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Abstract. In this paper, we propose and analyze the interior penalty discontinuous
Galerkin method for H(div)-elliptic problem. An optimal a priori error estimate in the
energy norm is proved. In addition, a residual-based a posteriori error estimator is
obtained. The estimator is proved to be both reliable and efficient in the energy norm.
Some numerical testes are presented to demonstrate the effectiveness of our method.
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1 Introduction

We are concerned with solving the H(div)-elliptic model problem

—grad(divu)+u=£f in Q, (1.1a)

un=0 on T, (1.1b)

where Q) is a bounded polyhedral domain in R(d =2,3) with boundary ' =90, n is its
unit outward normal vector, and f & (L2(Q))“.

The weak formulation of (1.1) is to find u € Hy(div;Q)) such that

a(u,v) ::/ (divudivv—l—u-v)dx:/ f-vdx, VveHy(div;Q). (1.2)
Q Q
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H(div)-elliptic problem (1.1) is ubiquitous in solid and fluid mechanics [11, 18]. It
may arises from, the first-order system least-squares formulation of H'-elliptic prob-
lem [12], the implementation of the sequential regularization method for the nonstation-
ary incompressible Navier-Stokes equations [24], the mixed methods with augmented
Lagrangians [13], or the stabilized formulations of the Stokes equations [37]. For more
background on H(div)-elliptic problem and its applications, please see [5] for details. As
we know, in two dimensions, conforming finite element methods for H(div)-elliptic prob-
lem can be treated by Raviart-Thomas(RT) element [30] or Brezzi-Douglas-Marini (BDM)
element [10]. The extensions of RT element and BDM element to three dimensions were
given by Nédélec in [26] and [27], respectively. Sometimes they are referred to as the first
kind H(div)-conforming element and the second kind H(div)-conforming element.

Recently, there has been increased interest in the discontinuous Galerkin(DG) method
due to its suitability for hp-adaptive techniques. For the applications of this method to a
wide variety of problems, we can see the book [17] for details. An overview and a priori
error analysis of DG for elliptic problems in H! were provided in [4]. For more details of
the a priori error estimates for H'-elliptic problem, please refer to [31]. A posterior error
estimates of conforming finite element methods have been extensively studied, and we
can refer to a series of monographs [2, 6,28, 35] for the comprehensive analysis of such
methods for elliptic problems in H', see also [13] for H(div)-conforming finite element
method and [8] for H(curl)-conforming finite element method. However, a posteriori
error estimates for DG have gained interest only in recent years, see [1,7,22,23,32,34] for
the analysis of elliptic problem in H!, and see [21] for elliptic problem in H(curl).

In this paper, we consider the interior penalty(IP) DG method for H(div)-elliptic prob-
lem (1.1), and provide a priori error estimate and a posteriori error estimate of such
method. The analysis for the a posteriori error estimator is largely based on the refer-
ence [21]. To the best of our knowledge, there exists no work on DG for H(div)-elliptic
problem, here we make an initial work on this direction.

This paper is organized as follows. In Section 2, a discontinuous Galerkin method
for the problem (1.1) is introduced. An optimal a priori error estimate of the DG method
in the energy norm is proved in Section 3. In Section 4, we provide a residual-based
a posteriori error estimator for the DG method. And both the upper bound and lower
bound analysis are proved for the error estimator in the energy norm. Finally, some
numerical experiments are given in Section 5.

2 Discontinuous Galerkin formulation

In this section, we introduce the interior penalty discontinuous Galerkin method for the
problem (1.1). For convenience, we assume that the domain is in R3. Before discussion,
we first give some notations: for a bounded domain D in R, we denote by H*(D) the
standard Sobolev space of functions with regularity exponent s >0 and norm ||-||s p and
seminorm |-|sp. For s=0, HY(D) is written by L?>(D). When D = Q, the norm ||||s o
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is simply written by ||-||s. Hg(D) is the subspace of H*(D) with vanishing trace on oD.

For the space H*(D)?, the norm is also denoted by ||-||sp. In addition, we define the
following Sobolev spaces

H(div;Q) = {veL2(Q)’: divve [}(Q)},
Hy(div;Q)) ={veH(div;Q)): v.n=0 on 0Q},
H(cur;Q)={ve*(Q): curlve LZ(Q)s},

here and hereafter, we use boldface letter to denote vectors and vector spaces. The corre-
1
sponding norms in H(div;Q2) and H(curl;Q2) are denoted by ||v||iy = (||v]|3+||divv]|[3)
1

and ||v||cur1= (||Vv]|5+]|curlv]||3) ? respectively. Finally, we denote the standard inner prod-
uct in L2(Q) or L2(Q)° by (--).

Let 7;, be a regular family of decompositions of Q) into tetrahedra {K}, hx denote the
diameter of K, and

h= hk.

]—',? denotes the set of interior faces of elements in 7, and ]—"g’ denotes the set of boundary
faces. Set Fj, = ]—',?U]—"}? . Let F be an interior face in ]—"{Z’ shared by element K; and Kj,
and define the unit normal vectors n! and n? on face F pointing exterior to K; and Kj,
respectively. The diameter of the face F is denoted by hr. We assume that the elements
of T, satisfy the minimum angle condition. This means that there exists a constant p >0
such that hg/px > 6y, where px denotes thg diameter of the inscribed ball of K. For a
scalar piecewise smooth function ¢, with ¢' = ¢|x,, we define the following average and
jump by

1
{o}t= 5(9014‘4?2)1 [p]=¢'n'+¢°n*> on FEF}.
For a vector valued piecewise smooth function v, with vi =v]| K, we set

vl =50 4v),

2

[vly=v!nl4+v*n2, [v]r=v'

><n1—|—v2 X n2.

