies that b, /5 converges strongly to by in
L®(Q;L?(Q))), whereas the convergence was weak in Theorem 2.1. Likewise, the expan-
sion of the cell solution, namely (2.19), implies that (Vw! — Vw!) /5 converges strongly
to Vo in L?(Q;L2(Q2)). We then obtain (2.21) and (2.22) by inserting (2.19) in (2.7) and
deduce (2.23) from (2.22) as in Remark 2.2. O

The computation of A} up to the order 1% is much more intricate than that up to
the order 7, for it requires determining IE(byV¢?). Computing the periodic deterministic
function [E(¢Y) solution to the simpler problem (2 15) is not sufficient in general. We have
to determme the stationary random field v solution to (2.11) in R,

It turns out that in a particular, practically relevant setting, we may still avoid solving
the random problem (2.11). This setting presents the additional advantage to provide
insight on the influence of spatial correlation.

Corollary 2.2. Assume that b, is uniform in each cell of Z¢ and writes

=Y 1ou(x)By(Tw), (2.24)
kezd
where B, satisfies
Vi >0, ||B, HLM ) <M, (2.25a)
B, :17B0—|—;72R0—|—o(;7 ) weakly in L2(Q)). (2.25b)
Assume also that
Y |cov(Bo,Bo(Ti))| < oe. (2.26)

kezd
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Then the second-order term (2.23) can be rewritten
Ase;ej=E(Ry) /Q Cpor(Vaol +e;)- (Vi +e;) + Var(Bo) /Q Cpor V- (Vi +e;)
+ (E(Bo))> /Q CperVsi- (VD +e))

+ Y cov(Bo,Bo(ti)) /cp@rwi(-—k)-(mgwj), (2.27)
keZA k40 Q

where t;is a L2 (R?) function solving

—div(Ape V) =div(Cpelo(Val+e;)), in RY,
Ny (2.28)
Vt,eL (]R ),
and s; solves
d P (2.29)
s; Z"-periodic.

Proof. We notice first that the specific form (2.24) of b, considered implies that by and 7o
defined in (2.18) here write

=Y 1gu(x)Bo(nw), (2.30a)
kezd
=Y 1gu(x)Ro(tew). (2.30b)
kezd

The rest of the proof mainly consists in showing that in this particular setting, Vo? and

the product byVo? can be written using the deterministic functions t; and s;. The existence

of t; and its uniqueness up to an additive constant come from Lemmas 6 and 7 in [2].
We start by proving that the sum

Z (Bo(Tkw)—]E<Bo))vt,‘<x—k) (231)

kezd

is a convergent series in L?(Q x Q)).
To this end, we compute the norm of the remainder of this series:

2
H|k|Z>:N (Bo)) VAi(-—K) L2(QxY)
Z Z cov(Bo(tk+),Bo(T-) /Vt Vti(-—1)
K>N|I|>N
<3 ¥ ¥ leov(Bo(te), Bo(w) | (198 —K) [ ) +IVECD) )

|k|>Nl[|>N
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< Y. X leov(Bo(ti), Bo(n )Vt (- =k) |72

[k|>N|I|>N
< Y (IVEC=R)IB2 ) ¥ leoo(Bo(Tie), Bo(m-))])
|k|>N |I|>N
< Y (V=R X leov(Bo, Bo(mii))
k|>N >N
< Y IVE(C=K)IE2 ) X lcov(Bo,Bo(w))].
|k|>N kezd
Using (2.26), we obtain
2
| £ (8 BO) ViR 0y SC T IV REage @32
k| >N k|>N

Since Vt;€ L?(R%), the right-hand side of (2.32) converges to zero when N goes to infinity.

Consequently, (2.31) defines a vector T in L2(Qx Q). It is clear from (2.31) that
0T, /0x, =0T, /9x, for all (n,p) € [1,d]*>. Thus T is a gradient, and there exists a func-
tion 7; such that

Vu;= T-HE(BQ)VSZ' = Z (Bo(Tk~) —]E(Bo)) Vtz-(x—k) -I-]E(Bo)vsi. (2.33)
kezd

Since s; is Z*-periodic, we deduce from (2.33) that
V7, is stationary and E ( / V@-) =0. (2.34)
Q

We then compute, using (2.28) and (2.29),
—diV(AperVYAJ'i) = Z —div(AWVti(~ —k)) (BO(Tk') —E(Bo)) _diV(Apgvai)IE(BO)

kezH

= Y div(Cperl gk (V) +e;)) (Bo(tir) —E(Bo)) +div(Cper (V) +¢;) ) E(Bo)
kez?d

= Z diV(Cper1Q+kgo(Tk')(VW?+61')). (2.35)
kezd

Because of (2.30a), (2.35) implies
—div(AperVT;) =div (boCper (V' +e;)). (2.36)

It follows from (2.34) and (2.36) that v; solves (2.11). As (2.11) has a solution unique up to
the addition of a random constant, we obtain

Vo) =V;= Y (Bo(w)—E(Bo)) Vti(x—k) +IE(Bo) Vs;. (2.37)
kezd
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We deduce from (2.30a) and (2.37) that
E(boVe)=) . Y 1ouE(Bo(u-)(Bo(w)—E(Bo))) V(- —k)+(E(Bo))* ) 1o Vs

kezdlezH lez¢
= E Z ]IQHCOU(BO(Tk-),Bo(T]-))Vti('—k)+(1E(BQ))2 E ]lQ_HVSi,
kezllezA lezd
and then that
]lQIE(EOVv?) = Vﬂr(Bo)vt,‘—i— Z COU(B()('),Bo(Tk-))vt,‘(- —k) + (IE(BO))ZVsi. (2.38)
keZd k40
We conclude by inserting (2.30b) and (2.38) in (2.23). O

Theorem 2.1 (and its two corollaries) are only of interest if IE(bg) #0. Indeed, if IE(by) =
0 it only states that Ay = Ay, +o(my).

The prototypical case where Theorem 2.1 does not provide valuable information is
the case studied in [2]: b,(x,w) = Zkezd]lQ+k(x)B',; (w), where the B’,; are independent
identically distributed variables that have Bernoulli law with parameter 7, i.e., are equal
to 1 with probability # and to 0 with probability 1—#. Then, using the notation of Theo-
rem 2.1, b = by, my; = /ij and by =0, and we only get A; = A}, +0(,/7) (while Appendix
6.1 of [2] shows that there exists a tensor A} such that A=A, +nAi+o(n) at least in

er

dimension one). Omitting the dependence on the space Variabples since by, is uniform in
each cell of Z? in this particular setting, a suitable functional space F on Q) to obtain a
non trivial weak limit of b, /||b,||r would be L'(Q)) for the norm of each Bz in L1(Q) is
equal to 7. The Dunford-Petti weak compactness criterion in that space is however not
satisfied by by /[|by|11(). The reason is of course that by /||by |11 () converges in the set
of bounded measures to a Dirac mass. The techniques used in the proof of Theorem 2.1
and its two corollaries thus do not work in this setting.

