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Abstract. We extend classic Sommerfeld and Silver-Miiller radiation conditions for
bounded scatterers to acoustic and electromagnetic fields propagating over three iso-
tropic homogeneous layers in three dimensions. If x=(x1,x2,x3) €R3, with x5 denoting
the direction orthogonal to the layers, standard conditions only hold for the outer lay-
ers in the region |x3| > ||x||7, for v € (1/4,1/2) and x large. For |x3| < |x||” and inside
the slab, asymptotic behavior depends on the presence of surface or guided modes
given by the discrete spectrum of the associated operator.
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1 Introduction

Existence and uniqueness of acoustic and electromagnetic (EM) waves over layered struc-
tures have for long remained unsolved problems. These so-called open waveguides possess
solutions that are divided, according to the continuous and discrete parts of the operator
spectrum, into radiative and guided modes, respectively [12]. Guided or surface modes
decay differently at infinity than radiative modes, and consequently, standard radiation
conditions do not suffice to guarantee uniqueness. In [4], this is overcome by introducing
a modal condition on the volume of a 2-D rectangular waveguide with varying coeffi-
cients in the core. A different approach is presented in [3] wherein one of the outer layers
is replaced by a Dirichlet condition and uniqueness is achieved via a generalized Fourier
transform.
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Figure 1: Coordinate and domain definitions.

In this work, we present rigorous asymptotics for outgoing acoustic and Maxwell
waves in the time harmonic regime in IR® using the limiting absorption principle [9]. This
constitutes a steppingstone towards a general existence result for open waveguides and
uniqueness proofs in the fashion of [5]. On the application side, these precise asymptotic
characterizations allow for the improvement of non-reflecting boundary conditions and
perfectly matched layers (PML) based techniques in layered media [11].

1.1 Problem setting

1.1.1 Geometry and physical parameters

Let h€ R, and define intervals I := (h,+0), I:=(0,h) and I3:= (—o0,0). We consider
the following three-layer decomposition of R (see Fig. 1):

Op:={xcR3%:x3€;}, W:={xcR’:x3€h}, Oz5:={xcR3:x3¢ch},

with interfaces T := 0,NO3, T, := 0Ny, and O := J;Q;. Introduce hemispherical
coordinates (7,0, ¢) with origin at (0,0,/) for (2; and at (0,0,0) for Q3. That is, for r€ R,
¢ € (0,2m), and either 6 € (0,%) in Q0 or 6 € (5, 77) in O3, we have the equivalences:

h+cosf, x3€lq,

x1=rsinfcosg, xp;=rsinfsing, and x3=
cos6, X3 € I3.

In ), we employ cylindrical coordinates (p,¢,x3) with p>0, ¢ € (0,277) and x3 € I, so
that x; =pcos¢ and x, =psing.

Each domain ();, i =1,2,3, is characterized by different parameters according to the
physical situation considered. For linear electromagnetism, relative permittivity and per-
meability coefficients, €;, ;€ L*(();), are both real and positive. Inside (;, the light speed
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¢; is equal to co//€;1i; where ¢g is the speed of light in vacuum. In the acoustic case, real
positive and bounded constants c; refer to sound speeds. Parameters 7; € R, represent-
ing viscosities in acoustics or conductivities in electromagnetism, immediately guarantee
the well-posedness of the system, i.e. bounded energy. Nonetheless, we will be mostly
interested in the case when they tend to zero, and thus we set #; =# in all layers, for
simplicity.

1.1.2 Time-harmonic or Helmholtz formulation

Let w € Ry and U, be such that Re {U,(x)e "'} represents either the space-time de-
pendent scalar pressure field or the normal EM field-component describing transverse
electric (TE) or transverse magnetic (TM) polarization. Specifically, if (E,H) € C® denotes
the pair of electromagnetic complex-valued vector fields, then U, = H3 and U, = E3 for
the TE and TM case, respectively. The subscript 7 will be extensively used to emphasize
the dependence on this parameter and is omitted whenever 17 =0.