For a boundary face F € F; 9 we set
[vln=v-n.

Next, with any | > 1, we associate the discontinuous Galerkin finite element space for
vector valued functions

Vi, ={vel*(Q)’:v|xeP(K)’, VKET,}, 2.1)
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where P;(K) is the space of polynomials of total degree <I. Similarly, with any j >0, we
introduce the following space for scalar functions

S| ={vel(Q):v|x e P(K), YKET;}. 2.2)

Thereby, for the problem (1.1), we propose the following DG method: find u;, € V}, such
that
ay (uh,V) = (f,V), Vve Vl ’ (23)

where the bilinear form a;, (uy,vy,) 3V2 X Vﬁl — R is defined as

ap (wp, vi) =Y /K(divuhdivvh-l—uh-vh)dx— ) /F[[uh]]N{{divvh}}ds

KeT, FEF,
T / lw{{divnllds+ 3 [ Blwdswilds, (2.4)

where B=0h;", here @ is the interior penalty parameter which is to be defined to guaran-
tee the coercivity of bilinear form aj,.
For the DG method in (2.3), we can easily obtain the following Galerkin orthogonality

ap(u—uy,,v)=0, Vve Vi (2.5)

3 A priori error analysis

Define the mesh-dependent norm |- ||, by

1

2
HVHh:( Y ldivvl[§ e +Ivlg+o~" 3 hell{{divv}}H[gr+6 ) hle[[V]]NH%,p> SERY)

KeTy, FeFy, FeFy,
Let V() = Hp(div; Q) + V. Tt follows from Cauchy-Schwarz inequality that
jan ()| < |lallp||vils,  Vu,veV(h). (3:2)

To obtain the coercivity of the bilinear form ay(-,-) on V!, we introduce another mesh-
dependent energy norm |||-|||;, defined by

1

2
mvmh:( Y |ldivelR et V240 ¥ h;lm[vnNH%,F) . (33)

KeTy, FeFy,

Obviously, we have
Ivlllx <IIvlln, YoeV(h). (3.4)

On the other hand, we have the following result.
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Lemma 3.1. There exists a constant C >0 depending on the minimum angle of T;, and the degree
of the polynomial | such that

lolln <C+6HE 2], VoV, (35)
Proof. First, we have the following inequality [3]
Ipl5ox < Chic'lIpllE, V€S (36)
Observing v € V!, then divv e SL_l, thus from the above inequality we obtain that
||divv||§ r < Chit||divv]§ k. vvevl, (3.7)
where F € 9K. Therefore, for v € V!, by the definition of {{divv}}, we have that

Y. hell{{divv}}[ge<C ) [ldivvlfGk, (3-8)
FeF, KeT,

where C >0 is a constant depending on the minimum angle of 7, and the degree of the
polynomial I. Then the estimate (3.5) follows from (3.1), (3.3) and (3.8). O

Provided the interior penalty parameter 6 is sufficient large, the bilinear a;(-,-) is
coercive with respect to ||| -|||, which is showed by the following lemma.

Lemma 3.2. There exists a constant 8* >0 depending on the minimum angle of Ty, and the degree
of the polynomial | such that

1
ah(v,v)2§|]|v|]|ﬁ, Yoe V), 6>0". (3.9)
Proof. For any >0 and v& V}, it follows from Cauchy-Schwarz inequality and (3.8) that

)3 /F{{divv}}[[V]]NdSS Y b 211{{divviHlophg 2| [VInllo.r

FeF, FeF,
1/2 1/2

< ( Y hpu{{divv}}H%,F) ( y h;lm[vnmrap)

FeF, FeF,

1/2 1/2
< (c Y Hdivvu%,K) ( Y h;lm[vnNuaF)
KeTy, FeFy,
eC o2 1 —1 2

§7 Z HleVHo,K'i‘z_ Z he |[IvIn|lo g

KeT, 8Fe}'h

where C >0 is a constant depending on the minimum angle of 7, and the degree of the
polynomial I. Thus, from (2.4) we obtain

. 1 _
0 (v,v) 2 (1-¢C) Y |ldivvlB -+ v+ (0-3) X he I valuld -
KeT, FeF,

Then we can choose 6* = % and e= % to make inequality (3.9) be valid. O
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The following lemma provides an abstract error estimate for our DG method in the
mesh-dependent norm ||- ||

Lemma 3.3. Let u denote the solution of the problem (1.1), and uy, denote the numerical solution
of the DG method in (2.3). There exists a constant C >0 depending on the minimum angle of Ty,
and the degree of the polynomial | such that

|l —uy||, <C(14+071) ié\‘leu—th. (3.10)
oEVh

Proof. From the Galerkin orthogonality (2.5), we have
ap(u—uy,,v)=0, VYve Vﬁl.
Thus, for any v& V! based on (3.2),(3.5),(3.9) and the above equality we have

[ = [ < [[u =]+ [fun =]
1,4
<[fu—v[lp+CA+071)z|llwp—vllly

<Ju-vlprCaro) sup lwn—vw)|

weV\{0} (W]
—la—vll+CA48 )} sup [TlEVW)]
weV\{o} [Tl
<C(1+07) inf [[u—v]],,
vev
and the lemma follows. _

To derive concrete error estimate based on the above lemma, we choose v=Z7,u in
(3.10). Here Zju is the Lagrange interpolation defined by

