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Abstract. Classical facet elements do not provide an optimal rate of convergence of
the numerical solution toward the solution of the exact problem in H(div)-norm for
general unstructured meshes containing hexahedra and prisms. We propose two new
families of high-order elements for hexahedra, triangular prisms and pyramids that re-
cover the optimal convergence. These elements have compatible restrictions with each
other, such that they can be used directly on general hybrid meshes. Moreover the
H(div) proposed spaces are completing the De Rham diagram with optimal elements
previously constructed for H! and H(curl) approximation. The obtained pyramidal
elements are compared theoretically and numerically with other elements of the liter-
ature. Eventually, numerical results demonstrate the efficiency of the finite elements
constructed.
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1 Introduction

The aim of this article is to build optimal H(div)-conforming elements in the same spirit
as done in [1,2] for H! and H(curl) conforming formulations. Finite elements for H(div)
formulations can be used for example to solve Stokes problem like in [3] or Darcy flow
equation (see [4]). The other goal of this article is to complete the De Rham diagram for
optimal elements introduced in [1,2] of an hybrid mesh (including hexahedra, tetrahedra,
triangular prisms and pyramids).
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A first family of finite elements for H(div) formulations has been introduced by
Nédélec for hexahedra and tetrahedra in [5], a second one being introduced in [6] for
hexahedra, tetrahedra and triangular prisms. Nédélec’s first family for H(div) approxi-
mation is also known as Raviart-Thomas elements [7]. However, when these elements are
used on general unstructured meshes (especially hexahedral meshes), the interpolation
error Ep iy is not optimal:

Eni(aio) = |[11= 70| s aivy = O(H™™O772),
where the H(div) norm is defined as
[16ll1aioy = l[ull3 + l[divull3,

7t being a projector from H(div) on the discrete Raviart-Thomas space, r the order of
approximation and # the mesh size. This sub-optimal convergence may be very prob-
lematic for lowest-order elements and unstructured meshes including highly distorted
elements. The sub-optimal convergence is obtained when the elements of the mesh are
not tending to affine elements when / tends to 0. Affine elements are elements such that
the transformation F linking reference elements (unit cube, unit prism, unit tetrahedron
and symmetric pyramid) to elements of the mesh is affine. This case occurs if the ele-
ment is only made of triangular faces (i.e. for tetrahedra), or when the quadrilateral faces
are parallelograms. In [8], some numerical experiments illustrate the lack of consistency
of lowest-order elements. The authors propose non-linear functions in order to obtain
a convergent method. An another approach based on the splitting of an hexahedron in
tetrahedra is proposed in [4]. These two contributions seem difficult to extend to higher
orders and the expression of basis functions on the reference element depend on the ge-
ometry.

The aim of this paper is to construct high order elements for hexahedra, tetrahedra,
prisms and pyramids ensuring an optimal estimate O(h") in H(div) norm. Such ele-
ments will be based on Piola transform, i.e. a basis function u on the real element will be
obtained as: .

uoF(%,7,2) = ﬁDFﬁ(f,yA,ﬁ),
where (%,7,2) are the coordinates defined on the reference element K, DF is the jacobian
matrix of transformation F (which transforms K to the real element K), |DF| its deter-
minant. Moreover, these elements will be constructed such that basis functions on the
reference element i will belong to finite element spaces P, that do not depend on the ge-
ometry, that is to say they do not depend on the real element K. Such finite elements have
been obtained for general quadrilateral elements in [9], and for lowest-order hexahedral
elements in [10]. In Theorem 2.3, these super-optimal spaces are detailed at any order for
the four types of elements, the lowest order hexahedral space is the same as in [10]. How-
ever, these spaces are not unique and not very practical to implement, optimal spaces
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will be detailed in Theorem 2.2 with more attractive properties. The dimensions of these
spaces are very close to super-optimal ones.

To make the transition between triangular and quadrangular faces in a conformal
hybrid mesh, the introduction of pyramids is needed (see [11]). Some pyramidal elements
has been build by Nigam and Phillips, a first family in [12], a second one in [13]. The
optimal pyramidal space detailed in this paper will be compared to Nigam and Phillips
spaces, and also to basis functions proposed in [14]. Numerical experiments show that
the optimal space require less degrees of freedom to reach a given accuracy.

We consider the following wave equation:

2

—w—u+—v(1divu):f, in (),
# P (1.1)

un=0, onTl,

divu=-iwu-n, onX,

with w the pulsation, p, physical coefficients related to the considered media. This sim-
ple equation enables us to study H(div) finite elements in hybrid meshes. A Dirichlet
condition is set on the inner boundary I' and an absorbing boundary condition is set on
the outer boundary X. As a result, this boundary value problem is well-posed for any
welR. The variational formulation of the problem is equal to:

Find u € H(div,Q)) such that
(1.2)

1 1
VoeH(div,Q), -w® | —u-vd ~divudivodx-i nondx= | f-odx.
ve H(div,Q)) wfnyuvx+f0plvulvvxzwf2unvnxfovx

The outline of the paper is as follows:

® Section 2 is devoted to the construction of spaces for the four types of elements
(hexahedron, tetrahedron, triangular prism and pyramid) as done in [1,2]. A first
set of “optimal” spaces is constructed in Section 2.2. To satisfy sharper conditions
on the number of degrees of freedom, we construct a set of “super-optimal” spaces
in Section 2.3. The trace of the two spaces is precised in Section 2.4 to verify the
conformity at the interfaces.

¢ The stability of the elements is treated in Section 3 where we prove that the sequence
of the De Rham diagram is exact with the spaces of [1,2] and the super-optimal
spaces constructed.

¢ Quadrature formula used to get exact integrals whenever it is possible for the basis
functions are presented in Section 4. When the quadrature formulas provide an
approximate integration, it has been numerically observed that this approximation
does not deteriorate the order of convergence of the finite element method.

¢ We present in Section 5 a space for pyramids compatible with the classical Nédélec’s
first family.
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¢ Hierarchical basis function are finally given in Section 6, for the optimal space for
any type of element, for the super-optimal space and the hexahedron, and for the
tirst family and the pyramid.

¢ Section 7 is devoted to the comparison of the new elements to elements found in
the literature. A dispersion analysis and a study of the convergence are conducted
for different kind of meshes. These numerical results show that optimal elements
require generally less degrees of freedom than other elements.

2 H(div)-conforming finite element spaces

2.1 Definition of elementary spaces
Let us first introduce the following classical polynomial spaces:
Definition 2.1. In 2-D:

P, (x,y)=Span{x'y/,i,j>0,i+j<r},
ﬁv’r(x,y):Span{xiyj, i,ij,i+j:r},
Quu(x,y)=Span{x'y/,0<i<m,0<j<n},

zvr(x,y):<u>y_1<x,y>>2@ﬁ_1(x,y>[ : ];

In 3-D: o
lPr(x,y,z):Span{xly]zk,i,j,kzO,i+j+k£r},
If’y(x,y,z):Span{xiyfzk,i,j,kzO,i+j+k:r},

Qi p(x,y,2)=Span{x'y/zF,0<i<m,0<j<n,0<k<p},
Wm,n(x,y,z):Span{xiyfzk,i,j,kzO,iJerm,kSn},
Sr(x,y,z):{ueﬁ3,u1x+u2y+u3z=0},
Rr(x,y,z):le_1®Sr,

X
D,(x,y,2)=P3 [ oP, 1(x,y,2)| v |,

z

where R, and ©, are Nédélec’s first family spaces for tetrahedra introduced by Nédélec
[5], for H(curl) and H(div)-formulation respectively, ©, being also known as Raviart-
Thomas finite elements [7]. The space W, , is the finite element space used for continuous
triangular prisms.

We also introduce the approximation space for continuous pyramidal elements (see

[1])

r-1 X
B, (x,y,z) =P, (x,y,2) ® lek(xr.‘/)(é) :
k=0
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which can be written on the cube [-1,1]x[0,1] as:
C,(x,y,2) = Span{x'y/ (1-2)*,0<i,j<k<r}
using the transformation T from the pyramid K(%,7,2) to the cube [~1,1]?x[0,1] of coor-

dinates (X,1/,2):

The approximation space for H(curl) pyramidal elements (see [2]) is

1_
B -B? Xy %(1—2) 0<p<r-1
r(x,y,z)— r—l(x/ylz)69 (1_Z)p+2 X( Z) 4 Spi?’
xy

(1_2) n+2, ,m 0

xmyn+2 X2y
EB{W 0 " (1—z)m?2 (1-z) |, O<m<n<r-2 }
* y
& (1_2) L (1?2) OSPST—l
(1—Z)P+q+1—r . ’ (1_Z)p+q+1—r y ’ OSQST’-i-l .

