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Abstract. The local one-dimensional multisymplectic scheme (LOD-MS) is developed
for the three-dimensional (3D) Gross-Pitaevskii (GP) equation in Bose-Einstein con-
densates. The idea is originated from the advantages of multisymplectic integrators
and from the cheap computational cost of the local one-dimensional (LOD) method.
The 3D GP equation is split into three linear LOD Schrodinger equations and an ex-
actly solvable nonlinear Hamiltonian ODE. The three linear LOD Schrddinger equa-
tions are multisymplectic which can be approximated by multisymplectic integrator
(MI). The conservative properties of the proposed scheme are investigated. It is mass-
preserving. Surprisingly, the scheme preserves the discrete local energy conservation
laws and global energy conservation law if the wave function is variable separable.
This is impossible for conventional Mls in nonlinear Hamiltonian context. The numer-
ical results show that the LOD-MS can simulate the original problems very well. They
are consistent with the numerical analysis.
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1 Introduction

The existence of the Bose-Einstein Condensate (BEC) was predicted in the early 1920s
by Bose and Einstein. It was experimentally created and confirmed until 1995 in atomic
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gas at ultra low temperature [7]. The BEC phenomena can be reported by the mean-
field theory in physics and can be modeled by the well-known Gross-Pitaevskii (GP)
equation [9, 18]

2

2
ihuy = —;l—mvzu—l—vd(x)u—l—m\ulz

u, xeRY, t>0, (1.1)

where m is the atomic mass, 7 is the Planck constant, a; is the s-wave scatting length
(as > 0 for repulsive interaction and as < 0 for attractive interaction), and V(x) is the
external potential imposed on the physical system.

For convenience, it is necessary to scale GP equation (1.1) into the dimensionless form

1
jut:_§V2u+Vd(x)u—|—‘Bd]u|2u, x€R?, t>0, (1.2)

where B, is a real constant, and V;(x) is the external potential acting on the physical
system which can be periodic

1—sin’x, d=1,
Vi(x)={ 1—sin®xsin’y, d=2,
1—sin? xsimzysin2 z, d=23,

or harmonic

2,2
b

X
ey d=1,
2X2+ 12 2
Va =9 =52, d=2,

2.2 221,22
VXYY tzz
LTI IREE g3,

with the trapped frequencies yy,yy,7: in x-, y- and z-direction, respectively.
We consider the Cauchy problem of GP equation (1.2) with the initial value

u(x,0)=u’(x), xeR% (1.3)

By direct calculation, one can derive that the GP equation (1.2)-(1.3) endows with the
following two important invariants: the first one is mass invariant

_ 2 9y — 29y
Q(t)_/w]u(x,t)\ dx—/Rd]u(x,O)] dx=0(0), (1.4)
and the second one is energy invariant
1
g(t):/le [E\vu(x,t)\z—l—Vd(x)]u\z—l—%]uﬂ dx=£(0). (1.5)

Significant progress on numerical simulation of BEC phenomena has been made over
the last ten years (see [2—4, 8,14, 20,23, 24,27] and references therein). In [2-4], Bao et al.
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presented time-splitting spectral methods for various GP equation with different bound-
ary conditions. Zhang et al. designed local absorbing boundary conditions for GP equa-
tion combined with split-step method [26]. Du and Ju [8] developed a finite volume
method for the Ginzburg-Landau model. Tian et al. [23] considered a completely implicit
multisymplectic structure-preserving scheme for GP equation with vortices. However,
the partition of the considered domain must be crude because of the limitation of the
performance of computer. Islas et al. proposed a multisymplectic spectral method for
the GP equation [14], but it is very difficult in practical computing. Ruprecht et al. [20]
simulated the ground state solution and dynamics of GP equations by Crank-Nicolson
scheme. In [24], Wang presented a split-step difference scheme for GP equation.