(Zyu) [k =Zk (ulk),

where Zg (ulg) is the unique function in P;(T) which interpolates u|x (componentwise)
at the (I+1)(142)(I+3)/6 points of K with barycentric coordinates in {0,1/1,2/1,---,1}.
Then we have the following approximation property [9,15]

[u—ZyulFg <CHU D |uf?y, 0<i<j<I+1, j>2, (3.11)
thus, we obtain

[div(u—Zyu) [|§x <CHU D uly, 2<j<I+1, (3.12a)
[div(u—Zyu) ||} g <CH2U D ufy, 2<j<I+1. (3.12b)
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We recall the trace inequality [3]

19115, <C(he1@lI5 x +hrl¢li k), (3.13)

where ¢ can be either scalar or vector valued function. It follows from (3.11), (3.12a),
(3.12b) and (3.13) that

Y hl[{{div(u—Z) R <C Y iV lufy, 2<j<i+1, (3.14a)
FeF, KeT,

Y e—Zulnldp<C Y n Vufy, 2<j<I+1. (3.14b)
FeF, KeTy,

In the following theorem, we give a concrete a priori error estimate for the DG method in
(2.3).

Theorem 3.1. Let u be the solution of the problem (1.1), and uy, be the numerical solution of
DG method in (2.3). Assume that 6 is greater than or equal to the constant 6* in Lemma 3.2.
Then there exists a constant C > 0 depending on the minimum angle of T}, and the degree of the
polynomial | such that

=]l <CL+6+6""46724672)2 Y K uljx, 2<j<I+1. (3.15)
KeTy,

Proof. Set v=17ju in (3.10), we obtain

lu—u, |2 <C(1+6~1? inf [[lu—Zyul[?. (3.16)

1
vey,

The theorem follows by the definition of ||-||;, (3.11), (3.12a), (3.14a), (3.14b) and (3.16).
O

4 A posteriori error analysis

Recalling that V (/) = Hy(div;Q)+ V!, we introduce an auxiliary bilinear form aj,(-,-) :
V(h)xV(h)—R defined by

ap(u,v)=Y /K(divudivv—l-u-v)dx— ) Kﬁ(u)(divv)ds
KeT, KeT,

_ Z /KE(V)(divu)ds—l— Z /F'B[[u]]N[[VHNdS'

KeTy, FeF,

where the lifting operator £:V(h) — S{l is defined as

| £@gax= Y [Mint{ghds, voes), (4.1)

FeFy,
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The lifting operator £(v) can be bounded by [29]

1£(v)|B<6 Cuiee Y 1182 [VInIZ - 4.2)
FeFy,

We may observe that d, =a; on V| x V!, and 4, =a on Hy(div;Q) x Hy(div;Q), then the
DG method in (2.3) is equivalent to: find uj, € Vﬁl such that

ap(uy,v)=(fv), VYve Vﬁl. 4.3)
Moreover, we have
B (vv) = VIR = [IVIIE, v e Ho(divicd), (@
Furthermore, we can prove that , is continuous on V(h) [4,21].

Lemma 4.1. There exists a constant Ceont > 0 depending on the minimum angle of Ty, and the
degree of the polynomial I such that

@ (1,0)| < Ceont[[ull[nll|ollln, Y, vV (R). (4.5)

Proof. It follows from Cauchy-Schwarz inequality and (4.2) that

ap(u,v)|< ) (HdiVuHo,KHdiVVHo,K-i'HuHo,KHVHo,K+Hﬁ(u)Ho,KHdiVVHo,K
KeTy,

+ldivelloxl£llox) + ¥ 1182 [uln o182 [vInlloe

F€.7:h
2 2 2 2
<( ¥ ldivulde) (X divele) +( X i) (X IvIBx)
KeT, KeT, KeT, KeT,
1 1 1 1
2 . 2 . 2 2
+( L Iele) (X ldivelBe)’+( X ldivalde)” (X 1£0)IBx)
KET, KeT, KeTy KeTy
1 1
1 2 1 2
+( X 1B ulnIe) " (X 1182 VInI )
FeF, FeFy,
} } } }
<( ¥ ldivulde) (X divelBe)*+( X i) (X IvIBx)
KeTy, KeTy, KeTy, KeTy,
1 1 1 2 . 2
+0- 4G (X I IR e) " (X lidivvlB)
FeF, KeTy,
_1.1 . 3 1 3
+072C (L IldivulRe) " (X 185 IVINIRF)
KeT, FeF,

(X 18 TulvIBe) (X 1B )

FeF, FeF,
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1
2

. 1

gqm(z(wNw&Hm%m+zuwwh%Q
KeT, FeF,

1

-(2(www&+w%m+zuwhhmﬁ

Ken Fe]:h
= Ceont|lallal[[¥llx

and the lemma follows. ]

The main idea behind our error analysis is that any discontinuous function can be
approximated by a conforming finite element one. Thus, we define the conforming finite
element space

3 :VLﬁHo(diV;Q), (4.6)
in fact, Vj, is the second kind H(div)-conforming Nédélec element [27]. Similar to Propo-
sition 4.1 in [21](see also Theorem 2.2 in [23]), we can obtain the following approximation
property.

Lemma 4.2. Let vE Vi, then there exists a conforming finite element approximation v € V< such
that

— 1
llo—v°l[f < (20 Capp+1) ) [IB2[0INIIG . (4.7)
FEF)

where Capp >0 depends on the minimum angle of Ty, and the degree of the polynomial 1.

Proof. The proof we provide is constructive. Given vE V}, we construct a function v¢ € V§
as follows: At every node of the mesh 7; corresponding to a degree of freedom for V7,
the value of v° is set to be the average of the values of v at that node.