2.2 Optimal finite element spaces
The finite element approximation is constructed by considering a transformation F from
a reference element K (unit tetrahedron, symmetric pyramid, unit prism and unit cube)
to a real element K on the mesh (see Fig. 1). This transformation is written as
51
P = Z SZ qDl y

lﬁiSni

2.1)

Q>

S5 = (0,0,1) /\

S =(~1,-1,0) S = (~1,1,0)

S =(1,-1,0) / S5 =(1,1,0)

Figure 1: Transformation F for a pyramid.
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where n; is the number of vertices of the element, S; = (x;,y;,z;) are the vertices and qbll
are mapping functions depending on the considered type of the element. The mapping
functions are classical for tetrahedra, hexahedra and triangular prisms and can be found
in [1] for pyramids.

By introducing some constants Ay, A1,Az,A3,C,Cy,Cy,Cs,D depending on the vertices
(S;), the transformations F writes as follows:

Definition 2.2. The transformation F for any element is written as:
e Tetrahedron: F=Ag+ A%+ A+ A3Z;
* Hexahedron: F=Ag+A1X+Axj+Az2+C127+Cox2+C32+DXyjZ;
e Triangular prism: F=Ag+A1X+ A+ A3Z2+C1 X2+ Caijs;

o Pyramid: F=Ag+A12+As0+Asz+Crisy.
There is a bijection between these constants and the vertices, that is the real element K is
uniquely determined by these constants (e.g. Ag,A1,A,Az and C for the pyramid).

Let us denote
H(div,Q) = {ue(L?(Q))? such that divue L*(Q)}.

The unknown u and test function v of the variational formulation (1.2) belongs to the
following finite element space:

Vi, = {ueH(div,Q) so that u|xe P!},

where Pf(K) denotes the finite element space on the element K of the mesh. This space
is built with the reference finite element space P,(K) thanks to Piola H(div)-conforming
transform

PF(K) = {u so that |DF|DF ' uoFeP,(K)},

where DF the jacobian matrix of transformation F, and |DF| its determinant. The space
P,(K) depends only on the reference element K and on the order of approximation r, and
is thus independent of the element K. The approximate solution u, is the solution to the
discrete variational formulation:

Find uj, €V}, such that

, 1 1., . . (2.2)
VoeV),, —w f —uh~vhdx+f —divuyy, d1vvhdx—zwf up-noy-ndx= f fropdx.
Qu Qp b 0
To obtain a convergence of u;, towards the exact solution u of the problem (1.1) in
O(Hh"), where h denotes the mesh size, a first necessary condition is to have the following
inclusion (see [15]):
PSP, (x,y,2)°.
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Definition 2.3. The space £, of order r is the space of minimal dimension on K such that
B(K)oE, = PFoP,_(x,y,2)°
for any element K.

Theorem 2.1. The spaces E, are equal to:

e Tetrahedron:
E, =P, 1(%,9,2)

¢ Hexahedron:

29 £z 0
Ei=Pi(%,9,2)°e| 0 |o| 92 |®o| -2y
| -2 0 22
[ 122 229 0
ol 0 |eo -2* o -9?2
| %22 0 722
[ 12 —%7 -2
o| -%7 || 7* |o]| -02 |;
| -2 ~92 52

Forr>1,

Er :Qr+l,r—l,r—l (f,ﬁ,ﬁ) XQr—l,Hl,r—l (32/]2/2) X Qr—l,r—l,Hl (f,ﬁ,ﬁ)

® Triangular prism:

A ~ 2
Er=(W,1,(%,9,2) 0P, (£,0)P,1(2))

®(W,_2,41(%,9,2)0P,1(£,9)P,(2))@ P, 1(£,9)2

[ 2igal ] 0 0 1 gec
ol 0 |e| #piz |e| o St
0 0 52,,]2]21 OS]Sr—l
[ 2z ] o 1 o ] :
oll 0 o] 292 o] o0 O<i<r
0 0 s 0<j<r-1
- Ar+1]2jér "0 ) ‘fr+1]?r2j
® 0 o| Fy+z |e| -zyly 0<j<r-1 };
| —)?rﬁjﬁ’”rl erj]?rﬁﬂl 0

I
=

|
<

N>
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¢ Pyramid:
frwlym O
N 1—2)"'*1 sm an+1
5 5 23 ( 2
E,=B, 1(£,7,2)° & 0 (17%% O<m<n<r-1
0 0
r X.m-Hy'\n-#; 0
_2\m+
(1 Z) £n+lyAm+l
® 0 ®| ([a-z)n? O<m<n<r-1
fm nn+l J?n+1]?m
| _(1_2)m+1 _W

Proof. The proof will be completed for the pyramid and the hexahedron. Let us begin
with the pyramid, for which the transformation F is equal to

29
-2’

F=A0+A1)?+A2]2+A32+C

where (£,7,2) are the coordinates on the symmetric pyramid. We will express each func-
tion either in (£,7,2) coordinates, or either in (%,7,Z) coordinates of the cube [~1,1]?x[0,1]
defined by the relations

The derivatives of F with respect to coordinates of K are equal to:

9F 7
%A

0z ATy
9F 2
a—y —A2+C(1_2)
9F 29
2 A

PE

=A1+C]7,

=A2+C5Cv,

C@ZA?,-FCW

The columns of the comatrix of DF are equal to:

comat(DF), = g—; X?T[; = Aox A3+Cx A3X+ Ay xCXy,
oF OF
_X_
02 0%
oF OF
_X_
9t a7

comat(DF), = = A3x A1+ A3xCy+Cx A1XY,

comat(DF), = =A1x A+ A1 xCX+Cx Ayy.

Let us take a polynomial p in IP? ;. Piola transform writes:

p=|DF|DF 'poF,
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where |DF| is the determinant of the jacobian matrix. By using comatrix, the relation is
simpler:
p=comat(DF)* poF.

Because of the optimality of C, (see [1]), considering a polynomial of P, on the pyramid
Kis equivalent to consider a polynomial of Cil on the unit cube [-1,1]>x[0,1], that is:

poF =Xy (1-D)kU, ij<k<r-1,

with U a constant vector in IR>. Therefore p is equal to:

N N (Az,As,U)
p=comat(DF)* ¥ (1-2)*U =77 (1-D)¥| (A;,A,U)
(Aq,A,U)
X Xy 0
+f?(1ak((c,A3,U) 7 +(A2,C,U)[ 0 |+(CALU) 5@”])
0 -7 -X

where (A,B,C) denotes the determinant of the 3x3 matrix whose columns are A, B and
C. By varying values of A1,A>, Az and U, the first term generates all monomials of Cf_l.
For the other terms, we distinguish four cases:

1. Ifi,j<k, all the terms belongs to C_;.

2. If i=k,j<k, by removing components in Cf_l, it remains

yiwlym(l_’i)k . 0
0 , XYA-)F| 7y |, ms<k, j<k
0 -X

3. If j=k,i<k, by removing components in C>_,, it remains

0 Xy
[Wy“az)k ] ﬂ'ymzy‘[ 0 ] m<k, j<k.
0 v

4. If i=k,j=k, we have the following terms

R (1-2)k 0 Xy 0

0 -| FFa-nF |, FFa-f o | FTFa-f| w7 |
0 0 -y -X

The two first terms are already treated in the second and third case and the last two
terms can be added to the second and third case by extending j until k (instead of

j<k).
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Finally, by taking polynomials p in P> |, the following space is generated:

'%‘k+l]7n(1_z)k 0
«:31@{ 0 , | Pk |, O<m<k<r1}
| 0 0
[ xﬁ#ly‘kﬂ(l_z)k 0
ea{ 0 , | -2k |, OsjskSrl}.
| -7 (1-2)f -FHF (-2

When we write this space in coordinates (%,7,2) we recover the claimed space E, for the
pyramid.
We now consider the following transformation for a general hexahedron:

F=Ag+ A%+ Ao+ A2+ C120+ Cr22+ C32+ D22

The derivatives of F are equal to:

% =A1+C1+C2+ D7z,
a—[? =Ar+C12+C32+ D2z,
97
B_If = A3+ Cox+C3+ D17
0%
The columns of the comatrix of DF are equal to:
oF OF . R R
comat(DF), = 8_9 x5 =Apx Az +X(Cyx A3+ AaxC)+7(Az2xC3)+2(Csx A3)
+20(AyxD+CyxC3)+£2(Dx Az +Cax C) +£%(Cy x Ca)
+£29(CyxD)+£%*2(DxCy),
oF OF . . .
comat(DF), = EYSeby: =A3x A1+X(Cox A1) +7(A3xC1+C3x A1) +2(A3xCp)
+20(Dx Ay +CyxCp) +92(A3x D+C3x Cp) + 7% (C3x Cy)
+72%(DxCy)+7*2(C3x D),
oF OF . . .
comat(DF), = Frie 8_]2 =A1xAp+X(A1xC1)+7(C1xA2)+2(A1xC3+Cax Ap)

+22(CoxCi+ A1 xD)+92(CyxCa+Dx Ag)+2%(Cyx C3)
+£2%(CyxD)+92%(D xC3).