Define real and complex wavenumbers k7 := (w/c;)* and k%n :=k}+1wn. We are
interested in solving the family of time-harmonic problems for # going to zero: find
U, e Hll0 .(A,Q), the space of local H L_functions with AU, in leo -(Q), such that

AU, (x) +k3, Uy (x) =0, xeQ;, i=1,3,
2 —
(P,) := Au’?(x)+k2,r]u7] =Fu(xw)F(x), x€, (11)
[zxuﬂ} =0, xelguly,
[a3u,,] =0, xelZuly,

where [-] denotes jumps across a boundary with « being equal to y for TE, € for TM, or
one if acoustics are considered. The source term F(x) is complex-valued and compactly
supported in (),". The term Fy; is a partial differential operator whose form varies for
TE and TM polarizations, accordingly, but is equal to identity for sound scattering. More
precisely, the electromagnetic source is given by a vector electric current F which yields,
for each polarization, three different scalar sources F]u.’F = (FyF) X;,j=1,2,3 [7].

If 7 is strictly positive, the above problems are well-defined only in the space H! (A,Q)
which is strictly contained in I—Ill0 (A,Q). For =0, this does not hold and H L(A,Q)isno
longer a suitable solution space. Henceforth, we assume the following:

Hypothesis 1.1. The real wavenumbers satisfy 0 <k3 <kj <k, < 4-o00.

When 7 vanishes, the limit problem (Py):=lim,o(P;) presents a countable number of
guided modes, whose wave-vectors are given by ||| =¢}', with { € R* and wavenumbers
¢y >0 for me N [7]. Actually, these modes are the poles in the surface spectral Green'’s
function (see Section 2.1).

*If the source lies in the exterior layers only minor modifications need to be introduced as done in [7].
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1.2 Main results: far-field asymptotics for (P)

Proposition 1.1 (Sommerfeld-type conditions). Assume the existence of M € N guided
modes. Moreover, let us admit for the limit problem (Py) the decomposition:

M
U=Ug+Ung  with  Uy= Y a,Uy),  w,eC, (1.2)
m=1

where U,q and U, denote radiative and guided parts, respectively, the latter composed
of allowed modes U} related to each wavenumber ¢}'. Then, using the coordinate system

previously introduced, for y € (1,3) it holds

W] = 0(rCrr)), XEQy =13 ful>r

%—g—lzleamggnugn‘ :O<r_(%—7)>’ XEQZ', i:1,3’ ‘x3’<r7’ (13)
U wgpup| =0 (ot),  xemn,

The same conditions are satisfied by each component of the EM vector fields for both TE
and TM polarizations.

Proposition 1.2 (Silver-Miiller-type conditions). Define the radiative and modal impe-
dances z; . := (p;/ ei)l/ 2 and zzzp ::zi,rézz /ki. If excited by a compactly supported electrical
current, outgoing transverse magnetic fields satisfy the following conditions:

7

Hi-l-z;rlE/\n‘ =0 (r*(m%)), x€Q;, i=13, |x3|>7,

Y -1
H+Y,, _1am (zzzp) EJ An

:O<r’<%*7)>, xeQy, i=13, |x|<r7, (14)

Y -1
H+Y,, _1am (zzm,p) EJAn

:O(p7%>, XEQZ,
\

where E} represent the associated guided electric field modes described in Proposition
1.1, n=x/rinxe();,i=1,3, and n=p/p in (). Similar conditions for transverse electric
modes hold by reversing the roles of H and E and replacing z;,, zj), with their inverses.

In what follows, we only provide the proof of Proposition 1.1 for the scalar form of
the Helmholtz equation. Thus, henceforth we set in (1.1) ¢; =1, i=1,2,3 and Fy =Id.
Extensions to the vector Helmholtz equation and Silver-Miiller conditions are discussed
in [7,8].

2 Asymptotics for the scalar Helmholtz problem

One can recover U, for an arbitrary but compactly supported source by convolution with
the associated Green’s function, g, i.e. U, =g, *F. Hence, the far-field behavior is indeed
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the one induced by g,. These distributions are obtained by replacing the source F(x) with
a delta Dirac distribution, J, located at y € ();. By translational invariance, we can set
y1=y2=0 so that the source’s position is given only by y3 € I. Application of the Fourier
transform along the horizontal plane yields a system of ordinary differential equations
(ODEs) in x3 whose solution is given in Proposition 2.1. With this, in Section 2.2, we carry
out the asymptotic analysis of the inverse surface Fourier transform when # goes to zero.