Splitting technique has different names in different subjects. It is fractional-step method
in computational fluid dynamics, split-step method in optics, acoustics and nonlinear
PDEs, dimensional splitting, alternative directional method and local one-dimensional
(LOD) method in multidimensional PDEs, etc. In multidimensional context, it was orig-
inally developed for multidimensional parabolic equations by Douglas et al. [16,17], in-
cluding alternative direction implicit (ADI) method, LOD method. It was generalized to
nonlinear KdV equations by Tappert [22] which split the KdV equations into purely lin-
ear and nonlinear subproblems. Now, it is widely employed for solving nonlinear PDEs
for its simplicity and flexibility, including the GP equation [24]. The method has also been
successfully applied to symplectic geometric integrators [10].

Multisymplectic integrators (Mls) preserving multisymplectic geometric structure are
favorable and applied to many mathematical and physical dynamics (see [1,5,6,12,13,19,
25] and references therein). As is well-known, for general multisymplectic Hamiltonian
system, there are no explicit MIs. Therefore, it is rather difficult to establish an efficient
and approachable MI for multidimensional Hamiltonian systems (d > 2 for instance). To
wipe off the flaw, recently, we developed a novel kind of splitting MIs for intricate or
multidimensional Hamiltonian PDEs (MHPDEs) [11,15]. The method makes neither non-
linear iterative nor expensive algebraic systems. The basic thought of the method is to
decompose the original MHPDE:s into several LOD HPDEs. Then we approximate them
by Mls, which preserve discrete LOD multisymplectic conservation laws. We call the
method LOD-MS for multidimensional MHPDEs. In this paper, we investigate LOD-MS
for the GP equation (1.2).

The general 3D MHPDE reads

3
Mz;+) Kz, =V,S(z), (1.6)
j=1

where M,K; (j=1,2,3) are skew-symmetric matrices, and S(z) is a smooth function which
is called Hamiltonian function. It is easy to derive that the multisymplectic system (1.6)
satisfies the following local conservation laws:
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e Multisymplectic conservation law (MCL)
d 3.9

with the symplectic density and symplectic fluxes

w=dzN\Mdz, Kj= dz/\K]-dz, j=1,2,3.

e Local energy conservation law (LECL)

0
gE(z)-I-V-F(z):O,

where the energy density E(z) and energy flux F(z) are
13 r T
B
j=

1 .
Fi(z)=32"Kjz, j=1,23.

The local conservation laws suggest that the density and fluxes can vary from time to
time and from point to point. Nevertheless, the density increment in time must be equal
to the flux increment at every space point.

The outline of the paper is planned as follows: In Section 2, we give a brief overview
on the splitting method and multisymplectic Runge-Kutta (RK) methods. Section 3 is
about the multisymplectic structure and its LOD multisymplectic structure of the GP
equation (1.2). The conservation laws of the structures are discussed in the section. In
Section 4, based on the established LOD multisymplectic structure of the GP equation
in Section 3, we develop LOD-MS I and LOD-MS II. The splitting error of the former is
of first-order and the latter is of second-order. The conservative properties and stability
of the LOD-MS are investigated in Section 5. In Section 6, some numerical examples are
reported to verify the numerical behavior of the new developed LOD-MS. Finally, some
conclusions and remarks come into being in Section 7.

2 Review of splitting methods and Runge-Kutta type MlIs

As we know that one can only construct explicit partitioned RK type MIs for separa-
ble MHPDEs [19]. However, most MHPDEs are inseparable. In other words, we can only
construct completely implicit MIs for them. In consideration of stability, implicit schemes
are superior to explicit ones. In this section, we give a brief review for the splitting meth-
ods and the RK type MlIs.
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Firstly, we give a short retrospection of the splitting method. The basic point in split-
ting method is to decouple the original mathematical model into a group of appropriate
subproblems. Then one solves the subproblems in a given sequence approximately or
accurately. The solver of the preceding subproblem is employed as the initial value of
the rear. The mathematical description of the thought is as follows. Consider the initial
value problem