The above considerations somehow suggest that an alternative viewpoint might be
useful. Because of (2.4b), the image measure dP,’]‘ of bn(x,-) converges to a Dirac mass
in the sense of distributions. Our alternate approach, related to our work [2], consists in
working out an expansion of the image measure (or of the law), rather than an expansion
of the random variable. Like in [2], our manipulations are mostly formal. Some rigorous
foundations, in specific settings, are provided in the appendix.

3 A formal approach

3.1 A new assumption on the image measure

For simplicity, we assume as in Corollary 2.2 that b,7 is uniform in each cell of Z4, and is
of the form

by (x,w) = Z ]1Q+k(x)B1l;(w)r (3.1)
kezd
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where the B,’; are independent identically distributed random variables, the distribution
of which is given by a “mother variable” B,,. For convenience we slightly modify (2.25a)
and require

Je>0, V>0, ||B,,|\Loo(0)§M—e, (3.2a)
1By llr2(a) TJOO' (3.2b)

Assumption (3.2a) is a technical assumption which implies in particular that for every
7>0, the image measure dP,7 of Byisa distribution with compact support contained in the
open set [—M, M]. Of course the specific values of M and € have no particular significance.
Throughout the sequel we denote by £'([—M,M]) the space of distributions on R with
compact support in [—M,M], and by (T, ¢) the action of a distribution T € £'([-M,M])
on a test function ¢ € C*([—M,M]) (basic elements of distribution theory can be found
for instance in [6]).

Because of Assumption (3.2b) and Lebesgue dominated convergence theorem, it is
clear that for every ¢ € C*([—M,M]),

E(p(By)) = 9(0)-

Since E(¢(By))=(dP;,¢) and ¢(0)=(do,¢) where dy is the Dirac mass at 0, 4P, converges
to & in &' ([—M, M]).

This leads us to assume that d P, satisfies

dP, =o+ndP1+n*dPo+o(y?), in E'([-M,M]), (3.3)
which is equivalent to
VpeC™([-M,M]), E(p(By))=/(dP;,¢)=p(0)+1(dP1,¢)+n*(dP,)+o(r?).

Of course dP; and dP; also have a compact support contained in [—M, M]: for every
test function ¢ with compact support in R\[—M+e€,M —¢], it holds for all >0

(dPy, @) =E(¢(By)) =0=1(dP1,¢)+1*(dPs,¢)+0(1),

which yields (dPy,¢) = (dP>,¢) =0. Then the supports of dP; and dP, are contained in
[—M+e,M—e] C[—M,M].

Denoting by M'=M —e/2, we deduce from classical distribution theory that there ex-
ista constant C >0 and integers p; and p» (namely the orders of dP; and dP, respectively)
such that

_ an
VpeC([-M,M)), [(dPLg)|<C sup sup [=g(s)], (3.42)

se[—M/,M'|0<n<p;

00 5 d"
VopeC®([-M,M]), |[(dP,¢)|<C sup sup ‘d—nq)(s)‘ (3.4b)
xe[~ M/, M/|0<n<p, ' 45
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Let us now give some additional motivations underlying Assumption (3.3).

The first motivation is related to our work presented in [2] in which B, has Bernoulli
law with parameter 77, meaning that it is equal to 1 with probability # and 0 with proba-
bility 1—7. Then the image measure dP,, is equal to dp+7 (61—10Jp), so that it satisfies (3.3)
exactly at order 1 with dP; =61 —do.

The second motivation comes from the following result, which shows that there is an
easy way, used in our numerical experiments, to build perturbations satisfying (3.3).

Lemma 3.1. Consider B a random variable in L3(Q)). Let K be a positive real, and define B, =
1B1,p|<k- Then By, which obviously satisfies (3.2a) and (3.2b), also satisfies (3.3) with

2
dp, :50—171E(B)56+%IE(BZ)zS{,’-i-(’)(;f), in & (R). (3.5)

Proof. Let us denote by dP the image measure of B, and consider €D (R) (i.e., p€C®(R)
and has compact support). Then

(P, p) = /|,75|<K<"<'75>d1’+¢<0> /WK”“’ ©6)
—/ ¢(ns dP—l-/ ¢(ns))dP. (3.7)

Since Bis in L3(Q)),
aP=0(r),
/7]5>K tr)

and thus, ¢ being a bounded function,

(P, 0)= | 9(ys)dP+O(p).

Then, since ¢ € D(R), there exists C >0 such that

52 //
VsER, ‘fp(vys) (0)— 17;920( )~ (<cms\3.
Again using B € L3(Q)), this implies that
_ 7] 2 1 0
/(4)(175) ¢(0)— 175920( )—5s°9"( )>dP—>0,
R n n—0

which is just a rewriting of (3.5) since

/szl, /sdP:IE(B) and /dePZIE(BZ).

So, the lemma is proved. O
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Before exposing our approach in this new setting, we prove the following elementary
result which we will often use in the sequel:

Lemma 3.2. It holds (dP;,1) =0 and (dP,,1) =0.

Proof. It holds on the one hand (dP,,1) =1 since dP, is a probability measure, and on the
other hand

(dPy,1) =(bo,1) +1(dPy, 1) +n*(dP>,1) +o(1?)
:1—1-17(51151,1}-1-172(51152,1}—1-0(172),

so that the conclusion follows. O

3.2 An ergodic approximation of the homogenized tensor

Let us consider a specific realization @ € Q of Ay in Iy =[-N/2,N/2]%, N being for
simplicity an odd integer, and solve the following “supercell” problem:

—div(AW(x,cT))(Vw?’N’&—I—ei)) =0, in Iy, (3.8)
w:’N& (NZ)“-periodic. .
Then we have
Vie[1,d], A,’;el— 11m WIE /A xX,w) ”Nw( )—l—e,))dx. (3.9)

The proof of (3.9) is given in [2]. We only outline it here for convenience. We know
from Theorem 1 in [5] that

1

N Ay(x, )(Vw?’N’“N](x) +e;)dx converges to Ay e; almost surely in we€Q.  (3.10)
In

Since (N9)~1 le Ay(x,@) (Vw?’N’&(x) +e;)dx is the periodic homogenization of A, (x,&)
on Iy, it is also well known that for all (i,]) € [1,d]?,

Nd / A xw)dx ) eZ ej < / Ay (x,@) N (x )+ez> ejdx
_Nd / Ay( dx el ej, (3.11)
so that for all N € 2IN+1, for all # >0 and for almost all w € (),

‘Nd/ Ay ( N9 (x) +er) e]dx(</% (3.12)

where f is defined by (2.5b). Using (3.12) and the Lebesgue dominated convergence
theorem, we can take the expectation in (3.10) and get (3.9).
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Remark 3.1. The same result holds for homogeneous Dirichlet and Neumann bound-

ary conditions instead of periodic conditions in the definition of w?’N’w (see [5] for more
details).

For convenience, we label the unit cells of Iy from 1 to N 4 The k-th cell is denoted by
Qy, for 1<k<N4. A given realization A, (x,w) can then be rewritten

A,7(x w per + E]le Skcper )

with s = Bk( ) for all k € [1,N9]. The Bk( ) being independent random variables, the
joint probability of the N¥-uplet (sq,--,syq) is simply the product ]_[k:1 dPy (k).
Remark 3.2. The approach exposed in the sequel works also, with minor changes, for

random variables which are not independent but correlated with a finite length of corre-
lation. We present it in the independent setting for simplicity.