2.1 Surface spectral Green’s function

Let x' = (x1,x2) and &= (¢;,&) belong to R? with & =&cos¢ and & =¢sing for ER ;. and
¢ € (0,27r). With the unit vector t(¢) := (cos¢,sin¢), the surface Fourier transform can be
written as

27T oo ,
) = o [ [T Fepas)e T cedg 1)

with obvious inverse form. Define restrictions of the Green’s function over each layer
gf7 := gy, After applying the Fourier transform to (1.1) one must solve the following
problem: seek §f7, in the space of tempered distributions S’ (IR% x1;x I), fori=1,2,3, such
that, for y3 € I, it holds

(9331 — 12,8, =0, x3€l, i=1,3
9By —X5,8; = 06(x3—y3), x3€D,
(Py):={[g,] =0, x3=0,h, (2.2)
[0:84] =0, x3=0,h,
| +decay conditions |x3| — +o0,

where )(12’17 (€):=¢? —kf’ﬂ. Solutions of the homogeneous ODEs take the form:

8y (&x3,y3) = Ki , (Ey3)e” 7 ¥in 4 Kb (Zy3)el™> )X, i=13,  (23)

with distributions K;/ﬂ es (]Ré xIp), j=1,2, obtained by imposing boundary and decay
conditions. We have defined the square root in the complex plane

Xin 12+ /22— kl%ﬂ , i=1,2,3, (2.4)

as the product between /z —k;, and \/z+k;,, for z€ C, Re{z} =, such that

ins
arg(z—k;,) € (—3m/2,7/2) and arg(z+k;,) € (—m/2,3m/2).
Remark 2.1. Set 7=0. Then, if Jm{z} =0 and Re{z} =¢€R, it holds arg({—k;) € {—,0}

and arg(¢+k;) €{0,7t} and thus, yx; takes either real or purely complex values. The latter
occurs if || <k;.
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Due to the punctual support of the exciting term, we introduce an artificial layer at
x3=y3 and split the interval I, into Iy := (y3,h) and I,_ :=(0,y3). This induces a decom-
position of the spatial domain (2, into

OF ={xeMy:x3€hy} and Q) ={xcM:x3€h_},

so that §% is built by the solutions of two homogeneous ODEs for x3 € I, and x3 € I,
linked by transmission conditions at x3 =y3 [8]. For a wave traveling in (); towards (),
we introduce complex reflection and transmission coefficients, denoted by Ryj and TZ,
respectively, given by

Xiyg—Xj 2Xi
RI(E) =24 2 TH(E) =14 Rl = —2 2.5
Observe that R;Ii = —RZ-. Finally, we introduce the following complex-valued surface
spectral function:
Detﬂ(g) = RglRZ:s exp (_ZhXZ,U) -1, (2.6)

whose zeros represent the so-called in-phase condition necessary for surface modes (see [7]
and references therein).

Proposition 2.1 ([8]). Introduce the excitation related term TJW(C) :=(471x2,4) . If Dety, is
non-zero, the solution to the spectral problem (13,7) is

U

~ T
§;17 (x3) = Lnﬁe—(h—ys)m,q [1 + RZ3€_2y3X2/’7} e~ (x=mxiy el (2.7a)
Ui

. L
81 (x3) = o [ 4 Rlpe™¥1n] [e700 4 Rl e 22|, xy€lyy,  (27b)

U
L
g (x3) = ﬁ {e‘ymf’? +Rgle_(2h‘y3)?‘2/'7] [Rle™ % %], xzel, (2.70)
Ul
~ T
8 (xs) = Ly B o7 4 Ry e @hmohtay] oo, neL,  (27d)
Ul

where the dependence on (&,y3) € R? x I is implied.

Remark 2.2. One can further simplify (2.7a)-(2.7d) into the general form:

O CHTEY

§5(§/x3/y3) = Eﬂ(é) Det,7<§)

x exponential terms in x3, (2.8)

where ¢=|¢|. Functions Eil (¢,y3) are built from terms RZ-,

on the radial spectral coordinate.

T;]]- and yx;,, which depend solely
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2.2 Asymptotic analysis for vanishing absorption

We now compute asymptotics when 7 goes to zero for the inverse Fourier transforms:

. 1 2m poo B o
gy (X, x3,y3) = E/o /o 8, (8, x3,y3)e P X Edzdg, (2.9)

with X' = (x1,x2), y=(0,0,y3), and where §,’7 has the form (2.8). For this, we rewrite the
integrals (2.9) in the standard form:

27
S rs) =5 [ [ @ gs)e e, 210)

where (A,,-) equals (7,6, ¢) or (p,¢,x3) according to ); with A as the large parameter. The
terms @) denote the associated phase, obtained by multiplying exponential terms coming

from g‘; and the Fourier transform exponential. The remaining terms are bundled up in
the amplitude function ‘I’il