9
{ 5, u(0)=Au(t) = (L+N)u(b), (2.1)

u(0)=uo,

where A, L and N are spatial operators. The formal solution of the initial value problem
(21)is

u(t)=exp(tA)ug=exp(t(L+N))uo. (2.2)

The computational of exponential operator exp(t(L+N)) is very difficult or very ex-
pensive regularly. However, the exponential operators exp(t£) and exp(tN'), which are
formal solution operators of the simpler procedures

gu(t) = Lu(t), (2.3)
%u(t):/\fu(t), (2.4)

respectively, may be computed either more easily or accurately. We resolve the sim-
pler problems (2.3) and (2.4) in a given sequence instead of solving the original prob-
lem (2.1) directly. Generally speaking, exp(t(L+N')) #exp(tL)exp(tN') due to the non-
commutativity between £ and N. Suppose T be the time step size, " = nt, the two
frequently used sequences are:

o First-order version: Lie-Trotter splitting
(") =exp(T(L+N) (") ~vexp(TL)exp (TN u(t")
~ [exp(TL)exp(TN)]" up. (2.5)
e Second-order version: Strang splitting [21]
u(t") ~exp <%E> exp(TN)exp <%E> u(t" 1
~exp (%E) exp(TN)exp(TL)exp (TN )exp (%E) u(t"2)

£> lexp (TN )exp(TL)]" ' exp (TN )exp (%L) Uo. (2.6)

N~

%exp(
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By the Baker-Campbell-Hausdorf (BCH) formula, the time-splitting error of the first ver-
sion (2.5) and the second version (2.6) are of first-order and second-order, respectively.
An s-stage RK method for a general Hamiltonian system

d
%Z—]VZH(Z), (2.7)
is
Ki=2'+7 Y ayJV,H(K), j=12,+5,
=1 (2.8)

2 =247 Y bV, H(K)),
=1

where ] is the standard symplectic matrix, and 7 is the step length of the method, H(z) is
the Hamiltonian function, and aﬂ,bj are undetermined weighted factors.

Proposition 2.1 ([10]). An s-stage RK method (2.8) for (2.7) is symplectic if
aljbl +ajlb]- —blb]' = 0, for any l,]: 1,2,' <+ ,S. (29)

For s=1, one has the midpoint rule
1
2"l =2"47]V,H (z”*l/z) ,  where z'"1/2= 3 (2" +2"1), (2.10)

which is symplectic.
For a general one-dimensional multisymplectic Hamiltonian system

Mz;+Kz,=V,5(z), (2.11)

where M and K are skew-symmetric matrices, and S(z) is some smooth functional, con-
catenating a pair of symplectic RK integrators in space and time directions, it results in
a MI [19]. For example, if one discretizes the system (2.11) by a pair of midpoint rules
(2.10) it achieves

Méiz} 4+ Koz =V, S (2 7, (2.12)

where 5527:11 / 22 is the centered quotient in the s-direction with s being either x or ¢, and

1 1
+1/2 _ +1/2 +1/2) _ +1 +1
z;?ﬂ/z =3 (Z7+1 -|-z;7 > . (z?+1 +z}7+1+z;7 +z}7>.
The midpoint scheme (2.12) is multisymplectic, that is to say, it satisfies the discrete
MCL [5,19]
+1 +1/2__ n+1/2
12 Wik K;?H _K;?
_|_
T h

w

—0. (2.13)



L. Kong, ]. Hong and J. Zhang / Commun. Comput. Phys., 14 (2013), pp. 219-241 225

For simplicity, we set the spatial domain be [0,/]3, that is, the spatial index (j k1) :=
(0,0,0). For the 3D Hamiltonian system (1.6), one can devise Mls for it, such as the cen-
tered box scheme [19]

3
n+3 n+3 n+i
Moz, 2+ Y Kby z) 12, =V, (zl f;)/ (2.14)
27272 _ 2,272 27272
m=1
where 5Sz’}+11{ 2 is the centered quotient in the s-direction with s being either x,x2,x3 or ¢,
27272

and z}fk’l is an approximation of function z(x1,x2,x3,t) at node (x; jr X2k, X3 1, 1"). However,
this scheme is rather inefficient and resource consuming. In a manner, it is inapproach-
able due to the limitation of the power of computer. We turn to the LOD-MS [15].