We now define

Nd
Asll.“'SNd — Aper+ Z ]leSkaer fOI‘ (S], i ,SNd) E [_M,M]Nd
k=1

We denote by wls‘l'm'sNd the solution of the i-th cell problem for the periodic homogeniza-
tion of A®V"°Nd on Iy, that is

—div (A% (V) N e)) =0, in Iy, (3.13)
w," N (NZ)-periodic. '
Then, defining
A,’;'Nei /A X,w) qu< )—l—e,))dx, (3.14)
we have
ApNe . A (T 4 ) T TdP 3.15
1= 7 s (A (T ) [T s0) (6.15)

Itis proved in Lemma A.1 of the Appendix that Vw?]’m'sNd is a C* function of (s1,--,Sya)

n [-M,M|N . Thus, since dP; and dP, have compact support in [— M, M] (as well as &, of
course), we can make these distributions act on A®""*~ and szs-l'm'sNd as functions of
(Sll' o /SNd)'
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It follows from (3.3) that

N4 N N N 2 N N N
[TdPy(se)=]To(sx)+n)_ dPi(s;) [ o Z Y dPi(s))dPi(sm) T = dolse)
k=1 k=1 =1 k:l,k;&l =1m=1 k=1,k#A{lm}
N4 N4
P Y dPy(s;) [T do(se)+on(r?), in &'([—M,MN). (3.16)
I=1 k=1,kI

We stress that the remainder oy (172) in (3.16) depends on N, hence the notation.
Moreover the products (3.16) are to be understood as tensorized products: we work
in &' ([-M,M])@1E'([-M,M]) @z @na_1E' ([-M,M]) C 5’([—M,M]Nd).
Inserting (3.16) in (3.15), we obtain the following second-order expansion

AN = AZN 4 AN+ 2 AN +on (7). (3.17)
Before making the first three orders in (3.17) precise, note that (3.9), (3.14) and (3.17) imply

A’ _I\ljgrlo(A*N—l—iyA*N—i-nzA*N—l—oN(iy ). (3.18)
In the sequel we exchange in (3.18) the limit in N and the series in 7 in order to guess a
second-order expansion of A} depending only on 7. Since we are not able to justify this
permutation, our approach is formal.

We now detail the first three orders in (3.17).

First, we notice that for i € [1,d],

1 N
AS’NBI‘ :W<H50 (Sk),/ APV AN <le§1/ oy +€,‘)>
k=1 Iy

1 0,0 0,--,0
:WANA o (le +el)
1
_A;;er

which obviously gives the zero-order term expected for A;. Then

N

AT,Nei d Z <dP1 Sl H Sk)//IN ASL T Syd (vwfl,u.,SNd +ei)>- (319)

1,k#

It is easy to see that, by (NZ)?-periodicity of wfl""’sN‘i

4

Nd

(aPi(s) TT éo(se), [ A% 5w (Ve 1))

k=1,k£1 Iy
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does not depend on I. The expression (3.19) can then be rewritten

AiNe;= <d151 (s), Asfo“'fo(ijfof“‘f%ei)>. (3.20)

In
We change the notations for convenience, and define, for s € [-M, M],
AP = A= A +510Cper, (3.21)

and w1 sON wf’o""’o solution to

) 0 1,50,N _ .
{ —div(AY (Vw,*"" +¢;)) =0, in Iy, (3.22)
w

1,50,N I
N (NZ)*-periodic.

The matrix A} 0 corresponds to the periodic material with a defect of amplitude s located

in Q (i.e., at a position 0 € Z“ in Iy), and w1 SON g the i-th cell solution for the periodic
homogemzatlon of ASY in Iy. Since w}*" N =w?"", it is of course a C* function of
€[-M,M].

With these notations, we find that
AiNei=(aPi(s), / AP (Ve N te) ). (3.23)
In

For the second-order term, we first define the set

d
TN:{keZd,QJrkCIN}_[[—M M]] (3.24)

The cardinal of Ty is of course N¥ and Use7, {Q+k} =I.
For (s,t) € [-M,M)? and k€ Ty, we define

ASK = A per+510Cper+ 10 4 £Cper, (3.25)

2,5,4,0,k,N

and w;’ solution to

d AS fO k v 2,S,f,0,k,N O, . I i
{ iv ( ( +e)) = in Iy (3.26)
w

25H0kN (N Z)d -perlOdlC.

1

The matrix A;'t’o’k corresponds to the periodic material with two defects of amplitude
s and t located in Q and Q+k (i.e., at positions 0 € Z“ and k€ Z? in Iy) respectively. The
function wz’s AOEN s the i-th cell solution for the periodic homogenization of A;’t’o’k
Tt is a C* function of (s,t) €[-M,M]>.

in IN.
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Figure 1: From left to right: zero defect, one defect and two defects.

Then computations similar to that presented for the first order yield

1
A;'Nel‘ = E
keTn k#0

+{dPy(s), [ AP (TwP N vey)).
Iy

APy ()P (1), [ AFOH(TuP N e )
N
(3.27)

A setting with zero, one and two defects is shown in Fig. 1 in the two-dimensional case
of a reference material A, consisting of a periodic lattice of circular inclusions.

Remark 3.3. It is illustrative to consider the particular case where the random variable
B, has a Bernoulli law. This is the case treated in [2]. Then, expansion (3.3) holds exactly
with dP; =61 —Jp. The distribution dP, and all other terms of higher order identically
vanish. The expressions (3.23) and (3.27) then coincide with (3.17) and (3.18) in [2].

In the next section we prove that AT’N converges to a finite limit when N — co. The
case of the second-order term AE’N , which is also shown to converge, is discussed in

Section 3.4.
3.3 Convergence of the first-order term

We study here the convergence as N goes to infinity of A’l"’N defined by (3.23).
Proposition 3.1. The sequence A’l"’N converges in R™“ to a finite limit A} when N — co.

Proof. We fix (i,j) € [1,d]? and study the convergence of A3 "Ne; ej.
Using (3.22) and the adjoint problems defined by (2.16), we first obtain, for all s €
(=M, M],
AP (Vo te) = | AV (Vwi N te)-(ej+Vay).

In In
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Then, letting the distribution dP; act on the left and right-hand sides, and using (3.23),

we find that

A;fNei-ej:<dP1(s),/ AP (Vw >N +¢;) - (ej+VzB§-’)>-

IN

Because of the definition of Ai’o,

ASO(V 1SON+€1) (€]+V@O)

_/ Aper (VN te;). (e]—l—Vw +/ster Vw! N e;).- (ej—l—V@})).

Next, using (2.16),

/AW W SON 4. (e]-+vw§?):/ (VW ON te). AT, (¢+ V)

IN

- / e AL, (e+ V).
Iy
We know from Lemma 3.2 that (dP;,1) =0. Thus
<dp1 (S),/I e A;er(ej + V@?) > =0.
N
Collecting (3.28), (3.29), (3.30) and (3.31), we get
AiNep-ej=(aPi(s), /Q SCrer (VLN ;) (e+ V) ).

We now define

N gl ON

q1°"N solves

—div(AY'Vq;*ON) =div(s1oCper(Vald +e¢;)), in Iy,
;"N (NZ)-periodic.