Let us begin with a polynomial p in IP? |. Because of the optimality of Q, (see [1]), it is
equivalent to consider a polynomial of Q> ;:

poF=#'p/skU, ij<k<r-1,
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o o (AZIA?)/U) b
p=comat(DF)* 29/ 2" U =2"9/sF{ | (A3, A, U) |+(CpAU)| -9
(Aq,ApU) 0
£ [ 2 £
+(A2,C2,U) 0 +(A2,C3,U) 0 +(C3,A3,U) 0 +(A2,D,U) 0
- K 0 -2
~%7 [ %2 %2
+(C3,CL )| 9> |+(D,A3U)| -9z |+(C1,Co,U)| -7
92 | 0 —%2
29 [ %22 0 0
+(C,D,U)| —29* [+(D,C,U)| 0 [+(Cp, AL U)| & |+(C3,AL,U)| 9
0 | %22 0 -2
0 0 £2
+(A3,C2,U) Z +(D,A1,U) 3?]? +(C3,C2,U) ]22
0 -5 —22
0 0 0
+(C3,D,U)| 9?2 [+(C,A,U)| 0 |+(A,CL,U)| O |}.
-92? g £

The coefficients (Az,A3,U), (A3,A1,U), (A],Az,U), (Cl,A3,U), (Az,Cz,U), (Az,C3,U),
(C3,A3,U), (AZID/U)/ (C3,C1,U), (D,Ag,U), (C1/C2/u)/ (CllD/u)l (DICZ/U)/ (CZIAllu)/
(Cs,A1,U), (A3,Co,U), (D,A1,U), (C3,C,U), (C3,D,U), (Cq,A,U), (A1,C1,U) viewed as
functions of variables U, A, A1,A3,A3,C1,C2,C3,D are linearly independent, therefore all
the associated monomials are needed to obtain P> ;. By a simple recombination of these
monomials, they can be enumerated as follows:

1 0
ol | 1]

- 0 = - 0 =

21 o
0 [, Z |,

- 0 = - 0 =

[ X2 —%(
-27 | 7

| %2 ~92

0] [# 0 0 ] 9 0 0
o (o, [2|, [0} (0] 2| |0}
1| o 0 £ 0 0 9
0] [ %9 22 [0
0 y 0 7 _?2 7 55? 7
2| | -9z 0 | -2z
—%2 229 %22 0
7 —?A 7 _)2./\2 7 0 ’ 922 .
22 0 -2 -2

These monomials have to be multiplied by £'9/2% with i,j,k<r-1 to obtain the needed
functions to generate le_l. When r=1, all these monomials are needed, and no further
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manipulation is necessary. When r>1, we will make manipulations in order to obtain a
suitable expression of E,.
Because of the presence of (£,0,0), it is immediate that the following functions:

51

£y
0 , 0<ij<r-1
0

belong to E,. Let us now consider the following combination between functions of E,:

/\Z+2y] O O Z+2y]
Az+1g]+l sk | 4 filJflyj,ﬁk, + 0 - 0
z+1y] sk+1 0 f(-*—lymﬁn 0

All the functions of this equality belong to E, if
0<i,jk,i',j' k' 0, mmn<r-1.

This equality becomes true if we have

This choice of indices is possible if jk<r-2. As a result, the monomials (”Jf2 ,0,0)
belong to E, if i<r—1,,k<r-2. The following combination is now considered:

Al+2yf\]z eri'JrZyA] Zk'+l 0 £i+2yf\jik
_ /\l+1y]+1 2~k +2 0 _ J’C\.€+1y’\m+127’1 — O
A1+1y]Zk+l i +ly] sk’ +2 _ﬁhlyminﬂ 0

This identity is true as soon as:

,:i,

i i'=j, kK'=k-1,
(=i, m=j, n=k

This choice of indices is possible if k>1. Therefore (£"*2§/2,0,0) belongs to E, if 1<k<r-1
and i,j<r—1. With a similar combination we can also fmd (x”2 ,0,0) inE, if1< j<r-1
and i,k<r-1.

As a result, if r>1, the following monomials belongs to E,:

0 |, O0<ij<r-1t}.
0
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Let us now consider the following combination:

A‘ /\' A, /\‘, A" A ! A A o) A
_xz+1y]+1zk £t +1]/] +1Zk x£+2ym+1zn z+1y]+1
_ flyA]vLZﬁk + 0 _ _£Z+lyf\m+22n — 0
A‘ A' A A A A !
_xzy]+1zk+1 £t ]/] +1Zk +1 0 0

This identity becomes true when

i'=i, j'=j, k'=k

(=i-1, m=j, n=k.

This choice of indices is possible if i>1. If r>1 and by taking i=r-1, we obtain the
function (£'92,0,0) in E, with k<r—1. Similarly, we can obtain the function (£"7*%",0,0).
Because of the presence of the monomials (y,O 0) and (2,0,0), the functions (£'7"2,0,0)
and (fly“ﬁk 0,0) with 7,k <r-1 belong to E,. As a result, the following monomials are

included in E,:

321']72]' 321]2]27‘
0 , 0 , 0<i<r, 0<j<r-1%.
0 0

By regrouping the different results, and exploiting symmetries, we have proved that E,
contains the following functions:

[ 2k 1] 0 0
0 || &g’k [,| O | i<r+l, jk<r-1
o0 || o 2pst
[ igrek V[ #igker 0 0 0 0
o || o || &9 || e[| o [ 0 | i<r k<r-1
0 || O 0 0 £rgks kst
Let us now consider the monomials
£i+2]?j+12k z+2y] ak+1 0
_)fel+lyf\]+22k , 0 , Jelyvﬂﬁk
0 Az+1y] sk+2 _5&1']?]'+12k+1

These functions can be written as combination of the previous functions that are included
inE,, except when

i=j=r-1 for the first monomial,
i=k=r-1 for the second monomial,
j=k=r-1 for the third monomial.
With this choice of indices, we have found the last monomials of E,. O

Following the principles used to construct H(curl) optimal spaces defined in [2], the
optimal space on K is defined as:
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Definition 2.4. The optimal space of order r is the space P;" ‘(K) of minimal dimension

on such that
P.(R)> PP (R) < PF>®,(x,y,2)

for any element K.
Theorem 2.2. The optimal spaces Py P are equal to:
¢ Tetrahedron:
PP =2,(%,9,2)
¢ Hexahedron:
BV =9,(£,9,2) = Qrinrr (£,0,2) xQ1 12, (2,9,2) xQy 1 r42(£,9,2)
® Triangular prism:
B =90,(£,9,2) = (D111 (2,9)®Pr (2)) xW,_1,112(2,9,2)
¢ Pyramid:
PP =8, (%,9,2)°
=B, 1(%,7,2)°

(fnJrl)ym] 0
1-2)m+ s an+l
® 0 @ % O<m<n<r-1
0 0
£
gl | T gl gm (y)
® (1-z)ym+t 0 (A-2ymi| T O<m<n<r-1
-1
£
4ipi 1-2)
ol —L | _I_ | osijer
(1-2)r-r (1*12)

The optimal space for the pyramid is polynomial when expressed in the cube [-1,1]>x[0,1]:

[ yn+1y—rn(1_3)n 0
Pf’“fochlea{ 0 , | - |, 0<m<n<r1}
] 0 0
[ 5C‘711+1]‘/‘11+1(1_‘Z")71 0
ea{ 0 , | @Hyta-a)m |, 0<m§n<r1}
_me—nﬂ(l_z n —fﬁlym(l—z n
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Proof. For any type of element, by construction, we obviously have
E,cD.

The remaining polynomials to consider are the polynomials p of

X
VAR E
z

This part of the proof will be conducted for the pyramid and the hexahedron.
Let us begin with the pyramid. We consider a polynomial p such that

]’1\57_1

X X
pxiyjzrlij|: y }f?(lﬂrl[ y ], i,j<r-1
z z

by using the optimality of B,. The first component of p is equal to:

pr=X'7 (1-2)" "t comat(DF),-F
i (1-2) 7 (Aax As + Cx AsT+ AgxCF))-( Ag+ Az + A1 X(1-8) + A7(1-)
—A3(1—Z)+ny”(1—2)).
If we note Ag= Ao+ A3, we obtain:
pe=¥'T (1-2)"" (A2, A3, Ao) + (A2, A3, A1) ¥(1-2) + (C, A3, A0) ¥
+(C,A3,A1)5cv2(1—’z‘)+(AQ,C,AO)WJr(AQ,C,Al)YZy'(l—Z)—(AZ,C,Ag)ic’yv(l—Z)].
Similar computations give the following values for the second and third component of p
Py =X (1-2) [ (As, A1, Ag) + (As, A1, A2)T(1-) + (A3,C, A0) T
+(A3/C/A2W2(1—5)+(C/ALAO)WJF(C/Alez)Wz(l—E)—(C/A1/A3)W(1—5)]/
il :fyﬂ'u—zy-l[(Al,AZ,AO)—(Al,Az,A3)(1—Z)+(Al,c,Ao)f—(Al,c,A3)y(1—Z)
+(C,Az,Ao)g+(c,Az,Al)yy”(l-Z)—(c,Az,A3)g(1-2)].