2.21 General procedure

Without loss of generality, let us assume the existence of only two opposed poles at +¢, €
R with ¢, >0 and when 1 =0. For small 17 >0, the real poles |, | are displaced as ¢, ~
+(¢p+117) [6]. The complete asymptotic behavior on each layer, denoted by I, is obtained
by letting 17 go to zero and adding the following contributions:

1. I, due to stationary points &. in the phase function ® and derived via the station-

ar_i/ phase method [10]; and,
2. Héi, defined as

. I
1 L ..
Ly (o) = 5= | T Qe ys, ), (2.11)
due to critical points & in the radial integral J'. Specifically, for a fixed integration

angle ¢, we study
P y39) i=tim [, @0y WE0 g, Ao peo, @12

by replacing ¢ with the complex variable z and using the residue theorem [1] for the
complex contours shown in Fig. 2 for Re{z} >0. This requires analytic continua-
tions for ‘I’il, d>£] based on the one for x; , (2.4). Possible critical complex (real) points
z. (¢.) associated to the integral in z are

e surface mode or pole contributions at z.==+¢, ;, given by the complex residue;
e branch points located at z. = +k; , fori=1,2,3; and
e integration end-points at z. =017,

whose asymptotics are found via the steepest descent method [2]. After taking the
limit 17 ] 0, these last results are finally integrated with respect to ¢.
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Figure 2: Complex paths for integrals in z at a fixed spectral angle ¢ (Initial form).

2.2.2 Explicit integrand forms

Recall the different coordinate systems presented in Section 1.1.1. For €;, i = 1,3, the
amplitudes and phases in (2.10) are given by

i - Ei (gly?))

i — i
Tq(éz‘l’/%) = Lvy(g)w, (2.13a)
D, (8,4,0,9) := —|cosb| i, (§) —1sinBeos (p—¢). (2.13b)

The phase expression yields both stationary points and branch points as shown below.
In (), asymptotics are obtained along horizontal directions for

27T +oo
g (09,35 y3) = hg;g / / (8,9.ys)e T 00 cagdg, (2.14)
where now
- EEGw) L,
2 + .

(85 ,y3) =Ly () T(C)XW (&x3),

D*(&,¢,9) := —ZCCOS(fP—q))

X2+ (g x5 ) —x5 X2y + R’? —2hx2, ex3+?(2/'7,

7 (Cxy) = Zse_XS Ko 4 g% X2,

with functions X,%i and E%i well-defined in ¢. Given the form of ®2, it is clear that it
does not depend on # and that no saddle points occur for the integral in ¢. Thus, the only
asymptotic behavior of g?* is given by the pole contribution.
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2.2.3 Stationary point contributions for (3;,i=1,3

Use the form (2.9), let 7 =0, and multiply the integrand by a cut-off function ¢ € D(R?)
such that ¢ is equal to one on a neighborhood of the stationary point ¢, and zero else-
where. Let Bi(&.) CR? denote the ball of radius k€ R, centered at &.. We calculate

i i i 17‘&)1(61/52/9/?)
Ly (0, @:y3) ~ 72 /Bk@s)lF (&1,82,y3)e 414G,

wherein we have followed Remark 2.1 to modify the phase (2.13b) by defining

& (&,,82,0,9) := |cosh)| k? — &2 —Zysinfcos ¢ — & sinfsing.
The only stationary point is
& = (&,¢) = (—k;sinfcos @, —k;sinfsing), i=1,3,
which lies in the ball By, (0) = {{: || < k;} with Hessian matrix:

H~.<gi)__l 1+tan?fcos’p tan?0cos@sing
@/ ki \tan?fcos@sing  1+tan?fsin® @

satisfying detHg; (&) =sec?8/ k?. Moreover, the matrix has eigenvalues of opposite signs
and consequently the signature of Hg; (&;) is zero, the stationary point thus being a saddle
point. Application of the stationary phase method yields

tk;r

Héf(r,O,(p,y3):ki|cos(9]‘1’i(§é,y3)e +Or?),  i=13. (2.16)

o
Remark 2.3. If sinf =0, the stationary point is also a critical point for J* [see (2.12)], i.e.
the end-point at z=0, and the above result is divided by two [10].

2.24 Surface mode or pole contribution for (3;,i=1,3

We now consider asymptotic contributions along a fixed angle J' (2.12). We choose the
complex paths so as to eliminate the integral contributions for large z and apply Jordan’s
lemma (see Fig. 2), i.e.