Using (3.33) in (3.32), we rewrite

AT’Nei -ej :<Sdpl (S)// CPEV(VW?+€z‘) : (€j+V@?)>

+{api(s), / SCper(Vg1* N +7)- (e+ V) ).

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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The rest of the proof consists in showing that
(Pi(s), / SCper( V41N +61)- (¢4 V),
which is of course equal to
(sdPi(s / Cper (VN +e)(e+ V) )

converges to a finite limit when N — co.
More precisely, defining

Vse[-M,M], YN€2N+1, fN(s) /Cper VqlSON-l-ei)-(ej-l-V@?),

we will prove that the sequence f~ and its derivatives converge uniformly, when N goes
to infinity, to a limit function f* and its derivatives.

Applying Lemma A.2 of the appendix to (3.34), we obtain that for all s € [-M,M],
V"N converges in L(Q), when N— o0, to Vq;**®, where ;""" isa L?, (R¥) function
solving

(3.36)

—div(A}°Vg ") =div(s1oCper(Val +e;)), in RY,
Vg € L2(RY).

Moreover, arguing as in the proof of Lemma A.2 (given in our previous work [2]), it
is easy to see that for all k € N and all s € [-M,M], Vakq!**N converges in L?(Q) to
Vg0

We then define f* by

vse[-M,M], F( /CW Vg0 te)). (V).

Because of (A.6a) and (A.6b) in Lemma A.3 of the appendix, and using a classical result
of differentiation under the integral sign, it is clear that

k
VkeN, Vse[—M,M], d /CW VBEq}SON-I-ei)'(e]--l—V@?),

and
VkeN, Vse[—M,M], Skf /CW Vg " +ei)- (ej+ V).

The convergence of va’;q} SON to va’;q} S0 in 12(Q) for every k€N thus yields

<
VkeN, Vse[-M,M], ngﬂoo@fN() =/ (). (3.37)
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On the other hand, we deduce from Lemma A.4 that there exists a constant C(p;, M)
(recall that p; is the order of dP;(s)) such that for all k€ [0,p1],

k
V(s,8') € [~ M, M2, YN €2N+1, ‘%fN() - &N <

C(p,M)|s—s'|.  (3.38)

It is straightforward to see that (3.37) and (3.38) imply that

d~ d~
VO<k<p, @fN converges uniformly to @f‘x’, in [-M,M]. (3.39)

It follows from (3.4a) and (3.39) that
(sdPy(s), fN (s)) = (sdPy (5), £(5)),
and then
(4Pr(5), [ 5Cpr(Va}* N i) (e 4V )

— (4Pi(s), /sc,,er(wlS°°°+ei).<ej+vw§.’)>. (3.40)

N—o0

Collecting (3.35) and (3.40), we conclude that AT’N converges to a limit tensor A} defined
by

V(i,j)E[[l,d]]Z, Ai‘ei-ej:<sd151(s),/ Cper(Vw?+ei)-(ej+VzTJ?)>
+<d151(s) / scper(w“o%ei).<ej+vw;?)>. (3.41)
Thus, the proof is completed. O

3.4 Convergence of the second-order term

We state here the result concerning the second-order term AE’N defined by (3.27). The
proof being rather long and technical, we do not present it here for conciseness. We refer
the reader to [1] for the details.

Proposition 3.2. The sequence A;N converges to a finite limit A in R9*? when N — co.

4 Numerical experiments

The purpose of this section is to assess the numerical relevance of the approaches of Sec-
tions 2 and 3. To this end we build and homogenize stochastic composite materials using
laws that satisfy the assumptions of these sections. Our motivations are not strictly iden-
tical for the two approaches. In contrast to the first approach which relies on a rigorous
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proof, our second approach is formal and we thus need to demonstrate its correctness
experimentally (note that the tests performed in [2] in the Bernoulli case are already to be
considered as a component of the validation of the approach). We wish to check that the
expansions derived in Sections 2 and 3 provide an accurate and efficient approximation
to the direct stochastic computation. The limited computational facilities we have access
to impose that we restrict ourselves to the two-dimensional setting. We first explain our
general methodology, which is the same as that presented in [2], and then make precise
the specific settings.

4.1 Methodology

We mainly consider as in [2] a reference material A, that consists of a constant back-
ground reinforced by a periodic lattice of circular inclusions, that is

Aper(xl,xz) =20x1d+100 Z ]lB(k,0.3)(x1/x2) x Id,
kez?
where B(k,0.3) is the ball of center k and radius 1. Loosely speaking, the role of the
perturbation is to randomly eliminate some fibers:

Cper(xl,xz) =-100 Z ]lB(klos)(xl,xz) x Id.
kez?

We will also, in our last test, consider a laminate

Aper(x1,%2) =54+10 ) 1j<y, <11(x1,%2),
1eZ

with the perturbation yielding an error in the lamination direction:

Cper(xl,xz) =10 Z ﬂle2S1+l (xl,xz) x Id—10 Z ﬂle1Sl+l (xl,xz) x Id.
lez lez
For both materials (shown in Fig. 2), we have chosen the values of the coefficients in order
to have a high contrast between A, and A, +Cp.r and thus for the perturbation to have
an important impact on the microscopic structure. The specific value of these coefficients
has no other significance.

We will consider different perturbations by, all of which satisfy (3.1) with the B’,; inde-
pendent and identically distributed.

Our goal is to compare A; with its approximation A;Cr—l—iyA;"N —|—172A§’N . A major
computational difficulty is the Monte-Carlo computation of the “exact” matrix Aj given
by formula (2.7). It ideally requires to solve the stochastic cell problems (2.6) on R“.
To this end we first use ergodicity and formula (3.9), and actually compute, for a given
realization w and a domain Iy chosen here to be [0,N]? for convenience, A:‘]’N (w) defined
by

1

* ,N,(U
AW'N(w)ei:W N Ay(x,w0) (Vw!™ (x)+¢;)dx. (4.1)
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Figure 2: Left: a periodic lattice of circular inclusions. Right: a one-dimensional laminate.

In a second step, we take averages over the realizations w.

For each w, we use the finite element software FreeFem++" to solve the boundary
value problems (3.8) and compute the integrals (4.1). We work with standard P1 finite
elements on a triangular mesh such that there are 10 degrees of freedom on each edge of
the unit cell Q.

We define an approximate value A,";’N as the average of A,";’N (w) over 40 realiza-
tions w. Our numerical experiments indeed show that the number 40 is sufficiently large
for the convergence of the Monte-Carlo computation. We then let N grow from 5 to 80 by
steps of 5. We observe that A;’N stabilizes at a fixed value around N =80 and thus take

A;;'SO as the reference value for A; in our subsequent tests.