The terms involving A can be removed since they have already been treated when con-
sidering p in IP? ;. It remains the following monomials:

o X(1-2) X2 (1-%)
J?yﬂ(lZ)”((z‘lw‘lz,fls)[ y(1-2) |+(C,A3A1) J“f’yv(lf)}
-(1-2) -X(1-2)
¥y(1-2) xy(1-2)
+(C,A1,A))| 2 (1-2) +(C,A2,A3)[ 7(1-2) D i,j<r-1.
-xy(1-2) -y(1-%)
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We notice that the coefficients (A1,A2,A3), (C,A3,A1), (A2,C, A1), (C, Ay A3z) viewed as
functions of the vertices of the pyramid So,S51,52,53,54 are linearly independent, then all
the monomials are needed. These monomials can be regrouped in a single family:

X
{f‘yﬂ'uz)f v |, ij<rt.
-1

We recognize here the last family of the optimal space of the pyramid, the other families

coming directly from E,.
Let us consider a general hexahedron, and the polynomial p:

x
p={Y
z
Because of Piola transform, the first component will be equal to
fJXZ(AZXAg-i-)?(ClXA?,+A2><C2)+]2A2><C3 +2C3XA3+3?]2(A2XD+C1XC3)
+22(Dx Ag+C3xCp) + £2CrxCy + 2§ Crx D + $22DxCa ) (Ag+ £ Ay +1 A2 +2 Ag
+£9Cy+£2Co+92C3+£92D).

By expanding this expression, and computing the two other components of p, we find
the following result

0 %2 29 229
p=(A1,A3,C1)| 0 |+(A1,A2LC)| 29 [+(A1,A2C3)| 97 |+ (A1, A2,D)| %9
-%7 0 0 T
= 0 —%2 £22
+(A1,A3,C)| 0 |+(A1,A3,C)| 22 |+(A1,A3,C3)| O [+(A,A3D)| -%92
| 22 0 —22 %22
[ 0 0 02 292
+(A2,A3,C)| 7P |+ (A2,A3,C)| 92 |+(A2,A5,C3)| O [+(A2,A3D)| —9%2
| 92 22 0 —£?
[ %3 t2 -£22 0
+(A1,C,C)| 0 [+(A1L,CLG)| 0 |+(A1,Co,Ca)| —292 |+(Ay,Cp,Co)| —29?
| 0 29z 0 -%92
[ 0 -2 0 202
+(A2,C1,C)| -7 [+(A2,Co,Ca)| 972 |+(A35,C1,Co)| —%92 |+(A3,C1,C3)| O
| 0 0 ~%£? 72?
[ 0 39 -3 0
+(A3,C,C3)| 0 |+(AL,C,D)| 0 [+(A,C,D)| 0 |+(A1,C3,D)| %9%2
| 23 0 0 ~xp2?
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[0 —2292 0 2292
+(A21C11D) _'72,\3 +(A2/C2/D) 0 +(A2/C3/D) ]232 +(A3/C1/D) _-fy’\zﬁ
| 0 2922 0 0
[0 0 2292 -2392
+(A3,Co,D)| 0 |[+(A3,C3,D)| 0 |+(C1,Co,C3)| £9%2 |+(C1,Co,D)| 0
| 223 -3 %922 0
0 0
+(Cq,C3,D) 323232 +(Cy,C3,D) 0 + other terms in IP?.
0 -2y23

Since the coefficients (A1,A2,A3), (A1,A2,Cy), - are linearly independent, all the mono-
mials written above are needed to generate ©,. When we combine these monomials with
monomials of £ 1, we can observe that we obtain exactly

Q31,1 x0Q1,3,1x0Q1,1,3.

For any 7, since we have to multiply by the polynomials £'9/2% with 0<i,j,k<r-1, we
obtain that:

Aopt

P;)p = Qr+2,r,r X Qr,r+2,r X Qr,r,r+2~

The proof is complete. U

Remark 2.1. The dimension of the optimal spaces is equal to:
. 1

e Tetrahedron: dim P,” = w

¢ Hexahedron: dim P/"' =3(r+3)(r+1)?

_(r+1)(r+3)(3r+2)
2

e Triangular prisms: dim P;” !

2
P 7
e Pyramids: dim P/ = (T+1)(2r2 +7r+2)

2.3 Super-optimal finite element spaces

The needed and sufficient conditions in order to obtain optimal error estimates for H(div)
are the following ones (see [10]):

Pf:)]Pr—l(x/]//Z)3/
divPf 5P, 1(x,y,2).

The optimal spaces previously constructed verify these properties since div®, =IP,_;, but
spaces of lower dimension satisfying to these conditions can be constructed for each type
of element.

We first define the following space:
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Definition 2.5. The space £, of order r is the space of minimal dimension on K such that
div P,(R) >, < div PF 51P,_1(x,y,2)

for any element K.

Theorem 2.3. The spaces F, are equal to:

e Tetrahedron:

e Hexahedron:

Fr—err(X,]/,Z)@{XHl mAn xmyr+1 N Am]?nAw—l 0<m 7’l<7’}

¢ Triangular prism:
E=W,,(%,9,2)eP,_1(2,9)2

¢ Pyramid:
£ &gl 0<i,j<k+1
(1-2)i+i-k"  0<k<r-1

Proof. We complete the proof for the pyramid and the hexahedron. Let us consider a
function pe P,lD , such that o
divp=x'y/z*, i+j+k<r-1.
For the pyramid, because of the optimality of C,_;, it is equivalent to consider a function
such that
divp=%9 (1-2)f, i,j<k<r-1.

We use again coordinates (¥,7,Z) of the symmetric cube [-1,1]>x[0,1]. We have the rela-
tionship
divp =|DF|p.

The jacobian |DF| is equal to:

IDF| = (A + CJ)x (As + CT)-(As + CE7)
=(A1,A2,A3) + (A1,C,A3)x+ (C,A2,A3)y + (A1,A2,C)Xy.

Since the constants (A1,Az,A3), (A1,C,A3), (C,Az,A3), (A1,A,,C) viewed as functions of
A1,A3,A3,C are linearly independent, the following monomials are necessarily included
in F:
712, FIPA-2) 7795 #1770
For instance, the last monomial gives:
i . 5&1’+1ij+1
5C~1+ yj+ (1_2v) = W-
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By naming i’ =i+1,j' = j+1, we obtain:

’“i+l’7+l 1_ k_ fi/yjl 'l< 'l<k 1
X y ( 2,) _(1_2)1‘/”‘/,]{/ 1 —] sk+

which corresponds to a function of F,. It is immediate that these monomials will generate
all the functions of £,.
For the hexahedron, we consider a function p such that

divp=2'9/2", ijk<r-1.
Similarly to the pyramid, the jacobian |DF| of the hexahedron can be expressed as
|DF|=bg+ b1 % + by + b32 + byR1) + bs 2 + b2 + by R2 + bg 2% + bo 2% + b1 £°2 + b11 8212

+b12? +bi3R0? + D14 P2 + bis K072+ big2? + by R22 + big 22 + bio k2>

with linearly independent functions bg,b;,-:-,b19. Therefore all the functions of Q.1 ,,+
Q; r+1,+Q;, r+1 are necessary and sufficient to generate any p such that divpelP,_;(x,y,z).
We obtain the claimed space F, for the hexahedron. O

Proposition 2.1. The divergence of the spaces £, is equal to:

e Tetrahedron:
divE; =0, divE, =P, »(%,9,2), r>1

e Hexahedron:
diVE1:Span{1}, divE, =E_1, r>1

¢ Triangular prism:
divE; =0, divE, =W, 5,(%,9,2)eP,_1(£,9)P,_1(2), r>1
¢ Pyramid:
PO 1
divE, ZPr,1®{n}, with Fy=@

Proof. The proof is immediate by computing the divergence of all monomials of E,. It
should be noticed that ﬁ for the pyramid is obtained as the divergence of the function

sn+lam 1

Xy
(1_2)m+1

for the special case m=n=0. Other values of m,n give a divergence in F,_;. The divergence
of the functions of the last family appearing in the expression of E, is null. O
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Now we have all the ingredients needed to find the super-optimal finite element
spaces.