Ji = 2rlimRes.z,, (z‘y;ercbfy), (2.17)

By looking at our square root definition (2.4), we write z=Re'™ with RER, T € (—5,5)
and study the integrand. First, we analyze the ubiquitous x;

|R|lgllooxm7:|R|lgl}~oo (Rezr)z_kiﬂz\mlmwweﬂ’ =123 (2.18)
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and consequently, all terms TZ , RZ- are bounded. Second, observe that exponential terms
exp(£syi,), with s€ R, behave as

lim exp(£sy;,) =

lim exp(&£s|Rle'T) = lIim exp|[+s|R|cost],
A Rl xp (E[Re") _exp [+s|R]cosT]

[R|—+
which, in view of the chosen domain for 7, converge to zero only for the negative sign.
Hence, from (2.6),
lim Det,(Re'") = 1.
|[R|— 400

Since the particular expressions for 357 in (2.8) are well-defined and bounded, ‘I’il decays
as 1/R for large z due to fﬂ. Finally, consider the real part of the exponential term:

%e{e—r\cose\|R|exp(zr)e—z|R|exp(1r)rsin9cos(¢—q))} :e—r\R\(|c0s9\COST—sinTsinecos((p—q)))

For both ()1 and )3, the elevation angle 6 lies in (0,77), and therefore sinf and |cosf)| are
positive. Thus, we define the integration contours in relation exclusively to the sign of
cos (¢ — @) so that integrals over paths at a fixed distance R vanish as R goes to infinity.

Case cos(¢—¢) > 0. Path integrals lie on the lower half-plane following the sense shown
in Fig. 2. Hence, poles are not included and the only potential contribution comes from
the integral departing from z=0:

0" —100

Jo (1.0,9,y3,¢) ~ / ¥ (2,0,3) e 10024z A too, 710, i=13,

0+t—10t

lying on the fourth quadrant of the complex plane. The contribution is calculated in
Section 2.2.6.

Case cos(¢—¢) < 0. Integrate over C, and encircle the pole located at §, . Its residue
for vanishing 7 is

. / r(I)i 1 . 1 @i , ,9,
lé%ResZ:,gm (Z‘F%e '7) =lim lim (z—¢p,)z%} (z,¢,y3)€ (z0.9)

140 z—Cpy
~ . i z—¢
_ L El rd (Cpr9/¢/¢) 1 p
Cp @p) (gr"yf’)e ZL% Det(z)’

(2.19)

wherein we have exchange limits by analyticity over the cut complex plane and functions
L, & and @' [see (2.13a)] are well-defined at {,. Since the determinant is null when =0,
we take the last limit using 1'Hopital’s rule:

. _CP . / -1
= lim D :
1 Bet(z) — 2, (Dt )
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The derivative of the determinant can be found as follows: let f(z) = Det(z)+1, take
logarithm and derive in z. Evaluation at z=¢,, yields f({,) =1, and consequently,

Ry (&p) | Rys(Gp)
Ry (8p) Ro3(Sp)

Observe that x;=¢/ xi, and therefore,
B —
Det/(gp) =20pX;5 1(€p)Det (Cp)

Det'(&,) =

_|_

—ZhX/z(‘fp)‘

with .,
Det (&) := —x1 ' (&p) — x5 (&) —

Since k13 #kp and h >0, the above quantity is well-defined and one can conclude

]ép<”/9/§0/y3/4’):12”7(2(619) <CP) (CPEZ3)) _r‘cosel C%_k’z_”cﬂsmecos(¢—fp), i=1,3
Det P

whenever cos(¢— ¢) <0.

Angular integration. From (2.11), we write

It (1.6,9.y3) :17(2<CP)E<CP)M et VETR WL (rsing, ),
2Det (&)

for i=1,3, where the last term is obtained as follows. Since the residue is zero for cos(¢—
@) >0, we use the indicator function 14(¢) equal to one when ¢ € A and zero elsewhere,

so that
27T

W (00) = [ Ligucosty-<ap (Pl "9,
with p being the projection of r over the equatorial plane, i.e. p=rsinf. Application of
the stationary phase method, for the phase rewritten as w(¢) := —,cos(¢—¢), yields
stationary points at sin(¢—¢) =0, i.e. ¢° =mm+ ¢, with m=0,1,2 at most. This gives
w(¢?) ==, (=1, Guw(¢T)=Ep(-1)".
However, 1(4.cos(¢p—¢)<0} 1S nonzero only for m=1. Thus, bearing in mind that both ¢ and
¢ belong to the interval (0,277), the method yields

: 27\ /2
i — 10¢,—171/4 —-3/2
We, (0,9) (P—Cp ) e'for +0 (p ) . (2.20)

Summarizing results for i =1,3, we obtaint

; ~ (Cp,ya) —T\Cos€| 2752 (271' >1/2 10,417 /4 —3/2
= L _ P ! — Pep O 7
¢, = X2(8p) (Cp)ZDet @) \ o) ¢ + (p )

where the phase —171/4 is changed due to the 1 factor coming from the residue theorem.