The next step is to compute the zero-order term Ay,,, and the first-order and second-
order deterministic corrections. Using the same mesh and finite elements as for our ref-
erence computation above, we compute A}, using (2.8) and (2.9). The computation of

the next orders depends on the setting:

e in the setting of Section 2, the first-order correction is given by (2.13) in Theorem 2.1
and is thus independent of N; since by is of the form (2.24), we use formula (2.27)
in Corollary 2.2 for the second-order correction which depends on N through the
term t; defined on R by (2.28), and which has to be approximated on Iy; we let N
grow from 5 to 80 by steps of 5;

e in the setting of Section 3, the corrections AI’N and A;’N are respectively given by
(3.23) and (3.27); we let N grow from 5 to 80 by steps of 5 for AI’N ; the compu-

tation of A;N being far more expensive (there is not only an integral over Iy but
also a sum over the N? cells in (3.27)), we have to limit ourselves to N =25 and
approximate the value for N larger than 25 by the value obtained for N =25.

We stress that there are three distinct sources of error in these computations:

tavailable at www.freefem.org.
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e the finite elements discretization error;

e the truncation error due to the replacement of RY with Iy, in the computation of the
stochastic cell problems (2.6) that are replaced with (3.8), as well as in the computa-
tion of the integrals (4.1);

e the stochastic error arising from the approximation of the expectation value by an
empirical mean.

Detailed comments on these various errors and the way we deal with them are pro-
vided in [2]. We just emphasize, in the setting of Section 3, that it is not our purpose to
prove through our tests that

Ay = Ap AT+ As o (1)

with a 0(17%) which would be independent of N, of the number of realizations and of the
size of the mesh. We only wish to demonstrate that the second-order expansion is an
approximation to Ay sufficiently good for all practical purposes. We will observe that

both A}'N and Ay converge to their respective limits faster than A;/™ to A; (which is
expected since the former quantities are deterministic and contain less information). We

will also observe that A;‘,er-i—iyA;"N is closer to A} than Ay, and that the inclusion of the

second order improves the situation for A;;er—l—iyAiﬁ’N —|—172A§’N is even closer.

To present our numerical results, we choose the first diagonal entry (1,1) of all the
matrices considered. Other coefficients in the matrices behave qualitatively similarly. We
illustrate a practical interval of confidence for our Monte-Carlo computation of A} by

showing, for each N, the minimum and maximum values of A:‘]’N (w) achieved over the
40 realizations w.
We will use the following legend in the graphs:

e periodic: gives the value of the periodic homogenized tensor A},,;
e first-order: gives the value of the first-order expansion;
e second-order: gives the value of the second-order expansion;

e stochastic mean, minima and maxima: respectively give the values of A,’;’N and the
extrema obtained in the computation of the empirical mean.

Finally, the results are given for various values of 7 which serve the purpose of testing
our approach in a diversity of situations, and in particular for perturbations that are “not
so small”.

4.2 An example of setting for our theory in Section 2 (and 3)

Consider B, =17 G1<;c<1 where G is a normalized centered Gaussian random variable.
It is easy to check that

B’? = 77G]10§G§+00+0(772)/ in LZ(Q)/
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Figure 3: Inclusions — results for a Gaussian perturbation and 7=0.1. Left: complete results. Right: close-up
on A;;’N and the first and second-order corrections.
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Figure 4: Inclusions — results for a Gaussian perturbation and 7 =0.2. Left: complete results. Right: close-up
on A,*,’N and the first and second-order corrections.

so that Corollary 2.2 of Section 2 applies. Alternatively, we can use Lemma 3.1, which
gives

AP, =d)— 50+’7 & +o(?), in £ (R),

V2
to perform our formal approach. We verify in Section A.3 of the appendix that both
approaches yield the same results up to second order.

We show results for the lattice of inclusions and for # =0.1 and # =0.2 (Figs. 3 and 4
respectively).

The results are very satisfying for both values of #. The first-order correction, which
does not depend on N, enables to get substantially closer to A;. Moreover, it is clear



1128 A. Anantharaman and C. Le Bris / Commun. Comput. Phys., 11 (2012), pp. 1103-1143

(especially from the close-ups) that the second-order correction A;’N converges very fast
(convergence is already reached at N=5), and in particular much faster than the stochas-
tic computation A,";’N . It also provides excellent accuracy.

4.3 A first example of setting for our formal approach of Section 3

Consider R; a random variable having Bernoulli law with parameter #, and G a nor-
malized centered Gaussian random variable independent of R,. We define the product
random variable

B;7 :RW X ;7G]]'|17G‘§1

Then
IE((P(Bﬂ)) IIE<§0<R77 X WG]IMG|§1))
=NE(e(1GLyc1<1)) +(1-1)9(0)
2
=1(9(0)+1E(G)¢’ (0)+ 9" (0)+0(12) + (1=1)9(0)
3

=p(0)+L-¢"(0)+0(1).

This implies
dP, = o+ %358—1—0(173), in £'(R). (4.2)

In this case we only consider the first-order correction since the dominant order in (4.2)
is already tiny. We present the results in the case of the lattice of inclusions, for 7 =0.2,
n=0.3 and 7 =0.5 (Figs. 5, 6, 7 respectively).

Once again, our approach converges rapidly and allows for an accurate approximate
value of A} even for 7 as large as 0.5.

44 A second example of setting for our formal approach of Section 3

Consider R, a random variable having Bernoulli law with parameter 77, and U a uniform
variable on [0,1] independent of R,,. We define B, =R, —yU. Then

E(¢(By)) =E(¢(R;—nU))
=1E(p(1—nU))+(1—n)E(p(-nlU))
=11(¢(1) —nE(U)¢'(1)+0(1))
2
< 1) (9(0)—EW)¢/(0)+ TEWU)¢" (0)+0(1))
+17(~E(U)¢'(0)+¢(1) —(0))
+1 ( E(U)(¢/ (1)~ ¢/ (0)) + 5E(U)g(0)) +o(iP),
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17 =0.3. Left: complete results. Right: close-up on
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Figure 7: Inclusions — results for perturbation (4.2) and 7 =0.5. Left: complete results. (Right: close-up on

A;’N and the first-order correction.
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Figure 9: Inclusions — results for perturbation (4.3) and # =0.1. Left: complete results. Right: close-up on
A;;’N and the first and second-order corrections.

so that
dP’? :50+17(—]E(U)56+51 —(SO)

1
+172(—IE(U)((S{—(S{,)+51E(u2)5”(0))-|-o(172), in &'(R). (4.3)
Notice that this complex case is a mixture of Sections 2 and 3. The first-order perturbation
is of course only the sum of the first-order perturbations for a Bernoulli law (Section 3
and [2]) and a uniform law (Section 2). The interaction of these laws at order 2, and
notably the J] term, is much more involved and requires the computation of the cross

derivatives of wl.z’s’t’o’k’N with respecttosand tats=0and t=1.

We give the results in the case of the inclusions and for # =0.05, #=0.1 and 1 =0.2
(Figs. 8,9, 10, respectively).
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Figure 11: Laminate — results for perturbation (4.3) and #=0.4. Left: complete results. Right: close-up on
A,*,’N and the first and second-order corrections.

For #=0.05 and 1 =0.1, the results display the same features as in our previous tests
and are very good. The case 7 =0.2 is instructive: the second-order expansion signifi-
cantly departs from the “exact” value provided by the direct stochastic computation. Our
interpretation is that, far from contradicting the validity of our expansion in the limit of
small 7, it shows the limitations of the approach. The value 7 =0.2 is too large for the
expansion to be accurate in the case of a lattice of inclusions with a high contrast between
the inclusions and the surrounding phase.