Definition 2.6. A super-optimal space of order r is a space P; " ‘(R) of minimal dimen-
sion on such that
PfDIPV—l(-x/]//Z)EBI

15 K ps—opt
W(K)o P = divPf 5P, (x,y,2),
for any element K.

Theorem 2.4. A set of super-optimal spaces ;"' is equal to:

e Tetrahedron:
AG— t A t
P,? op :pr

¢ Hexahedron:

2iyizk 0 0
HS—opt siniok . :
P = 0 || #9'z° [,| 0 [ O0<i<r+l, 0<jk<r-1
0 0 2igkst
[ #igisk 1[0 0
® 0 || &9z |,| 0 |, i=r+2, 0<jk<r
o0 || o 2Ipkst
[ &iprsk o 1[ o ]
® 0 || 92k || 0 |, 0<i<r+1, O<k<r-1
0 || o ][ &9
[ 2k 1 0 [ 0 ]
® 0 || #9'2 |,| 0 |, O<i<r+1, O<k<r-1
0 || o ][ £y
i £r+1 0rsr
® J?rArjzlAr
y oz
fryriw—l

* Triangular prism:

=>

BB (B (2)2 ) {0} 0By (1)

o

* Pyramid:
As—opt _ popt
P: op ZP,,OP
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Proof. We make the proof only for the hexahedron. For r=1, it suffices to examine the

21 monomials of E; and the 19 monomials of F;\{1} to check that Pls_ow satisfies the
appropriate conditions, and is minimal since its dimension is equal to 40. For r>1, since
divE, =F,_;, the condition

~ A

: —opt _ &

divP "' 5F,

is equivalent to
divE P s BAE .
This last condition is much more interesting, since it will not overlap with the condition
boE,.

Therefore, a minimal space will have the following form:

pfiopt = EA;/@GT

with
divG, = F\F_1.
We see here that G, cannot be uniquely determined by this relation, an infinite number

of spaces will satisfy this relation. That's why the optimal space P; " “is not unique. In
order to choose a space, we have applied the following rule:

p= 0 | ifi>jk,
p=| gtisk |, ifj>ik,
p= 0 , ifk>i,j,
divp=at'gizt={ p=| #igitisk |, ifi=j>k,
p= 0 |, ifi=k>j,
28|, it j=k>i,

p=| #pigk |, ifi=j=k.
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By selecting this rule, the obtained optimal space keeps all the symmetries in x,y,z. We
have:

Al AV AT

FAE L ={2"9'2, 292", 292", i<r-1}

@{J?r]}yﬁy}GB{le]?lﬁ], )?l]?”'lﬁ], 321]2]2”1/ i,jST’}.

With our rule, we obtain:

sr+1arsi sr+1nisr
X Xy b T4 0 :
Gy — J?rgﬂlﬁz , 0 , )2.1']21’-%— 27 , i<r—1
0 fry12r+1 321]72”1
sr+1 A1 st NSRS
Y2 ey 0 0
® fryArJrlir ® 0 5&1]2”22] 0 , ij<r
fr]?riw—l 0 0 fi Aj2r+2
Since we have '
f?%lgrﬁl 5&1%191‘21
£T9r+121 c Gr and —J?ryAHl si | ¢ ET/
0 0

we obtain by summation (£"*!97%,0,0) e P” !, and symmetric monomials in 7, £. By merg-
ing all the other monomials of G, and E,, we obtain the claimed expression of P; 7 O

Remark 2.2. Since the divergence of two different spaces can be the same, the super-
optimal spaces are not unique, an infinity of super optimal spaces with a minimal di-
mension do exist. We have given here a set of super-optimal spaces. In the numerical
experiments the basis functions chosen for the hexahedron (detailed in Proposition 6.1)
will not span the proposed space, but an equivalent one of the same dimension.

Remark 2.3. The dimension of the super-optimal spaces is equal to:
e Tetrahedron: dim P} "' =dim P’
e Hexahedron: dim P} "' =dim pfpt—(5+37)
¢ Pyramids: dim pror ‘~dim Y !
e Triangular prisms: dim P, "' =dim P - (2+7)

The dimension of optimal finite element spaces is very close to the dimension of super-
optimal finite element spaces. Therefore, since the optimal spaces do not include any
linked function and has an attractive tensorized structure, these spaces seem more suit-
able for the numerical computations.
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2.4 Restriction of normal traces on the faces

To ensure the compatibility between elements, it is essential that the restriction of normal
components of the functions span the same space on triangular and quadrilateral faces.
A simple computation provides the following theorem:

Theorem 2.5. The normal traces are equal to:

For the optimal finite element spaces DYV

Q,+(x,y) for quadrilateral faces
P,_1(x,y) for triangular faces

For the super-optimal finite element spaces P; 7 g

Q. (x,y)\{x"y"} for quadrilateral faces
P,_1(x,y) for triangular faces

Proof. The proof is completed by computing for each monomial p of Py* "the quantity p-n
on each face of the element, where 7 is the normale. O

3 De Rham diagram

The stability for H(curl) and H(div) conforming elements comes from the exact sequence
of De Rham diagram (see Monk [15]) which is directly linked to Helmholtz decomposi-
tion

p .
HY S H(ewrl) “2 H(div) 2% 12
U U U U (3.1)
er ‘ﬁ‘i Wrcurl ﬂ ngv ﬂ) Wrz

where WHL, Wl Wdiv and W? are the spaces of order r discretizing respectively H!(Q),
H(curl,Q), H(div,Q) and L?(Q) (see Demkowicz [16]). The approximation spaces must
then verify

Im grad W, =Ker W' = {u e W curlu :0}, (3.2a)
Im curl W' =Ker Wfiv:{uveiv|divu:O}, (3.2b)
Im div W% =Ker W2 = W? (3.2¢)

for the four types of elements. [17] proposed a formalism to construct tetrahedra, hexa-
hedra and triangular prisms respecting the De Rham diagram. For the pyramids, [12,13]
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and Zaglamayr cited in [16] have constructed approximation spaces or order r respecting
the exact sequence.

We now check that the approximation spaces constructed in this paper and in [1, 2]
respect the sequence (3.2).

Theorem 3.1. For any order r, the following sequence is exact

Im gmdPyH1 = Ker P 2 {u ePrH(C”rl)|curlu:0}, (3.3)
Im curl PEC™D _Ker PrH(diU):{uePrH(div)Mivu:O}, (3.4)
Im div PP ~Ker P = P¥, (3.5)

with the following spaces

P,(%,9,2) for the tetrahedron,

Q. r(%,7,2) for the hexahedron,

W, ,(%,9,2) for the prism,

B, (%,9,2) for the pyramid,

R,(%,1,2) for the tetrahedron,

pHCeur) _ Qr-141r41(2,0,2) xQp i1 r-1,r+1(2,7,2) xQp i1 r41,,-1(%,1,2) for the hexahedron,
(Ry(2,7)®P,1(2)) x(Pri1(%,9)®P,_1(£)) for the triangular prism,
B,(%,1,2) for the pyramid,

AH (div As—opt
Pr ( ):Pr P’

P,_1(%,9,2) for the tetrahedron,
Q. r(£,9,2)02 Q. (9,2) @7 Q, . (%£,2)®2"1Q, ,(%,7) @ for the hexahedron,
Py =y W, ,.(%,9,2)®P,_1(£,9)2*" for the prism,

2y 0<ijj<k+1 _
{W ~1<k<r-1 }for the pyramid.

Proof. The proof is completed for the hexahedron. Let us take a function u in Q,,,, ob-
H(curl)

viously its gradient will belong to Q,_1,,xQ; ,_1,xQ;,,_1, which is the space P,
Therefore we have the inclusion

Imgrad PP cKer p/c4D).

Let us now take a function u in P,H (D) such that curl u = 0. Because of polynomial
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identification, it is equivalent to consider a function of the following form:
a kil 2k
u=| B'oiK |, 0<ij K'<r-1, 0<i,i",j,i" kK <r+1, B, veR.
,yfi" y]'ll 2\kll
The curl of this function is equal to:
')/j")?i"]}j”_lﬁk" _ ’Bk, 551"]?]"21('—1
Uxu=| ak&ipishl— i g 1" sk
iRl aK — il gk

Let us consider the case where 7,i",j,j" k,k' >1, then a, 8,7 #0 otherwise u would be iden-
tically null. We obtain the following conditions in order to satisfy curlu = 0:

=i =i+,

“j=i+,

a
b ]‘//
c=k'=k=k"+1,

with 1<a,b,c<r since 0<i,j’, k" <r-1. a, B,y are solution of the linear system:

yb-Bc=0,
ac—ya=0,
Ba-ab=0.

The rank of this system is equal to 2, a non-trivial solution is equal to

(D‘/,B/'}’) = (tl,b,C).