The surface pole contribution for (), is identically computed to the one above [8] but it only depends on p.
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Figure 3: Local integration coordinates for branch cut integrals.

Remark 2.4. The function decreases exponentially in the vertical direction, whereas the
decrease is as p~1/2 as we approach the x3 = {0,h} planes. If the function Det possesses
many zeros, each associated residue must be added.

2.2.5 Branch point contributions

From Fig. 2, relevant branch points start from k; ;, j=1,2,3, yielding three potential contri-
butions | Ii/-' for i=1,3, when 77 vanishes. At each branch cut, the original contour follows

a loop-hole (see Fig. 3). First, we show that the integrals are well-defined around these
points and therefore integral paths can be as close as desired to the branch cut.

Loop-hole integrals. At k;,, we use the local coordinates described in Fig. 3(a) and cal-
culate the limits:

hﬁ}‘% (k]',q+V€ZT,4>,y3)er%(kﬂ”ﬂew’q)’e’(/})‘r i=1,23, i=13.
v

Clearly, for j #i, lim, o x;, (kj,; +ve'™) = /k]z-ﬂ7 —k%ﬁ is well-defined. When i =j, we have

%1, [2k;, +ve T veT = /2k;, e 21%1\/17 (2.21)

i
n
well-behaved around points k;, for all j=1,2,3. On the other hand, the source EW is
singular as v~12 when z—rky [see (2.21)]. Since the Jacobian is equal to v around k; ;, for

all cases, integrals

and, consequently, coefficients RZ. and TZ are bounded. Thus, functions E], and Det;, are

TE/Z . i 1T
lim Vi (ki 4ve',d,yz) e T Kintve 909) () 4 et yelT dr
010 )3 /2 17( i ¢.y3) (ki )

vanish. Thus, we only need to compute vertical integrals on either side of the branch
cuts.
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Integrals parallel to the branch cuts. Introduce z;, :=1s+k;, and z]in v = 2Zjy v with
s€ R, as the new integration variable [Fig. 3(b)]. We must compute

+00

]k —;}1]% </ vy n (2 ]_'7/1/)6@ s mv)z],7 ]17V+ lI” ]Wv)erq) 7 () ]‘*'ﬂvdzmv). (2.22)

For simplicity, introduce local polar coordinates shown in Fig. 3(c):

j . ‘ .
Py () . _ ( |z:Fk]-,,,\ > j j ( 3m ”) j ( T 3”)
‘ = , eERy, Tel—,=), T_el—=— |, (223
(70 = (el e (55 27 ) OB
for ze C and j=1,2,3. When v goes to zero, the angle Ti takes the values
- T i/ 3
T, (ij1¢,0> =5 and T, (zj,,?,(,) =—5 3 €ER,,

while 7/ does not vary. Notice that coordinates (pi,ri) remain unchanged if defined
with respect to zE o With i #j. Based on the representation

Xin(2) = \/pi.p exp [l <T+-£T>]’

we can state the following relations:

L,

. . 4 i 2 —
Ki(zy0) = PR i 0) = i) (2.24)
Xj(z;;y,o) :X]'(Zi;y,o)' i#],

and deduce

Rl(z,0) = [RUeh0)]  and Tz = Tz o) [RU(e1 )]

Consequently,

-1

-1
Det(z ”70) —Det(z ,;70) [Rzl( zqo)st( ”70)6 2hxa(z 1,70)}

With the above, the reader can verify the helpful result:

¥y (2,0 =Yz, 0) =Y (z),  j=123 i=13

and one can write integrals (2.22) as

R ; .
]k = 111%11%13}0 ; v w(Zin) [erq’ 7o) _ er‘bn(zmo)] zjy (s)dz;j, (s). (2.25)
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Clearly, the phase <I>f7 does not change at either side of the branch cuts located at k;, for
j#i [see (2.13b)] due to property (2.24). Thus, the square brackets term in (2.25) is equal
to zero, and

L (n6,9) =0,  j#i, i=13.