Interestingly, a value of 1 twice as large (0.4) provides a very accurate approximation
for another material, as shown by our final test performed on the laminate (Fig. 11).

Our approach has limitations and deteriorates, like any asymptotic approach, for
large values of #. The threshold is case dependent. The approach is however generi-
cally robust.
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Appendix

The objectives of this appendix are diverse. We first state some results used in Section 3.
Next we show that the approach formally derived in Section 3 is rigorous in dimension
one. Finally we prove that this approach is also rigorous, in general dimensions, in a
specific setting close to that of Theorem 2.1 and Corollary 2.2.

A.1 Some technical results

We state here some technical lemmas used in Section 3. Loosely speaking, these lemmas
all deal with the variations of the supercell correctors defined by (3.13), (3.22), and (3.26)
with respect to the amplitudes of the defects. For conciseness we refer to [1] for the
elementary proofs.

Lemma A.1. Let H!

T e et per(IN) be the set of (NZ)“-periodic functions in H., (R?) with zero mean
on In. The function

51

d _S1,,8 ~
F:(s1, - ,sz0) € [=MM]N =@, "™ e Hp,, (Iy),
_ 51, S Nd 51,7778 Nd S1,777 /S Nd 51,7 /SNd - . .
wherew;” "N =w;" "V —fINwi and w;" "N is defined by (3.13), is C*.

Lemma A.2. Consider f € L?(Q), and a tensor field A from R? to R?*® such that there exist
A>0and A >0 such that

VEER?, aein x€RY, A|EP<A(x)E-¢ and |A(x)E| <AJE|

Consider gN solution to

—div(AVgN) =div(lof), in Iy, (Ad)

gV (NZ)“-periodic. '
Then 11, VqN converges in L?>(IRY), when N goes to infinity, to Vg™, where g™ is a L2 (R?)
function solving

_diV(szq"Z):div(]le), in RY, (A5)

Vg® e L*(RY).

Lemma A.3. Consider q}’S'O’N and q}'s’o’o" solutions to (3.34) and (3.36) respectively and k € IN.
There exists a constant C(k, M), such that

1

Vse[=M,M], [[VIiq;™ || 2ga) < Ck,M)|| Vol +eil| 12(q). (A.6b)

Vse[-M,M], YN €2N+1, [|Vaiq V|| 2 SClM)[|Vw) +eilli2q),  (Aba)
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The following result is an immediate consequence of Lemma A.3.

1,5,0,N

Lemma A.4. Consider gq; and q; solutions to (3.34) and (3.36) respectively. For every

k€N, there exists a constant C(k,M) such that for all (s,s") € [~ M,M]?,

1,s,0,00

YN E€2N+1, [|[VakghsON —wokq = V]| 2 ) < CkM)[| VWl +eil| 2 s—5|,  (A7a)
1Vakq; >0 = Vakq! 0| o ey < Clk, M) | Vol +ei] 2y s —'|- (A.7b)

A.2 The one-dimensional case

We address here the one-dimensional context. All the computations are explicit, for the
settings of Sections 2 and 3. To stress the fact that we deal with scalar quantities, we
use lower-case letters for the tensors. Note also that in this section Q=[—1/2,1/2] and
IN=[-N/2,N/2].

A.2.1 An extension of Theorem 2.1

The following theorem extends the result of Theorem 2.1, stated in L®(Q;L?(Q))) to
L®(Q;LP(Q))) for any p€[1,00]:

Theorem A.1 (one-dimensional setting). Assume that d =1, that b, satisfies (2.4a) and
My 1= Hbﬂ HLOQ ([—%,%};LP(Q)) ?))00 fOT’ some p > 1.

There exists a subsequence of 17, still denoted n for simplicity, such that by / m, converges weakly-*

in L*([—1,3];LP(Q)) to a limit field denoted by by when 17— 0. Then

o the expansion
d d
Tl =—w +m,,—xv°+o(m,7) (A.8)
holds weakly in L2([—3,1];LP (Q))), where w® is the periodic corrector and v° solves
i d g dg ood .
_%(aperav )= P (bOCper<aw —|—1>), in R,

d o ; 2 d 0) _
%v stationary, IE(/%%U )—O.

(A.9)

*

o reads

e [

1

- d 2 d

2
* %
,]—aper—l-mn/

_1
2

a
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Proof. The periodic and stochastic correctors can be computed explicitly. They are respec-
tively given by

%wo_(/ll ;elr) -1 ai—1 and %wﬂ—@g(/z ﬂ;f))fla;l_y

1
/z)'
)/my. It solves

o) =5 G (1)) i

N

Note that w? is in W (—

1
2
We define v = (w" —w’

P . (A.10)
2

_ 17 1 _— 17 pu—
dxv stationary, E(/% dxv ) 0.
We deduce from (A.10) that

d b d

~ =1 ~

ay 70 m, cper(dxw +1> +ky, (A.11)

where k; depends only on w. Since k;, is by construction stationary ergodic, it is constant,
and we compute from (A.10) and (A.11):

b= (B 0,) (B[ 2w (5e0+1)).
7 277 —277
Since w" is in W (— %,%), a, is coercive and cy,, is bounded, it holds

1112 1= 1,11%0) 1112 1= 1,11%0)

[yl <C

1
E
Ui B Hb‘r]||L°° [(-1.3LLP(Q)
This implies that k;, is a bounded function of 7 whatever p > 1 and thus, using (A.11),
that do" /dx is bounded in L?([—3,1];LP(Q)) for all p>1. As a result, for p>1, do'l /dx

converges weakly and up to extraction in Lz([— 1ALP(Q))) to a limit we denote do® /dx.
The random field b, tends to 0in L?([—1,1];LF(Q)). Since it isbounded in L®([—1,2] x

272
Q), it converges to 0 in L2([—3,1];L"(Q)) for all r > p. By Hélder inequality it also con-
verges to 0in L?([—3,1];L"(Q)) for all 1<r<p. Thus it converges to 0 in L2([—3,3];L1(Q))

where g=p/(p—1).

The space L%([—3,1];L7(Q))) being the dual of L?([—3,1];LP(Q))), we obtain that
byCperdv' /dx tends to 0 in D'([—3%,3] xQ2). We can then take the limit 7 — 0 in (A.10)
and obtain that v° is solution to (A. 9)

We have thus proved that -1 ( w' — ﬁwo) converges, up to extraction, weakly to

do®/dx in L2([-1,3];LP(QQ)), Wthh is equivalent to (A.8).
The second assertion of Theorem A.1 is obtained by inserting (A.8) into the expression
(2.7) of a,’;. O
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Note that the proof of Theorem A.1 depends crucially on the fact that we are able to
solve explicitly the cell problems.