First, we introduce the second kind H(div)-conforming Nédélec element. For a face

f of K, let {q;}j\[:fl denote a basis of P;(f), and {q]K}]I\’:b1 a basis of R;_1(K) for element K,
here R;=P? ®S;, S;={p € (P,)*|x-p=0}, and D denote the homogeneous polynomials
of degree I. For a fixed K € 7j, and let v € P/(K)3, we define the following degrees of
freedom:

M{(V):{/f(v-nf)q]}ds: j:1,2,---,Nf}, for any face f of K,
M,lj(v):{/l<v-q]1;dx: =12,y }.

Itis well known that above degrees of freedom uniquely define the polynomial ve P!(K)?3,
see [25,27]. And for a face f of K, the normal trace v-n ris uniquely determined by the

degrees of freedom M/, see [25,27]. Thus, any v € P!(K)? can be written by

Ny Ny,
V= Z Zv]K,f‘P%,f"i'Z;v]K,b‘P;(,b/ (4.8)
]:

FEF(K)j=1
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where F(K) denotes the set of faces of K. The functions {cpé< f} and {‘P;gb} are lagrange
basis functions on P!(K)? with respect to the degrees of freedom defined above.

For each K€ Tj, let Gk = {xé, i=12,-,|F(K)| ]Nf |} be the face node set to formally
match the corresponding local basic functions of faces ¢y r = {qb;< =12, JF(K)I-
[N¢[}, here and in the following |-| denotes the cardinality of corresponding set. Let
Hy = {xé, j=1,2,---,|Ny|} be the element node set to formally match the corresponding

local basic functions of element interior ¢ , = {cP;(,b, j=12,--+,|Ny|}. Set px = Ppx, f Uk b,
G =UkeT;, Gk. Let G be the union of two disjoint parts:

Go={veG:vefeF)},
Gy={veG:vefeF’}.
For each node ve€ GUH, let 6, ={K € T,|v €K} and its cardinality is denoted by |4, |. We

note that, if v€ H, then |6,| =1, if v€ G, then |6,| =1, and if v € Gy, then |J,| =2. Then we
associate each node v with a basis function ¢" defined by

supp ¢'= | J K, ¢'|x=¢k xi=v.

Ked,
Now, given ve V! , assume
Lo &y
v=1) ( ) ZUK,ﬂ’K,f"‘EZ’]K,ﬂ’K,b) /
KeT, \ feF(K)j=1 j=1
we construct the function v¢ € Vj by
( 1 .
Y v, if veH,
’5]/‘ xh=v ’
=
vi= Y 7'¢", wherey'={ 1 i 4.9)
= 5] ]X: Uk p if veGy,
XK:'U
0, if veG,.

Set 'y]K =1/ whenever x]K =.

By application of the Piola transformation (see [25])
BV(x) =det(B)v(x), x=Bx+t, BcR*, tcR®, (4.10)

and through a scaling argument, we obtain that ||div 4);; f| |3 « <chg’. Since the degrees of



Y. Zeng and J. Chen / Commun. Comput. Phys., 14 (2013), pp. 753-779 763

freedom of v—v* corresponding to the interior nodes of elements is zero, we get

Y lldiv(v—v) |3 <CIFK)IN{| ¥ i Y Z! 7kl
K.f

KeT, KET,  feF(K
<) n° Z h =P+ Y E [V 1 (hv:max hi). (4.11)
Ked,
VGGO xK VGGa xK
Note that
Z Ok p =P <clvh. -~ vk (2, (4.12)
xK_V

where K™ and K~ denote the elements which share the face f, we obtain

Yo fldiv(v—v9)|Bc<C Y Y ony 3|vK+f o K fPHC Y Yok 3l e (4.13)
KeT, fe]-'ovef fe]—'al/Ef

By application of the Piola transformation in (4.10), and through a scaling argument, we
have

Yoo —ok P <Ch VIS 5 (4.14)
vef
Similarly, for v € f € G,, we have
Y kY, f]2<Chf*1Hv~an%,f. (4.15)
vef
Thus, from (4.13)-(4.15), replacing f by F in the above inequalities, we get
Y [1div(v—v) 3 < Capp 3 VI3 @16)
KeTy, FeFy,

On the other hand, by similar arguments, we can obtain

Y Iv=vI[§ < Capp Y hrllIVINIIG - (417)
KeT, FeF,
Then the lemma follows by the definition of ||| |||, (4.16) and (4.17). O

Before stating the main result, we first introduce some local error indicators. Set
My = ||+ grad (divuy) —w|[f ¢, (4.18)

where f, € V! is an approximation of f, here f;, € V| may be chosen to be, e.g. the L2
projection of f, for more details see Remark 4.1. This term measures the residual of the
governing partial differential equation (1.1). To measure the error by curl operator, we
introduce ¢, denoted by

e, =kllewr (£, —w,) I3 - (4.19)
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The face residual with respect to the jump of divuy, is denoted by

1 .
’YIZJKZQ Yo x| [divag]|[5 - (4.20)
FedK\T
We also introduce .
W%KZQ Yo x| £ —wnlrllG e (4.21)
FeoK\T

to measure the tangential jump f; —uy; over interior face. Furthermore, to measure the
normal jump of numerical solution uj, we introduce 7y, defined by
1 1 1
2 : 2 ! 2
e =75 Y. B2 TwdnllGe+ Y 1182 (wn)lGp- (4.22)
FeoK\T FeoKNT

Then the sum of the above five local error indicators is denoted by 7k,
TR = MR e D 1 T 1 (4.23)

4.1 Reliability

The aim in this subsection is to provide an upper bound for the total error |||ju—uyl||;,
which is showed in the following theorem.