Contribution when i =j. On the other hand, <I>f7 does change when crossing the branch

cut located in k; , as it passes through the Riemann sheets of ;. Replacing CIDf7 in (2.25),
yields

R
i1 i(,. 1rz; psinf|cos (¢ — —r|cosb|xiy (27, o) rleost|xi, (2, 0) | . .
Ji, = 11;?&/0 ¥} (i el @= )l 1o v —e 0 2y () dziy (5)-

R—o00

In the following, we deform the original contour from Fig. 2 to that given by the steepest
descent direction whilst taking the limit in #. For 0<0< /2 and cos(¢— ¢) <0, we study
the phase when z approaches k; ,:

D' (z) ~ 1k;sind |cos (¢ — @)| — |cosB| \/2k; (z—k;) /2.
By identifying the above with (A.5), we obtain a = cosf+/2k;, « = 7w and n=1/2. From

(A.2), the angle ©®, =0 and we modify the original contour so that the integral now goes
along Re{z} =0. We then analyze the integral

]Ilc _ / xFi(Z)ezrzsine\cos((p—q))\e—rcosex(z)zdzl
i G

where Cy, is the steepest descent path for which the imaginary part of the phase is kept
constant, i.e.

Jm{cbf (z) - @ (ki)} ~0. (2.26)
Using the coordinates defined in (2.23) [see Fig. 3(c)] satisfying
pi sinri :pi_ sint’ pi cosﬂr + 2k; :pi_ cost , for 0<7 < Ti <7/2,
and express condition (2.26) as
Jm {zp;e”jF sinf|cos (¢ — @)| —cosf/ pipiel(T++T)/2} ~0,
i i s S, T4+ +T_
p', cosT! sinb|cos(¢— )| —cosh4/ p', p-_sin ( 5 ) ~0.

In the first quadrant, for large |z| it holds p_ ~ p4 and 74 ~7_. Thus,

tanb|cos(¢—¢@)| ~ tanT,.
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Although the steepest descent path depends upon tanf|cos(¢— )|, it is always located
on the first quadrant of the complex plane as 6 € (0,77/2) and

0 <tanf|cos(p—¢)| < tané.

If =0, 74 vanishes. This is consistent with a steepest descent path following the real axis
when there is no oscillatory term in ®'. Thus, asymptotically, the path followed is that of
a line with slope tant; whose main contribution is given by (A.8)

]Ii,-<r’9/¢/§0) ~ ‘Iji<ki/4’/y3)melrkisw'cos(q)_q))' +0(r?), 6<(0,/2),

as L(z,¢) is well-defined at k; for i #2.

Angular integration. In the special case 6=71/2, the term I, vanishes. If 6 € (0,77/2), we
apply the stationary phase method by using the same results provided in Section 2.2.4,
ie.

i 1 1 = (k11y3)" 2 12 1pk;—171/4 -3/2
i, (n6,9) = 27 r2cos26 Det(k;) L<k)(@> ¢ —|—(’)(p ) (2.27)

2.2.6 End point contributions

Consider the integrals departing from z =0 towards +100 shown in Fig. 2:

]Oi - hl? ;7 (Z(j)twfl’/yS) erKI>f7 (el(P/ZOi'W(P)Z(:)tV (S)dz()iv <S)/
v ' ' '
where Z(:)liv :=+1s+v with s,y € R,.. We study the phase at s =0 for the integral in z using
the derivative '
BZ<I>§]:— ]cosf)\z)(;ﬁl —1sinfcos(¢p— ). (2.28)

If 6 >0 or cos(¢—¢) # 0, the end point is neither a stationary point nor a branch point,
and we can set n =1 and use formula (A.7) from the steepest descent method. Taking
the limit in 7, from (2.28), « =F71/2 depending on the sign of cos(¢—¢), ©1 = T—a and
10,D(0)| =sinf|cos(¢— ¢)|. Therefore, =2 in (A.7) and the integrals in z for both signs
of the cosine are asymptotically equal to

- B(0,y3) 1 kicosO-+17r/2 4
,0,0,y3, 7.(0 girkicosttim/2 |
Jor (1:0,9:43:9) = L(0) Det(0) (rsinf|cos(¢p—¢)|)* <p )
a7 Ei<01y3) 1 1rkycosf+171/2 —4
=0 %Be(0) Peosp—p) 2 +0(e™),

the plus and minus signs coming from the phase in 77 /2.