Hence, we have obtained:

A

Since 1<a,b,c<r, ﬁ”ybﬁc € PVH]. Other conditions on i,i",j,j" ,k,k’ lead to the same kind of
result, with 0<a,b,c<r. Therefore we have proved that

Ker P/ c1m grad PH'.
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Since we have the two inclusions, these two spaces are equal. Let us now study the
H(div) space, another way to write the space for the hexahedron is the following one:

o ik 0 0
pHo) 0 || &gk ||| 0 |0<i<r+1,0<jk<r,jrke2r
0 0 2ipks!
[ 2r+2gigk ] 0 0
® 0 | xigrrsk |, 0 ,0<j,k<r
0 0 ijkﬁrJrZ
[ £T+lyf\r2r T
® 321']?7%127
frgriwrl

The two last groups have clearly no intersection with Ker div, it is not possible to con-
struct a function # as a combination of the basis functions of the two last groups and
ensure divu =0. Therefore, we will restrict our interest to the first group. For this first

group, the condition is that j,k are lower than r but cannot be both equal to r. Let us

consider u in "), we have already computed the curl of such a representative func-

tion.The x-component of the curl is equal to
S GHE ) <k
The first polynomial is such that:
deg®=i"<r+1, degy=j"-1<r, degpy=k"<r-1
and the second polynomial
deg®=i'<r+1, degf=j'<r-1, degZ=k'-1<r.

These polynomial are indeed belonging to PP since the degrees in y and z cannot be
both equal to . Similar observations on y and z-components of the curl lead us to the

following inclusion

TIm curl PHD cKer pH@),

As for H(curl), we take a function u of the form:
afigisk
u=| B' 92K |, 0<i,j K" <r+1,0<(j,k), (i’ k'), (i",j")<r, but not both equal to r,a,8,7€R.

/\"’ /\"’/\ "
(CN

The divergence of u is equal to:

: - si—1 ~j ok ININIES PN 11 51" " sk -1
divu=wix" §Z°+Bj XY 2 +9k"R P 25
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Let us consider that 7,j’,k" > 1, then we obtain

a-1=i'=i"=i-1,
b-1=j=j"=j'-1,

c-1=k=k'=k'-1.
u is equal to
ﬂwfeaybflﬁc 1
U= ‘Bfa_lﬁbﬁc_l
,Y)?u—l ~b—1 ac
with the condition
xa+pBb+yc=0.
A set of non-trivial solutions is equal to
o b c 0
B |=| —a | or 0 |, or c
0% 0 -a -b

Only two functions among these three are needed to generate all the solutions. Let us
consider the first non-trivial solution, u is then equal to:

bAayAb lAc 1

U= al

0

gPzel | = curl 0
0 #gE

If u belongs to the first group of pH)

, we have the following conditions
a,b,c<r+1.

However if c = r+1, we have a,b<r, since a—1,c-1 or a-1,b-1 can not be both equal to r.
But in that case, we are writing u as the curl of the following function

b*\a];b 14 —ll.’fa_lﬁbfc_l
ca—1 b sc-1 _ sanb-1 Ac—l
—aX* Y’z =curl | —-bx"y
0 0

This last function belongs to ptewrh)

treated in a symmetric manner.
Eventually, we have proved the inclusion

since a,b<r. The two other sets of («,5,7) can be

Ker PA) c1m cyr1 pHew?)

Since we have the two inclusions, these two spaces are equal. O
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Remark 3.1. It should be noticed that the sequence is exact for super-optimal spaces
er (div) _ peop !, This exactness does not hold if we use optimal spaces er (div) _ Py !

that last case, we have only inclusions and not equalities. We have observed that:

. In

e Hexahedron:

dimKer P%' = dimIm curl P 1 (3r+5)
¢ Triangular prism:
dimKer P7' = dimIm curl PPV 4 (r+2)

Therefore the additional functions of the optimal spaces (compared to super-optimal
spaces) are only contributing to the kernel of the divergence.

4 Numerical integration

The stiffness matrix of the variational formulation (1.2) reads (when p =1)
K--:fd' dive;dx= fd' dive:dx,
i= | divgidive;dx ; diveidive;dx

where .
/I;dlvgoidlvq)jdx:fkmdwq)idwq)jdx.

Because of the presence of ﬁ, this integral can not be computed exactly by using nu-

merical integration based on Gauss points. This issue is also present for the mass matrix,

since
1

f1<(/)i~q0]'dx: < ipFDF DFdi-pjax.

However, one can expect as for continuous elements (see [1]) that the use of numerical
integration does not deteriorate the order of convergence.

The main ingredients of the numerical integration consists of Gauss and Gauss-Jacobi
rules, which are quadrature formulas exact for respectively Py,.1(x) and (1-x)*(1+
x)PPy,,1(x), where we take a =1, B =0. In the sequel, we will not specify if the Gauss
formulas are adapted to the interval [0,1] or to the interval [-1,1], the interval for each
coordinate will depend on the reference element K. We also use symmetric rules adapted
for the integration over the unit triangle and unit tetrahedron (see [18] for a brief review
of these formulas).

Conjecture 4.1. The error of convergence ||u—up||pain,0) 0f the exact solution u of (1.1) toward
the solution uy, of the discrete variational formulation (2.2) with optimal finite element spaces
Py Pt(I%) is in O(W") when the integrals are computed numerically on each element K with the
following rules:
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o Tetrahedron: A quadrature rule (wi',¢i") exact for the integration of Py, (K)

* Hexahedron: A quadrature rule (W, k, ks, Cky ko ks ) €Xact for the integration of Q245(K),
with Gauss points:

G, G, G G zG G
Wiy ko kg = Wiy Wi, Wi, Ckllszks = (Ck1’§k2’€k3)’ O<ky ko ks <r+2
. : G G
with r+3 Gauss points (wy, &)

* Prism: A quadrature rule (wy, k,,Cr, k,) exact for the integration of Py, (%£,7) xP2ri5(2),
with the following tensor structure:

i .G e
Wiy = WE Wi, ko = (818K,
with r+3 Gauss points (w,f3 ,C,fs) and a quadrature rule adapted to triangles (w,zi,éffli

e Pyramid: A quadrature rule (wi, ky ks Ckykoks) €Xact for the integration of (1-
2)Qor43(X,Y,2) with the following tensor structure:

G G
Wy oy = (1-8 ) w0p, wkiwkj, ki kaks = ((1—€§)Cﬁ,(1—€£)ég,€kj)

with r+2 Gauss points (w,fl ,C,E’;) and Gauss-Jacobi points (culf3 J ,g,i 1Y exact for the integra-
tion of (1-z)Po13(z2).

Remark 4.1. Unlike the other elements, the quadrature rule used for the pyramid is ac-
tually not exact when the element is affine (DF being constant) because the divergence
of P{" contains the singular function ﬁ To get an exact integration for affine pyramids,
Gauss quadrature rules should be preferred to Gauss-Jacobi rules:

G\2,.G, .G, .G G\ <G G G =G
wkl kaks = (1 _€k3 ) wk] C(sz wk3’ gkl,kz,ks = ((1 _€k3 )gk] ’ (1 _Ckg, )gkz ’Ckg, ) .

However with the quadrature rules using Gauss-Jacobi, we obtain numerically the ex-
pected order of convergence whereas we obtain a non-consistent method for any order

,f 2 ,f] ?) exact for the integration of
3 3

(1-2)?Py45(z), that is the following quadrature rules:

of approximation when using Gauss-Jacobi rules (w

G, .G, 6 GJ2 G\ =G G\xG =GJ,2
C(Jkl,kz,k3 = wkl wkzwkg,] 7 Ck];k21k3 = ((1_Ck3)gk1’(1_§k3)Ck2’§k3] ).

This is a specificity of H(div) space, since such a rule works very well for H'(Q) (see [1])
and H (curl,Q)) (quadrature formula used to obtain the results in [2]).
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5 First family

Finite element spaces of Nedelec’s first family are denoted P} and equal (see [15]) to

e Tetrahedron:

P =9,(%,9,2)
e Hexahedron:
B =Q 1, 1(%,9,2)xQr 1, 1(%,9,2)xQ, 1 ,-1,(%,9,2)

¢ Triangular prism:
B} =2,(£,9)P,-1(2) xPr1(£,9) P, (2)

e Pyramid:

P} =B, 1(%,9,2)°

(1-2)m+1 o An+1
? 0 (1- z)m+1 , 0<m<n<r-1
0
x 0
)?mynﬂ = 5271-*—1 . :
@ W 01 69(1 Z)m+1 a-z | O<m<n<r-2
X
S/ B O
v (1-g)+r| @2 [ 0<i,j<r-1
-1

There is no agreement about the finite element space for pyramids, the proposed space is
a slight modification of the optimal space such that the degrees of functions involved in
P} are lower or equal to 7.

Remark 5.1. The normal traces of classical finite element spaces P} are equal to

Q;-1,-1(x,y) for quadrilateral faces,
IP,_1(x,y) for triangular faces.

We remark that the spaces P! | and D7 ‘ have the same number of degrees of freedom on
quadrilateral faces, therefore these two spaces will be often compared in the numerical
results.
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6 Hierarchical functions

We present here simple hierarchical basis for optimal finite element spaces Py Pt by using
Jacobi polynomials Pz‘]f/g , but other choices could be considered.