Theorem 4.1. Let u denote the solution of the problem (1.1), and uy, denote the numerical solution
of the DG method in (2.3). Assume that 0 is greater than or equal to the constant 0 in Lemma
3.2. Then there exist constants Cg > 0,Cp > 0 depending on the minimum angle of T}, and the
degree of the polynomial I, such that

lls=mllh=Ce( L&) +Collt=llo @24

KeT,

where f, € Vi is an approximation of f, f, € Vi may be chosen to be, e.. the L projection of f.

Before proving the above theorem, we make some preparations. To begin, we can
obtain the following result by using similar ideas to Lemma 4.3 in [21].

Lemma 4.3. The following error bound holds

llu—upllln < sup  A(w)+ (14 Ceont)|||1n —j |1, (4.25)
we Hy(div;Q))

where u, is the conforming approximation of wy, from Lemma 4.2, and A(-) is defined as

A(w) = inf | Jof (w—wy)dx—a, (w, w—w,))|
wyEV), e

,  Vw e Hy(div;Q). (4.26)
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Proof. Using the triangle inequality, we get
[T = [l < e = {1+ [[[n = [ (4.27)

where uj is the conforming approximation of uj, from Lemma 4.2. Letting w=u—uj €
Hy(div;Q)) and using the coercivity property in (4.4), we obtain

[ wll[7 = an (w, w) =, (0, W) — @y, (wy, W)+ (w; —uj, w).
Since u,w € Hy(div;Q)), we get
ap(u,w)=a(u,w) :/ f-wdx.
o)
Using (4.3), we have
Eih(uh,wh):/ f'thx, th EV;I.
o)

Thus, we obtain that
1wl = £ (v i) g w— wi )+ 2 — )
for any wy, € V. Using the continuity of 4, (-,-) in Lemma 4.1, we have
H\WH\%S!/Qf-(W—Wh)dx—ﬁh<uh,w—wh)\+Ccont!Huh—uZ\Hh!HWH\h

for any wy, € VI Then we get
[T = [l < A(u—wj,) +Ceont| w, —wj[]1-

Noting that A(u—uj) < supy.cp (div:n) A (W) and using the triangle inequality in (4.27),
we complete the proof. O

Noting that |||u, —uj |||, can be bounded as follows

_ 1 _
Il —uillln < (207 Capp+1) Y- 182 [ndwllfp = (20 "Capp+1) 3 13y (4.28)
FeF;, KeT,

it leaves us to give an upper bound for A(w). To proceed, we need the following regular
decomposition [13,19].

Lemma 4.4. Suppose that Q) € R3 is a bounded Lipschitz domain which is topology equivalent to
a ball, for any P € Hy(div;Q), there exist Q, & € H}(Q)? such that

P=Q+curld. (4.29)
Moreover, there exists a constant Cyee > 0 depending only on Q) such that

1QI1 < Caecl|Pllaiv, [Pl < CaecllPllaiv- (4.30)
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We shall also take advantage of the approximation property of the following (quasi)-
interpolation [13].

Lemma 4.5. For any we Ho(div;Q)NH(Q)3, there exists a (quasi)-interpolation wy, € V¥, such
that

Y- (ltiv (eo— ) |3 g+ hillew—eon] f + i [[eo =il o) < Chellwol ;- @3D)
KeTy,

where Cint > 0 is a constant depending on the minimum angle of Ty, and the degree of the polyno-
mial [.

Furthermore, we need the following result by using Clément or Scott-Zhang interpo-
lation [16,33].

Lemma 4.6. For any @ € H}(Q)3, there exists a piecewise linear approximation @, € H}(Q)3N
S} such that

) (\(P onlT k|l —@nlld kg o — (PhHOBK><CcleH(pH%I (4.32)
KeTy,

where Cge >0 is a constant depending only on minimum angle of Tj,.
With the above preparations, we can prove the following result.
Lemma 4.7. For any w € Hy(div;Q2), the following bound for A(w) holds
%
Aw)<c( T o) +Cli-Ailf; 43
KeTy,

where C >0 is a constant depending on the minimum angle of T, and the degree of the polynomial
l.

Proof. For any w € Hy(div;Q)), noting that |||w|||;, = ||W||4iv, it follows the definition of
A(w) that

]fQ w—w§ )dx —a, (u,, w—w; )|

, 4.34
Wil .34

for any wj € V. In terms of Lemma 4.4, we obtain the regular decomposition of w as
w=w"+curlp.
In (4.34), we choose wj, € Vj, to be

wi, =w)+curldy,
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where w is defined by the (quasi)-interpolation in Lemma 4.5 and ¢, is defined by the
Clément interpolation in Lemma 4.6. For the reason of curld, € V}, please refer to ( [13],
page 1876). Hence we obtain

/Qf-(w—wfl)dx—ﬁh(uh,w—wﬁ)EBl-i-Bz,

with
81:/Qf-(WO—Wg)dx—ﬁh(uh,wo—wO), (4.35a)
Bzz/ﬂa—uh).cuﬂ(q;—q;h)dx. (4.35b)

We next establish bounds for B; and B;, respectively. For B;, by the definition of 4(-,-)
we obtain

Blz/ﬂ(fh—uh)-(wo—wg)dx— )