Theorem A.1 allows for a better intuitive understanding of Theorem 2.1. In dimension
one, the homogenized coefficient is explicitly given by

1
. p 1 -1
a’7_<IE/_la +byc ) ’
5 “per nt-per

which, when by (x,w) =Y ez L k41) (¥) By (Thw), may be rewritten as the formal series

= LB [ () (A12)

7 -1 \Naper

Assume now that there exists p>1 such that || By || .» (o) —0 when 7—0and B,/ || By || .r()
converges weakly in L (Q)) to some By with [E(Bg) #0. We have in particular

E(B,)

——— —E(By) #0,
1Byllr(0)
which, since E(|B;|?) — 0, implies
E(|B,|?)= E(By)). A.13
(1B,")= o, (E(B,) (A13)

We now claim that, without loss of generality and up to an extraction in 17, we may take
p=2in (A.13). Indeed, if p <2, then since B, is bounded in L*(Q)), (A.13) implies

E(|B,|*) = E(By))-
(1By[%) 1730+( (By))
On the other hand, if p>2, we consider the normalized sequence By /|| B, || 12(q) in L*(€2).
Up to extraction, it weakly converges to B, € L2(Q)). Since

E(By) E(By) Byllz()

IByllry)  I1Byllzy I1Byllr )’

where the left hand side converges to IE(Bo) #0 and || By || 12(q) /|| Byl r (r) is bounded by
1 by Holder’s inequality,
_ E(B
E(B,) im —B1) #0
1=0|By |l 120

and (A.13) is satisfied with p=2.

We then take p =2. Since E(|B,[?) = 0,0+ (E(B,)) and B, is bounded in L®(0}),
E(|By|*) =0y_0+ (E(By)) forall k>2.

This intuitively expresses that all orders higher than or equal to 2 are negligible as
compared to the first-order term in the series (A.12), and thus that a kind of “separation
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of scales” is satisfied. This is of course formal since one has to check that the remainder
term consisting of the sum of all terms of order higher than or equal to 2 is o(IE(B;)), so

that
) () ) sty

2

() e ([ L) 0 ) otey).

2 per

But this is the purpose of the proofs of Theorems 2.1 and A.1, using another viewpoint,
to show this is indeed the case.

A.2.2 The setting of Section 3 in dimension one

We now prove that our approach of Section 3 is rigorous in dimension one.
Lemma A.5. In dimension d =1, it holds
Oy =y +18 +1°85 +0(11%),

where aj and aj are the limits as N — oo of aT'N and aS’N defined generally by (3.23) and (3.27)
respectively.

Proof. Recall that in dimension one, a; is given by the simple explicit expression

(g 3 1 1 _/ap 2 1 -1
ah= —) = s), [ ——) .
1 ( /; ap@r+b,7cper) < () /; aper+scper>

The proof thus consists in inserting expansion (3.3) in this explicit expression and identi-
fying successively the first three dominant orders.
Using (3.3), we write

1 1 1
o1 201 _ /7 1 2/ 15 /’E 1 5
a = + dPi(s , — )+ dP>(s , — )+o
( '7) /; aper 17< l( ) 7% apgr+SCpgy> U < 2( ) 7% aper+SCper> (17 )

=(@per) " (1005, (4P1(5), [ P Ly e (abs), [ ) +otp).

7% Aper +SCper 7% Aper +SCper

This yields the expansion

3y =)@}, 2(P1(s), [ P Ly, ans), / L

—1 Aper +5Cper —1 Aper +5Cper

_’72(‘1;67)2<d152(5)1/] >+0(772)~ (A.14)

2
—1 Aper +5Cper
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We now devote the rest of the proof to verifying that the coefficients of 7 and 7% in
(A.14) are indeed obtained as the limit as N — co of aT’N and a;’N defined generally by
(3.23) and (3.27) respectively, in this particular one-dimensional setting.

The function w!*%N generally defined by (3.22) satisfies here

d(sofd 150N a0 N N
_ﬁ@l <ﬁwi +1)>_0’ m [_5’3}’ (A.15)
w}*"N N-periodic.

We easily compute using (A.15):

SO( d 1,s,O,N+1> _N(/¥ 1 )71
“ dx a 7g]aper+5]l[_ , Cper

_N(N< per)il —f(S)) !

*  \2 * 3
o) g5y ) (o2 o(n-2)

%
_aper+

where

2
fls)= /—% Aper (Aper+5Cper)
Thus aT’N defined generally by (3.23) takes here the form

=(ans), [y (= +1))
=Nay,, (AP (s),1) + (ay,,)*(dPy (s), £ (s) ) +o(1).

We know from Lemma 3.2 that (dP; (s),1) =0, whence

Nz

NZ

*NI\:;‘ZI_ per <dP1 f( )> (A-16)
Likewise, we compute from (3.26), for k€ [— X1, N=17\ {0},
st0k( 4 2510kN /% 1 !
Ok (L g2tk 1) =N
az (dxw + ) ( 7¥ apgr“f“sjﬂ[i%/% Cper+t1[k%,k+%]cpe")

1

1 tc -1
(N [ et
( (P”) -1 Aper (Aper +5Cper) -1 aper(aper-i-ther))
. -1
AN (N(aer) = 5~ £(5) "
Then

s,t,O,k(d ZstOkN_|_1) _|_(“;er)2( (@per)® 2 2
a0 (4 thert 2 (5) £+ 2 5) (1) o (N2
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Notice that this expression is independent of k (and so of the distance between the
two defects), so that a;’N defined by (3.27) here reads

ax, )? a* )3
i PO ARG a9 10+ 6 0)7)
(aper)z

Tf(s)>+o(1). (A.17)
Since we know from Lemma 3.2 that (dP;(s),1) =0 and (dP,(s),1) =0, (A.17) reduces to

ayN = (a5,,)2(dPy(5), £(5)) + (ae)2(dPa(s), f (5)) +o0(1).

*N N(N

+N<sz( ) ey +

Thus
ayN — a5 = (@) (dPy (), £(5))"+ (@) (dPa(s), £(5)). (A.18)

Finally, since

1 1
2 2

fo)=° ! —/'¥ and (dPy(s),1) = (dPy(s),1) =0,

—1 Aper —3 Aper +SCper
we have
1
. ~ 3 1
41 (s) _ /4P ’/27 , A.19
< 1(s) f(5)> < 1(s) ;aper+scper> -
and
1
) ~ 3 1
iBy(s) _ /4P ’/27 . A.20
(dP2(s),(5)) == (aPao), [, ) o

In view of (A.14), (A.16), (A.18), (A.19) and (A.20), we have proved

*

ay = a;er'i'naiﬁ +172ﬁ§ +0(772)'

So, the proof is completed. O

A.3 A proof of the approach of Section 3 in a specific setting

The purpose of this final section is to prove that the formal approach of Section 3 is rig-
orous in a setting related to that of Corollary 2.2.

More precisely, we assume that the random field b, satisfies the assumptions of Corol-
lary 2.2. These assumptions do not imply that the image measure dP, satisfies assump-
tion (3.3) which is at the heart of the approach of Section 3, so that we have to impose that
dP, additionally satisfies (3.3). The following preliminary result then gives the necessary
form of the expansion of the image measure dP,.
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Lemma A.6. Assume that by satisfies

by(x,w) =Y Touk(x)Bi(w), (A.21)
kezd

where the B’,; are i.i.d random variables, the distribution of which is given by a “mother variable”
By, satisfying
V77>O, HBWHL"O(Q) SM, (A22a)
B, =nBo+n*Ro~+o(17*) weakly in L*(Q). (A.22b)

Assume further that the image measure dPy of B, satisfies (3.3). Then
2
dP, = 6o—1yE(Bo)dy+ %IE(BS)(S()’—1721E(R0)5(’,+0(172), in &' (R). (A.23)

Proof. Firstly, notice that B, /1 converges strongly to By in L?(Q}) because of (A.22). Now
consider ¢ € D(R). We have on the one hand

2
E(p(8)) < E(5)p(0),

and on the other hand
E(B2¢(By)) =n(s*dPy, @) +1*(s*dPy, @) +0(1*).