Proposition 6.1. The following basis functions are an hierarchical basis H(div) conform-

ing of v

e Hexahedron:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE CUBE

Additional conditions and functions to get a hierarchical base of P; % " are indi-
cated with brackets.

For the faces:

[ J?P?'O(2y—1)P;)'O(22—1) 1T (1—f)P?'O(2y—1)P;)'O(22—1) ]
0 , 0 , 0<i,j<r, (i+j+2r)

i 0 11 0 ]

) 0 . 0 i
yP?’0(23?—1)P;)’0(22—1) , (1—y)P?’0(23?—1)P;)’0(22—1) , 0<i,j<r, (i+j#2r)

| 0 1 L 0 ]

) 0 . 0 ;
0 , 0 , 0<ij<r, (i+j#2r)

i 2P?’0(292—1)P;)'0(29—1) I (1—2)P?r°(292—1)P]Q'O(zy—l) ]

For the interior functions:
ae(l—ae)P}fl(zae—l)Pf'o(zy—l)P,?fO(zz—l)
0 , 0<i,jk<r, (i=rorj#rork=r)
0
0

R S PPN 0,0/n0 0,0 /ns . . .
7(1-9)P; (Zy—l)Pj (22-1)P"(22-1) |, 0<i,jk<r, (i=rorj#rork#r)
0
0
. 80 00 , 0<i,jk<r, (i=rorj#rork#r)
2(1-2) P (22-1) PP0(22-1) P (2-1)

(Linked function:)
2(1-2)PL (22-1) PP (29-1) PP (22-1)
9(1-9) P (29-1) PP (22-1) PP (22-1)

2(1-2)PM (22-1) PP (22-1) PP (29-1)
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¢ Triangular prism:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE PRISM

For the faces: )

0
POO( 1) (1-9) PP 29-1)| O ] 0<i+j<r-1

1

0
P?fo(l{’}—l)(1—9)1Pf1+1f°(2y—1) 0], O<i+j<r-1
2

P?’O(Za?—l)P;)'O(Zi—l) 9-1 ] 0<i,j<r

PP(29-1)P)?(22-1) g} 0<i,j<r

P?’O(Zg—l)P;)'O(Zé—l) -7 ] 0<i,j<r

For the interior functions:

£y £(2-1) 0
Pl 90-1) |, Pyl 20 | Py 0 |
2(1-2)

with Py = p?ro(l% -1) (1-9)' PF*10(29-1) P (22-1),

i,j,k>0, i+j<r-1, k<r

e Pyramid:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE PYRAMID
Conditions to get a hierarchical base of P! are indicated with brackets.

For the faces:

1

x
%PQ’O(%)P})’O(%)(1—2)max“"')1[ ) ] 0<i j<r
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_ —%% < - .4 J
1-2 1-2
11 -2(1-9-2)-42 11 2(1+9-2)-42
P’r] 1-2 4 P’r] 1-2
[ —2(1-£-2)-%2 [ 2(1+8-2)-%2 ]
1-2 1-2
2 —92 1 vy
<. Yz .. Yz
Fij T2 B T2
- 2 e L 2 e
. 1 1p00/ % i p2i+1,0 /74 2 1 p0,0 j i p2i+1,0 /74
with Pl = § PO () (1-2)' PP*10(22-1) and P, = § P (%)(14)'13], (22-1),

i+j<r-1

For the interior functions:

|
=>
Do

p; , 1,7,k>0,i,j<r-1,k<r-1-max(i,j)

|
<>
D>

ik

~
—_

|
D>
N
D>

1

=

<>

bl D>
i

|
|
N

i,j,k>0,i,j<r-1,k<r-1-max(i,j)

Pi'j'k 1-z-9° |/ (i,j,kzO,igr—l,er—Z,kgr—l—max(i,j))

r
|
<>
D>

L

i,j,k>0,1,j<r-1,k<r-1-max(i,j)

= (i,jk>0,i<r-2,j<r-1,k<r-1-max(i,j))
| -2z ]
: 0,0/ % 00( 7 o i,i)-1 2 1,1)+2,0 1~ 5
Wlth pi,j,kZPi (é)P] (%)(1_Z)max(l]) 1Pkmax(l])+ (22_1)

The hierarchic base for the first family for pyramids is constructed by changing the
bounds for the indices.

e Tetrahedron:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE TETRAHEDRON

For the faces:

PPO(£5-1) (1-9)' P10 (29-1) [ -9

£
PO (Z -1) (1—2)113].2”1'0(22—1) l 7-1 ]
z
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[ 1-%
s\ p2i+1 5 ~

PO E-1) - PR -y ]
Z

[ %
pf”’( 1)(1 z)pz'*lo( -1) g}
2

i,j20, i+j<r-1

For the interior functions:

12 29 X(£-1)
Piixl 92 |, Pkl 99-1) |, Piix| 29 |,
2(2-1) 0% 12

with P, ;= P05 y-’ii—l)(1—9—2)7’13],2"“'0(%—1)(1—2)fplf(i+f+1)+1'°(22—1)

i,j,k20, i+j+k<r-2

7 Comparison between elements

7.1 Pyramidal elements

7.1.1 Theoretical point of view

We have compared our finite element spaces with the following spaces found in the lit-
erature. Below the remarks about this comparison on a theoretical point of view:

1. For r=1, the spaces proposed in [19], [14], [13] are the same, and almost coincide
with the space P!. P! contains six degrees of freedom: if the interior degree of
freedom is removed, and the basis function associated with the quadrilateral face
replaced by

= =

-(1-2)

we obtain the coincidence with the “classical” space of the literature.
2. The proposed space P! satisfies the following conditions:

P!>DD, = optimal estimate for affine pyramids,
pr-pF 1t = convergence in O(h'~!) for non-affine pyramids,
Degrees of basis functions in X,¥,z is lower or equal to r

= less expensive quadrature rules than for P,” g

Therefore, we think that this space is quite attractive to use in conjunction with
finite element space of the first kind for the other elements.
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3. Basis functions proposed in [14] for r>2 rely on the multiplication of first-order basis

functions with polynomials in £,7,Z, but as we know, polynomials are not suitable
for the pyramid. As a result, Graglia’s space G, of second-order have the following
properties:

Gac By, but Gy ¢ 5,

GyoIDy,
sz)pfpt.

Therefore, these functions should lead to a convergence in O(h?) for affine pyra-
mids, and be non-consistent for non-affine pyramids. Furthermore, as for H(curl)
approximation, we have also found the presence of spurious modes, mainly con-
centrated on the lower part of the spectrum.

. Finite element space proposed in [12] NP, has the following properties:

NP, ¢ B,
NP, >DD,,
NP, » BV,

This space should give an optimal convergence in O(h") for affine pyramids, but
should be non-consistent for non-affine pyramids. Furthermore the number of de-
grees of freedom becomes very large when r is high. In the numerical comparisons,
this space will be called the first Nigam Phillips space. The basis functions pro-
posed in the paper seem to be miswritten. The proposed representative function
of a triangular function does not belong to the space, a correct expression of this
function (with the notations of the paper) is equal to

0

2(1-y)x*z" |, a+b<k-1.

1+z)k+2
( ) —xt Zb+1

Finite element space proposed in [13] NP, is a nice attempt to reduce the number of
degrees of freedom of the first space. This second space has the following properties

NP,cP},
NP, >DD,,
NP, 3PP,

Hence, we think that this space should give an optimal convergence in O(h") for
affine pyramids, but should be non-consistent for non-affine pyramids. It should
be noticed that the dimension of this space is smaller than the dimension of P!. This
space seems attractive in the case where the mesh contains only affine pyramids.



M. Bergot and M. Duruflé / Commun. Comput. Phys., 14 (2013), pp. 1372-1414 1407

7.1.2 Dispersion analysis

A dispersion analysis (see [1] for more details) is performed, it consists of computing the
numerical pulsation wj, for a given wave vector k. The value wy, found should be close
to the continuous dispersion relation:

w =[K].
We call dispersion error the following ratio:

wp — [kl

dispersion error =
Il

The wave vector k is a 3-D vector, the dispersion error depends on its orientation. For
the sake of simplicity, we will always take this vector in the direction of x-coordinates:

k

The dispersion analysis is performed on a periodic pattern, it is therefore equivalent to
decrease k and take a mesh size h=1 or decrease / and take a wave vector k=1. This is the
last case that will be chosen, and the dispersion error will be displayed versus the mesh
size.