/ divuy,div (w® —w))dx
KeTy, K

-y /Kﬁ(uh)div(wo—wg)dx-l— y /K(f—fh)-(wo—wg)dx

KeT, KeT,

with f;, € V. For the second term on the right hand of the above equality, integrating by

parts, and using the conformity of w®—w?, we see that

-Y /divuhdiv(wo—wg)dx

KeT;,” K
= Z / (grad(divuh))~(w0—w2)dx— Z divuh((wo—w2)~n1<)ds
KeTy, K KeT, oK

:K;Q/K(grad(divuh)).<w0_w2)dx_ Y ¥ %/F[[diVuh]]‘(Wo—wg)ds,

KeT, FEaK\T

where n; denotes the outward unit normal vector on 0K. Thus,

Bi= ¥ [ (i grad(diven) —uy)- (w0 —whar— ¥ [ £(w)div (W)

KeTy, KeTy,
_ 1 . w0 o0 Y (w0 w0
Y. ) 5 [divu,]- (W' —wp)ds+ Y [ (F—£,)- (W' —w))dx
KeTFeak\T <7 F KeT, " K
=B1+ B2+ Bz +Bia.
Clearly, we have that
Bu< Y nrehic 1w —willox, (4.36)

KeT,
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where 7R, is the residual defined by (4.18).
By Cauchy-Schwarz inequality and the boundness of the lifting operator in (4.2), we
obtain

N|—

Bz (X N£)lR)* (X ldiv (wo—whlf)

KeTy, KeTy,

L 1
<07 2Ci (X 18 wnlnie) " ( 3 [1dtiv (w”—wi) )

FeF, KeT,

1
2

NI—=

1 1
=073k ( L ) (X lidiv(w—wf) I3k ) (4.37)
KeT;, KeTy,

with 77, the jump residual defined in (4.22).
Also, using Cauchy-Schwarz inequality, we obtain that

1
1 : 2 1, 2
Bas ¥ (8 ghelidivallis) (L 3hclw-wilfr)’

KeT, \FeoK\T FeoK
_1
< Y ey |[wW0 = willoax, (4.38)
KeTy,

where 77p, is the jump residual defined in (4.20). Similarly, we have

Bia< Y h|lf—fuloxhg || W —whllox- (4.39)
KeTy,

Combining (4.36), (4.37), (4.38) and (4.39) together, using Cauchy-Schwarz inequality and
approximation property in (4.31), we see that

1

2

Bi<c( L O+t +ih) ) W+ Cindli=gilolw’lh. @)
KeTy,

For B, integrating by parts, we obtain
Br= [ (£~ 6i)-curl(@—dy)dx + [ (6~ ) -curl(d— by )dx
0 0
= [ (=) curl(@—y)dx+ ¥ [ curl(fy—w,)- (& —y)ds

KeTy, K

- Z /z)K((fh_uh) XHK) (b—y,)ds

KeTy,
— [ (t=8)-curl(@—@p)dx+ T [ curl(f—uy)- (d— dy)ds
@) KeT;, K
-y X 1/[[fh—uh]]T'(d)—d)h)dS
KeThFeaK\rz F

= By1+ B+ Bos.
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Obviously, we have
Ba1 < ||~ fulo[|curl(d — ) lo- (4.41)

By Cauchy-Schwarz inequality, we get that

By < Y hklleurl (£, —uy)|lo.xhi | — dllox
KeTy,

= ) ncdi | d—dullox (4.42)
KeT,

where 7¢, is the residual defined in (4.19).
For B,3, we have

1
1 2 1 1
Bas ¥ (X hdlifiwinlfe) (X g0 lo-oulie)
KeT, \FeoK\T' FeoK
_1
< Y e ll o —dylloaxs (4.43)
KeT,

with #r, defined in (4.21).
Combining (4.41), (4.42), and (4.43) together, using Cauchy-Schwarz inequality and
approximation property in (4.32), we see that

1

2

Br<c( L (4120 1l+Clit—tullololh (4.4
KeTy,

Finally, based on (4.40) and (4.44), we conclude that

1 1
2 2 2
BﬁBzéC(Zni) (uqau%ww%) +cuf—fhuo(uqau%+uw°u%> . @)

KeTy,

The desired result (4.33) follows from the above estimate and the stability bounds of
regular decomposition in (4.30). O

From the above mentioned, we can obtain Theorem 4.1.

Remark 4.1. We observe that Theorem 4.1 is valid for any f;, € V). To ensure that the
data approximation term ||f—£||o does not dominate the overall a posteriori error bound
stated in (4.24), we should choose f;, to make ||f—f;||o tends to zero, at least, has the same
convergence rate as the first term on the right-hand side of (4.24) (and thus also, at least,
the same rate as |||u—uy]||;,, see Theorem 4.2 in Subsection 4.2) as the mesh is refined. We
can choose f, €V}, e.g. the L2 projection of f to satisfy the above property.
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Remark 4.2. In the case when the source term f belongs to H(curl;Q2), the data approxi-
mation term ||f—f;||o in Theorem 4.1 may be replaced by

< y h%((Hf—tho,K+chrl(f—fh)Ho,K)) y (4.46)

KeTy,

Indeed, integrating by parts, By1 can be bounded by hi||curl (f—£;,) ||ohg || — Py |0, and
all other terms in Theorem 4.1 remain unchanged. We then get the data approximation
term defined by (4.46). In this case, the tangential jump error indicator #r, is defined by

1
=5 3 el (4.47)
FeoK\T

which indicates the fact that the tangential components of f across the element faces are
continuous.

4.2 Efficiency

In this subsection, we shall discuss the efficiency of the error estimator. To prove the ef-
ficiency bound, we take advantage of bubble function technique introduced by Verfiirth
[35]. Let bk be the standard polynomial bubble function on element K, and br the stan-
dard polynomial bubble function on an interior face F, shared by two elements K and K'.
Then we have the following results [21,36].