Angular integration. Integration over ¢ yields,

. 1 r2r . .
][6(1’,9,q0) = E/O (1{¢:cos(¢f¢)<0}](l)+ (7’/4)/90) +1{¢ZCOS(¢*§D)>O}](Z)* (7,¢,§0)> d¢:0
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since 0 >0 and cos(¢— ¢) #0, the denominators never vanish and the above integrals are
bounded. Moreover, regardless of the sign of cos(¢— ¢) they have the same result so that
contributions of order p~2 cancel each other.

2.2.7 Results for scalar Helmholtz and proof of Proposition 1.1

Proposition 2.2. Consider the coordinate sets describing for each (); defined before. As-

sume the existence of a single surface mode ¢, and let 7y € (1,3). Then, the far-field of the
scalar or vectorial Green’s functions ¢' when # vanishes is given by

e For ();,i=1,3 and r|cosf| > 17,

1k;r

8(10,9,y3) = A (0,0,y5) =+ 0 (r (174))

r

and, for 0 < r|cosf| < r7:

. . 10¢p+1/4
&' (10,9,y3) = AL (gyz)e TVERE ;1/2 —|—O<r*(3*7))

e On the other hand, for (), we have
elp€p+lﬂ/4 B
2(0,9,33,y3) = AL (,y5) X2 (8, x3) —+0 (p 3/ 2) (2.29)

with according scalar or vector terms depending on the precise field U described

Bl (k;sind,y3)
Det(k;sinf) ’

i T El(g /]/3) 27 172 .
A (@ys) = — LY (¢, % — , =1,24+,3.
o) = @) (@ 9) = - ( g,,) j

AL(0,9,y3) == k;i|cosB| LY (—k;sinb, ) i=1,3,

Proof of Proposition 1.1. Fields U are built via the volume integral between the source F
and the derived Green’s functions gi(x,y), i=1,2,3, with fixed x. Since F is compactly
supported, we can take a point xo on the exterior of the integration domain and write the
integral kernel as g'(x,y) —g'(xo,y) +&'(x0,y). One notices that the asymptotics do not
depend on y3. Then, one can easily show that the term g’(x,y) —g’(xo,y) decays much
faster than ¢'(xo,y) for large xo outside the support, and thus, the asymptotic behavior of
the solution is precisely given by that of ¢’(xo,y) (cf. Proposition 2.2). O

Remark 2.5. In the vectorial Helmholtz and EM cases, the proofs of Propositions 1.1 and
1.2 are carried out almost identically as shown in [7, 8].
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3 Conclusion and extensions

We have extended radiation conditions for compactly supported excitations in layered
isotropic media. This allows the construction of suitable bases for both theoretical and
numerical use. Furthermore, one can extend these results via the same methodology to
more layers or excitations outside the guide. However, the existence of modal decompo-
sitions is crucial for the conditions to hold.

Appendix

We summarize a few results derived via the method of the steepest descents on the
asymptotics of the complex integral

I(A) N/Cg(z)e/“b(z)dz. (A1)

Theorem A.1 ([1,2]). Let all derivatives up to order n—1 of ® vanish at a point z, i.e.

d1d 14d"®

— =0, g=1,--,n—1, d ——- =ae'", 0
dz1 z=2 1 " a n! dz" z=2 ae =
If z—zg = pe', then the directions of steepest descent are given by
o T
®p:—E+(2p+1);, p=0,---,n—1. (A.2)

A generalization of the above for non-integer 7 is obtained by setting:
D(z) ~ D(z0) +ae*(z—zp)"

in some sector of the z-plane with apex in zg. Then, the directions of steepest descent at
zq are also given by (A.2). Several cases can occur

e Saddle point at regular point of ¢(z):

1/n
I(A) ~ ¢(z0) n! r (1) AO(20)+10, (A3)
no | A|@0) ()| n
e Saddle point in ®(z) and branch point in g(z): we write g(z) ~ go(z—20)P~!, z— 2o
yielding

B/n
& n! B\ po(z0)+1p0,
1) n [A‘Cb(n)(zo)d r (n> ¢ . (A4)
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e Branch point in both ®(z) and g(z): we write

D(z) ~ D(z9) +ae™(z—20)", neR, (A.5)
& 1 B\ po(zo)+1p0,
1)~ (Aa)ﬁ/"r(n>e +1pOy, (A.6)

e Only a branch point in g(z) and n = 1: we write, ®; = m—a, and

[(A) ~ —8% _p()et®(z0)+1B0: (A7)
(M@’ (z0) )

e Branch point only in ®(z):

1) ~ g(zo) (Ml)l/n r (%) A(20) 10, (A.8)
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