The dispersion analysis is performed for affine pyramids, by using a regular pattern
(see Fig. 4) where each cube is split into six pyramids. The dispersion error found for
the different finite elements is represented in Fig. 2. It is observed that Graglia’s basis
functions provide a dispersion error in O(h?) (for r=2), whereas other spaces are provid-
ing a dispersion error in O(h?"). Nigam & Phillips spaces and P! have almost the same
dispersion error, whereas the optimal finite space seems less dispersive.

o -
10 10
s, .
10_4 _?_‘L*\+/{V—'!
27
o
5 o
10 & P =
@ &
-8 o W P
< < 3
- 1 A
< 5101021:—»’,‘9“" /()/‘" i
- ‘5 . &
@ £ - o
& g9 >
240" T 7 —+— Classical r=1 _ Z 10 o —+— Classical r=1
1 iﬂ o —© = Nigam Phillips 1, r=2 -14 i,@‘g —© = MNigam Phillips 1, r=2
-14 4 % s Nigan Phillips 2, r=2| | 10 Nigam Phillips 2, r=2 [|
o & 577 % Graglia, r=2 il s
) > ] g 18 o/o Graglia, r=2
w8l e PR ] 1 4[:;)/ ]
10—18 s Up:timal, r=2 10—18 b =l U‘pnmal, r=2

Figure 2: Dispersion error for different pyramidal spaces on a pattern containing only affine (left) and non-affine

(right) pyramids.
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10

hér

10

0
10
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The same analysis is conducted with a deformed pattern (see Fig. 4) containing both
affine and non-affine pyramids, in Fig. 2. It is observed that the classical first order func-
tions, Graglia’s basis functions (for r=2) and second Nigam & Phillips space are provid-
ing a dispersion error in O(1) (non-consistent), whereas first Nigam & Phillips space and
P! give almost the same dispersion error in O(h?~2), and optimal elements are the less
dispersive elements with a convergence in O(h?"). These assumptions have also been
numerically checked for »=3. It should be noticed that the consistency error of second
Nigam & Phillips space is much smaller when r=2 than when r=1, and it decreases fur-
thermore for high orders. Therefore, we think that this space is not h-convergent but
probably p-convergent for non-affine pyramids.

7.1.3 Convergence for the source problem

Next, the convergence in H(div) norm is studied for the source problem (1.1) with f a
gaussian source (see solution in Fig. 7). The H(div) error is computed versus the inverse
of the cubic root of number of degrees of freedom (this quantity is equivalent to the mesh
size) for affine pyramids and non-affine pyramids (Fig. 3).

1
10 : " 100 F

. 5
; :
o o
g 2 .2
= B0}
= §
t B s e —+— Classical r=l
3 10 F E| B /O/ —& ~Nigam Phillips 1, r=2
x - ;i - Nigam Phillips 2, r=2
- —f—tlassmal r=1 -2 L —*—Graglia, r=2
- B —& ~MNigan Phillips 2, r=2 Wb P, r=2
T S Nigan Phillips 1, r=2 J b
—*—Graglia, r=2 — ¢ (ptimal, r=2
—v P, r=2
4 — " Optinal, r=2 4
10 10 : c
2 =

L
-2 -1 -
10 10 10 10
Inverse of cubic root of the number of dofs Inverse of cubic root of the number of dofs

Figure 3: Relative H(div) error for different pyramidal spaces for the source problem with only affine (left) and
non-affine (right) pyramids.

Because of the presence of spurious modes, the use of Graglia’s functions lead to
a scheme which converge slowly and erratically. It can be seen that optimal elements
require less degrees of freedom to reach a given accuracy than other elements (for r=2).

7.2 Comparison between hexahedral elements

7.2.1 Dispersion analysis

A dispersion analysis will be performed for three kind of hexahedral patterns:

1. A regular pattern made of a single cube.
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2. A deformed pattern made of 8 cubes, but the middle point has been moved. As a
result the eight hexahedra are non-affine.

3. A split pattern made of 24 hexahedra, obtained by considering a cube containing 6
tetrahedra, and by splitting each tetrahedra into four hexahedra.

These three patterns are displayed in Fig. 4.

Eqn: -1 0035 -0086 0220

Figure 4: Patterns used to study the dispersion for hexahedral meshes. From left to right, the regular pattern,
deformed pattern and split pattern.

The dispersion errors obtained for the regular pattern are displayed in Fig. 5. We
observe that the dispersion error is in O(h*") for Nedelec’s first family, in O(h***) for
optimal and super-optimal finite elements. The dispersion for optimal and super-optimal
spaces is exactly the same in this case, that’s why we didn’t display the dispersion error

0
10 T T

Dispersion error

& —+—First Family, r=1 H
—© ~First Family r=2
— G First Fanily, r=3
—¥—Optimal, r=1

— % —Optimal, r=2

T T T

2 1 0
10 10 10
hér

Figure 5: Dispersion error versus h/r for regular patterns (hexahedral mesh).



1410 M. Bergot and M. Duruflé / Commun. Comput. Phys., 14 (2013), pp. 1372-1414

0 0
10 10

10

10

10 10

Dispersion error

Dispersion error

—+—First Family, r=1
—& ~First Family r=2
— G- First Family, r=3 20| -
—%— Super-optimal, r=1 f] 10 ¢ —%— Super-optimal, r=1 f{
— &= = Super-optimal, r=2 — @ = Super-optimal, r=2
Optimal, r=1 Optimal, r=1
-25 —P—Optimal, r=2 -25 —*—Optimal, r=2
-3 g 4 <1 0 -3 <2 4, 0
10 10 10 10 10 10 10 10
hr hér

—+—First Family, r=1
—& ~First Family r=2
— B First Family, r=3

Figure 6: Dispersion error versus hi/r for the deformed patterns (left) and the split patterns (right).

for super-optimal elements in the figure. The extra-power of convergence obtained for
optimal elements (the dispersion error was expected to be in O(h**?2)) is quite attractive,
it should be noted that first-order optimal elements are less dispersive than third-order
elements of the first kind.

The dispersion errors obtained for the deformed pattern and the split pattern are plot-
ted in Fig. 6.

For the deformed pattern, the observed dispersion error is in O(h?~2) for elements
of the first kind, in O(h?") for optimal and super-optimal finite elements. It should be
noted that optimal elements are much less dispersive than super-optimal elements for
r=1, whereas the difference is quite small for r=2.

For the split pattern, the observed dispersion error is in O(h*~*) for elements of the
first kind, in O(h?") for optimal and super-optimal finite elements. In that last case, op-
timal elements are less dispersive than super-optimal elements for =1, and provide the
same dispersion error for r=2. It is interesting to see that the loss of two orders by el-
ements of the first kind does not appear for every non-affine mesh, since the deformed
meshes exhibit a loss of one order only.

7.2.2 Convergence for the source problem

The wave equation (1.1) is considered with f a gaussian source oriented along e,. The
computation is performed on the cube [-1,1] with homogeneous Dirichlet condition u-n=
0 on the boundary and w =1.967t. The solution of this source problem is plotted in Fig. 7.
The convergence in H(div) norm is displayed for a deformed pattern and for a split
patternin Fig. 8. It is interesting to notice that for the split pattern, the first-order elements
are not converging at all, the error is greater than 90% and second-order elements seem
to slowly converge, we think that the convergence curve would probably stagnate for
smaller values of /. In x-coordinates of those figures, the inverse of the cubic root of dofs
is considered (so that it is equivalent to a mesh size /1), we can compare the results for
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Figure 7: Divergence of u for the source problem in a cube (the source being a gaussian).
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Figure 8: Numerical error in H(div) norm versus the cubic root of number of degrees of freedom for the gaussian
source in the cube. Meshes obtained with a deformed pattern (top) and with a split pattern (bottom).
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Figure 9: Divergence of u of diffracted field (real part) for the sphere.

a same number of degrees of freedom. In both kinds of meshes, it appears that optimal
elements require less degrees of freedom than elements of the first kind. The number of
needed degrees of freedom for third-order elements of the first kind is more important
than for first-order optimal elements. The difference between optimal and super-optimal
elements is of relative importance for first-order approximation, and negligible for higher
orders.
The wave equation is then solved for an incident wave field, and with a dielectric
sphere of radius 2:
4 _{ 2 inside the sphere,
P=% F=11 outside the sphere.

The boundary X is the border of the cube [-3,3]. The solution of this problem is plotted
in Fig. 9. The meshes considered here are fully hybrid, and contain mostly hexahedra,
and a small part of tetrahedra, pyramids and prisms, an example of mesh is represented

Table 1: Stats of meshes needed to obtain a H(div) relative error approximatively equal to 1% for the sphere.
On top, elements of the first kind, on bottom optimal elements.
Order 2 3 4 5
Number of dofs | 5604255 1567977 528896 444515
H(div) error 1.34 % 0.855% 1.04% 093%

Order 1 2 3 4
Number of dofs | 1182438 877665 435488 471695
H(div) error 1.22%  0497% 072% 027 %
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~ o 05203 021250 /

Figure 10: Hybrid mesh used for the sphere.

in Fig. 10. On this test case, we have searched the needed mesh in order to obtain a
H(div) relative error equal to 1%. Curved elements are used in order to obtain a good
approximation of the geometry. The results are summarized in Table 1. The tables are

set such that we can directly compare the spaces Py P! and Pl . It can be observed that

optimal elements require less degrees of freedom than classical elements, especially for
low orders.
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