Lemma 4.8. For any vector valued polynomial function v, there exists a constant C>0 depending
on the minimum angle of Tj, and the degree of the polynomial | such that

|bxo|lo,x < Cllollox, (4.48a)
1

|[o]lo,x <Cl[bgollox, (4.48b)

HdiV(bKU)HO’KSChIleUHOIK, (4.48¢)

chrl(bKv)HO,KSChE1|’vHO,K~ (448d)

Similarly, for any vector valued polynomial function w on interior face F, there exists a constant
C > 0 depending on the minimum angle of T, and the degree of the polynomial I such that

1
|lw|o,r <Cl[bzwl|o,F (4.49)

Furthermore, there exists an extension Wy, € H} (KUK')? of brw such that Wy|p =brw and

1

| Whlo,x < ChZ||w)o.r, (4.50a)
_1

||div Wy|lo,x < Chp 2 [Jw]|oF, (4.50b)

_1
HCllI‘leHO,KSChFZHZUH(),F, (4.50¢)
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where C > 0 are some constants depending on the minimum angle of Ty, and the degree of the

polynomial .

To begin, we obtain the following local bounds.

Lemma 4.9. Let u be the solution of the problem (1.1), and uy, be the numerical solution of the
DG method in (2.3). Assume that 6 is greater than or equal to the constant 6* in Lemma 3.2.

Then the following local bounds hold:
(i) For any K € Ty, we have

1R < C(||div(u—uy) |0k +hx || —up||ox +hx|[f—f,llox)-

(ii) For any K € Ty, we have
nce < C(l[u—uyllox+|If—£yllox)-

(iii) For any interior face F € Fj, which belongs to two elements K and K', we obtain

l . .
hi||[diva]lor < ) (|ldiv(u—uy)ox +hx|[e—wupllo,x + x| [f—Fillox)-
KelUr

with Up={K,K'}.

(iv) For any interior face F € F, which belongs to two elements K and K', we obtain

1
hElIfy—unlnllor < Y (lun—wunllox+If—fllox)-
KelUr

(v) For any interior face F, we have

1182 [l o, = B2 [ — s fo,f-

For any boundary face F, we have

182 () llop = 1| B2 (s —wy) 1) [o,p-

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

All the constants C >0 appear in the above inequalities depend on the minimum angle of Tj, and

the degree of the polynomial I.

Proof. (i) Let v, =f;+grad(divuy,) —uy,, and v, = bgvy,. Noting that —grad(divu)+u=f

in L2(K)3, we have
1
bl = [ (6+grad(divey) —w,) -vdx
:/(f—l—grad(divuh)—uh)~Vbdx—|—/(fh—f)-vbdx
K K

:/K(_grad(di"(u_uh))+(U—uh))'Vbdx-l-/K(fh—f)-vbdx

:/div(u—uh)divvbdx—l—/(u—uh)-vbdx—l—/(fh—f)-vbdx,
K K K
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where in the last step we used integration by parts and the fact that v, =0 on 0K. Then
from Cauchy-Schwarz inequality we obtain

Vi [6,x < (IIdiv (w—wy)|lo,k||div vp|lo,x + |[u—wyl|o.x|[Vollo.x + | —£xllox|Vsllox)-
Moreover, using (4.48c) and (4.48a), we get
Ivillo,x < C(htl|div (w—wy) o,k + |[u—wp, o,k + |[f—£4l[ox)-

Observing that g, =hx||vy |0k, the above inequality gives (i).
(ii) Let v, =curl (f;, —uy,), and v, = bgvy,. Then from (4.48a) we have

1
vl B <CllovlEx <C [ curl (6 —w,)-vidx.
Moreover, noting that curl (f—u) =0 in L?(K)3, we obtain

vl <C [ curl (6 —6)+(u—w,)) -vod.
Integrating by parts and combining Cauchy-Schwarz inequality with (4.48d), we have
[1Villo,x < C (i 1= llox P lu =y lo x)-

Noting that 17¢, =hk||vy |0k, the above inequality yields (ii).
(iii) Let wy, = [divuy], wy, = brwy,. Defining W;, € I—I&(KUK’)3 be the extension of wy,
which satisfies (4.50a), (4.50b) and (4.50c). Using the fact that [divu] =0, we obtain

1
Iowill3e= [ Idiva;)-wods
= / [div (u, —u)]-wpds
F

= Z /(grad(div)<uh—u))‘Wbdx—l-/div(uh—u)divwbdx
KeUp’K K

=Y /K((fh—f)—l-(grad(div)(uh—u))+(u—uh)>'Wbdx

Kelr
+ / div (w, —u)divWdx — / (£, —£)-W,dx— / (u—wy,)-W,dx.
K K K
Since f+grad(divu) —u=0 in L?(K)3, in view of (4.49), (4.50a) and (4.50b), we obtain
1 _1
HwhHO,F S C Z (hf-Hfh—l-grad(dwuh) _uhHO,K"i'hF 2 Hdiv(u—uh) HO,K
Kelr

1 1
2l fillox+E [u—wilox).
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Making use of the bound for 77z, and the shape-regularity of the mesh, we get

1
hel|[divap]llor<C ) <HdiV(u—uh) o,k +hk| [ £ —fulo.x +hx|[u—wy Ho,K) :
KelUr
This yields (iii).
(iv) Let wy, = [f,—uy] 1, w, =bpwy,, and Wy, € H} (KUK’)3 be the extension of wj, which
satisfies (4.50a), (4.50b) and (4.50c). Noting that [f—u]7=0in L?(K)?, we have

1
Ibiwill3e= [ 16 —wlr-wods

:/[[fh—uh—f—i—u]]T-wbds
F

= E </curl(fh—uh)-Wbdx+/(fh—uh—f-i-u)-curlwbdx).
K K

KelUr

In view of (4.49), (4.50a) and (4.50c), we obtain

1 1 1
willor <C Y- (i llewrd (6w lok-+ 1z 16— Ello+z * u—wpllok )
KelUr

Using the bound for 7, and the shape-regularity of the mesh, we obtain

1
B —wilrllor <C Y (lu—wllox+lIf—fillox)-
Kelr

This gives (iv).
(v) Since [u]y =0 on interior faces and u-n=0 on the boundary faces, we can imme-
diately obtain (4.55)-(4.56). O

We formulate the main result of this subsection in the following theorem, which fol-
lows immediately from the above lemma.