Thus s*dP; =0 and s*dP, =IE(B3)dy in D’'(R). It is then well known that there exist 1, k1,
72, k2 in IR such that

L E®),,
dPy=v160+116), and dD,=y80+K25)+ ) %-

Lemma 3.2 implies 71 =2 =0. Then, we have
E(By,) =E(Bo) +4E(Ro)+0(1%)

and also
E(By)=1(sdP;,1) +1%(sdP,,1) +0(1n?).

Thus (sdP;,1) =E(By) and (sdP,,1) =E(Ry), from which we deduce x; = —IE(Bj) and
Ky = —IE(R()). O

Theorem 2.1 and Corollary 2.2 rigorously yield the second-order expansion

Ap=Aper 1 AT+ A5 o0 (1)
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with ANT and ;ﬁv; respectively defined by (2.13) and (2.22).
On the other hand, using (A.23), Section 3 yields the formal expansion

A= Ayt AL+ A5 +0 ().

where Aj is the limit of the sequence A’l"’N defined by (3.23) or equivalently by (3.28), and
A’ the limit of the sequence A;N defined by (3.27).

The rest of this section is devoted to verifying that A% coincides with A* and A}
coincides with A} in the specific setting of Lemma A.6.
A.3.1 First-order term

Using (A.23), (3.28) reads
AjNej-ej=—E(By) <56(S)I/QSCPEV(VW}S'O'N'*‘@) : (€j+V@?)>'
and we compute
AN ZIE(By) /Q Cper( Vol N ey - (e+ VD).

1,0,0,N
i

Setting s =0 in (3.22), it is clear that w is equal to the periodic corrector w?. Then

AN ZE(By) /Q Cper(Vat)+e;)- (4 V). (A24)
Clearly AT’N does not depend on N and its limit is then
A7 =E(Bo) /Q Cper (V) +e;)-(e+ V). (A.25)

We recognize in the right-hand side of (A.25) the first-order coefficient in (2.17), which
we know from Remark 2.2 is equivalent to (2.13). Theorem 2.1 therefore shows that the
first-order expansion
A;k] = A;er'i'nAT +0(77)
is correct with the values of the coefficients given by our formal approach of Section 3.
We now proceed similarly with the second-order coefficient.

A.3.2 Second-order term

Using the adjoint cell problems (2.16) in (3.27) as in the proof of Proposition 3.1, let us
first rewrite

Ap¥ee= Y (dP(S)APL(1), [ sCpr VRN (¢4 a))
ke Ta k40 Q

+{aps(s), /Q SCper( Vo™V 1)) (e+ V) ). (A.26)
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Inserting (A.23) in (A.26), we start by focusing on
<d132(s),/Qster(ng’s’o’N—l—ei) . (ej+VzE§-’)>
1 _ ~
=3 E(Bo)(5§(5), [ sCoer(Var} ) (e V) )

~E(Ro){(8)(s), [ sCper(Veo} "N ) (e VD)),

1,0,0,N 1,5,0,N

Denoting by 9; w;’ , the first derivative of w;’ evaluated at s =0, we compute

<d152(s) /ster(Vw}SON—i- ej)- (ej+V@Q)>
_E(B2) /cmva W OON (Va0 +¢;) +E(Rq /CW WO e (VA +e;)
=IE(B3) /Cpeyvasw}’o’o’N-(ij-I-e]-)-HE Ry /CW Vwi—l-ez-)-(V@?-l—e]-).
Q Q

It follows from (3.22) that asw}'O'O'N solves

{ —div(Apey Vosw; ") = div (1oCper (Vi) +e1)), in Iy, (A.27)

s w1 00N (NZ)?-periodic.

Applying Lemma A.2 to (A.27), we deduce that Vo, wl 00N converges in L*(Q), when
N — 00, to Vt; defined by (2.28) in Corollary 2.2. Consequently,

<dP2(s)/stg,(lesON+ ) (e+Val)) — E(B) /cpg,w (V@ +e))

N—o0
E(Ro) /Q Cper (Vo) ;) - (V@D +e)). (A28)

Next, we address

dp; (s)dpl<t),/ Scpervw?,S,t,O,k,N.<ej+vﬁ?)>
keTn,k#0 Q

=E(B0)* Y, (8(s)95(1), / SCpor VR VN, (o4 V) ).
k€T k#0 Q

2,0,0,0,k,N 2,5,t,0,k,N

Denoting by d;w; the first derivative of wy

s=t=0, wehave

with respect to t evaluated at

Z <dp1 <S)dp1 (t),/ scpeer?’s't’O'k'N . (6] + V@?)>
keTn k#0 Q

—E(By)? / Cper Vw20 N. (o, 4 V). (A29)
ke k40" Q



1142 A. Anantharaman and C. Le Bris / Commun. Comput. Phys., 11 (2012), pp. 1103-1143
It follows from (3.26) that Btw?’o’o’o’k’N solves

{ _div<Apervatwi2’o’o’0’k’N) = le(]l Q+kcp€T<VW? +ei))l in INI (A 30)

iw*POEN (N 7Z)d-periodic.

2,0,0,0,k,N
i

Defining dY = Yo7, 0w
solves

, it is easy to see that dV is a Z%-periodic function that

(A.31)

—div(ApeVdN) =div(Cper(Vud +e;)), in Q,
dN Z%-periodic.

Since problem (A.31) has a unique solution up to an additive constant, VdN = Vs; where
s; is defined by (2.29) in Corollary 2.2.
Finally, comparing (A.27) to (A.30) for k=0, we find that Vatwiz,o,o,o,o,N is equal to

Vasw}’o’o’N and then also converges in L?(Q) to Vt; when N — 0.
Then, starting from (A.29),

<dP1(s)dP1(t), / scpg,warSffrOrkrN-(e]«+m;?)>
kET k40 Q

=(E(By))? /QcperkEZT Vs VN (- Vo)) — (E(Bo) /Qcpervatw?”’“”’“” (ej+ V)
N

=(E(By))? /Q Cper Vsi- (ej+ Va@?) — (E(By))? /Q Cper Vw2 000N, (6,4 Var?)
— (E(Bo))? /QCpeerl--(ej+V@?)—(]E(BO))2 /Qcpe,vti.(ej+vw§?). (A32)

N—oo

It entails from (A.26), (A.28) and (A.32) that A;’N converges to a limit A} defined by
Q Q
+(1E(Bo))2/QvSi-(ej+vw§?).

A3 is equal to the second-order term given by (2.27) in Corollary 2.2 since we deal with
independent random variables in each cell of Z“. Thus the second-order expansion

Ay =As AL+ Ay o (i)

derived from the formal approach of Section 3 is correct in this specific setting.
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