Theorem 4.2. Let u denote the solution of the problem (1.1), and uy, denote the numerical solution
of DG method in (2.3). Assume that 0 is greater than or equal to the constant 0* in Lemma 3.2.
Then there exists a constant Cgpp depending on the minimum angle of T}, and the degree of the
polynomial | such that

( y nK) < Carp((llu—mlln+ 11, lo)- (457)

KeTy,

Remark 4.3. In the case when the source term f belongs to H(curl;Q)), similar efficiency
bound may also be derived. In fact, bounds (i), (iii) and (v) in Lemma 4.9 remain un-
changed. On the right-hand side of bounds in (ii) and (iv), the term ||f—£,||o x may
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1
be replaced by hi||curl(f—£,)||ox. In the latter case, the term h}||[f;, —u,]n]|o,r Oon the

1
left-hand side of the inequality (4.54) must be replaced by hZ||[w;]n||o,r. The data ap-
proximation term ||f —fj,||p in Theorem 4.2 may be replaced by

< Z h%((Hf—tho,K—FHCllI‘l(f—fh)Ho,K)) 2. (4.58)

KeTy,

5 Numerical experiments

In this section, we report some numerical experiments using MATLAB. We only choose
the linear discontinuous finite element to show the numerical results. In each adaptive fi-
nite element procedure, we refine the marked triangles by the bisection algorithm, which
derives from the AFEM@Matlab implementation [14].

Example 5.1. The test problem is two-dimensional equation of (1.1) in Q= (0,1) x0,1).
We set the right-hand side function side so that the exact solution is given by

uy (x,y) sin(rtx))
u(x,y)= = . .
(xy) (uz(x,y)> (sm(rry)
First, we present the a priori results for the penalty parameter 6 =15. Fig. 1 describes
the energy errors |||[u—uy|||; with respect to the mesh size 1 in logarithmic scale. We can
see that the slope is 1.0052, these results confirm Theorem 3.1. Moreover, we provide the
error between the exact solution u; (x,y) =sin(7tx) and its numerical solution in Fig. 2.

We also provide the a posteriori results for this example. The true error |[|lu—uyl||;
and the error estimator :
2\ 2
1= L 7t

KeT,

log(energy error)
I
A

-15r

-251

-3t

-35 I I I I I I I I
-4.5 -4 -35 -3 -25 -2 -15 -1 -0.5 0

log(h)

Figure 1: The convergence rate for linear discontinuous finite element.
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0 o

Figure 2: The error between the exact solution u1(x,y) =sin(7x) and its numerical solution for the h= 31—2

are computed on a sequence of adaptive meshes as functions of number of degrees of

freedom and then showed in Fig. 3. The effectivity index given by m is computed

as a function of the number of degrees of freedom and then plotted in Fig. 4. It is between

10" b —#— True Error 5
E\E’S\S —&— Error Indicator

10° 10*
Degrees of Freedom

10

Figure 3: Performance of the indicator for Example 5.1.

Effectivity Index
«
T
.

Degrees of Freedom

Figure 4: Efficiency index for Example 5.1.
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Figure 5: Adaptive mesh of level 20 for Example 5.1.

6 and 7. These results agree with the Theorem 4.1 and Theorem 4.2. Finally, in Fig. 5, we
show the adaptive mesh of 20 level used in the computation. From Fig. 3, we observe
the quasi-optimality of the adaptive algorithm in the sense that |||u—u|||;, ~ CN~1/2
asymptotically, where N is the number of degrees of freedom.

Example 5.2. We consider the problem of (1.1) defined on the L-shaped domain (2 =
(—1,1)2\([0,1] X [~1,0]) with the exact solution given by u=grad (r3sin( 20)) (in cylindri-
cal coordinates).

As in Example 5.1, Fig. 6 displays actual errors |||lu—uy|||; and the error estimator 7
as functions of the number degrees of freedom. And the effectivity index as a function
of the number of degrees of freedom is plotted in Fig. 7. It is between 5 and 6. These
results confirm the Theorem 4.1 and Theorem 4.2. Furthermore, we can see from Fig. 8
that the singularity of the solution u at the re-entrant corner is captured by the error
estimator. From Fig. 6, we observe that the adaptive algorithm have the quasi-optimality

10 T T T

—— True Error
D.SE\E —+&— Error Indicator

. .
10 10 10* 10 10°
Degrees of Freedom

Figure 6: Performance of the indicator for Example 5.2.



Y. Zeng and J. Chen / Commun. Comput. Phys., 14 (2013), pp. 753-779 777

Effectivity Index

10
Degrees of Freedom

Figure 7: Efficiency index for Example 5.2.

Figure 8: Adaptive mesh of level 18 for Example 5.2.

in the sense that |||u—uy]||;, ® CN~1/2 asymptotically, where N is the number of degrees
of freedom.
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