For general cases, it is very hard in establishing approachable Mls for the MHPDE
(1.6) as what was alleged previously. We split them into several LOD MHPDE:s as follows:

Mz +Kjz,, =V3zSj(Z), j=1,23, (2.15)
where S1(Z)+52(Z)+53(Z) = S(z), and M,K; and Z may be either the same as those in

(1.6) or different from them. This can be observed from [11, 15]. It is obvious that the
LOD HPDEs (2.15) fulfill the LOD MCLs and LOD LECLs

o] 0 .
gw—i-a—x]K]—O, ]—1,2,3, (216)
o] 0 .
§E+a—ij]-_o, i=1,2,3. (2.17)

Certainly, one can further decompose one or more of the LOD MHPDE:s (2.15) into sim-
pler ones if necessary, such as linear subproblem and nonlinear subproblem [11].

3 Multisymplectic structure for GP equation

In this section, we investigate the multisymplectic structure and LOD multisymplectic
formulation for the 3D GP equation,

iuy=[L+N(V,[u|*)Ju=(Ly+Ly+L)u+N(V,|ul*)u, (3.1)

where L,=— %Bxx, Ly=— %Byy, L,=— %822 are linear differential operators,and N(V,|u|?)=
V(x,y,z)+B|u|? is a nonlinear operator.

To reformulate the GP equation (3.1) into the form (1.6), we suppose u = p+iq and
introduces the conjugate momenta py =0, g, =w, Py=@, qy=1, p.= ¢, gz =mn. Thus, the
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GP equation can be cast into the multisymplectic Hamiltonian system,

;

1
—qit5 (0t @y +8) =V (xy,2)p+B(P* +07)p,

1
prt 5 (et iy +n:) =V(xy,2)3+ (" +0°)a,
1 1 1 1

T kT 5w 62
1 1 1 1

“oPy=7359 _qu:_ilp’
1 1 1 1

e T )

with z=[p,q,v,w,9,1,C,5]T, and the skew-symmetric matrices

Ja 04 1| Ly 04 1 0 C4 1 04 Dy
M = ’ K — 5 y K — = , K _ — .
[ 0; 04 72104 04 272 —Cy 04 372

Here

_ | 0 D | L 0 1 0 I
]4_ 7 L4_|:_IZ 02:|/ C4_|:02 02:|/ D4_|:02 02:|/

S O = O
o O O

o O OO
o O OO

where [, and 0,, are n X n identity matrix and zeros matrix, respectively.
The Hamiltonian function is

5(2) = [2V(0y2) (P4 @)+ B(P +8V— (A 0+ 4 7+ )]

By straightforward calculation, the symplectic structures are

w=dgNdp, k1= =(dpAdv+dgAhdw),

NI~ DN =

1
K2 =5 (dpAdgtdahdy), k3= (dpAdl+dgidy),

and the energy density and energy fluxes are

E(z) =2V (x,y,2) (P* +0°) +B(p*+3°) >+ (P +w’ + 9>+ >+ > +17%),
F(z)=-2(pro+qw), F(z)=-2(pio+qrp), F(z)=-2(p:l+q:m).

As was stated previously, it was very difficult in developing practical MIs for the non-
separable MHPDE (3.2). In view of the importance of MI, we split (3.2) into the following
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LOD PDEs
_ 1
zut:—iuxx:Lxu, (3.3)
U= —%uyy:Lyu, (3.4)
iuy = —%uZZ:Lzu, (3.5)
iy =V (5,y,2) 4 Blul2lu= NV, |ul ) 66)

The LOD PDEs (3.3), (3.4), (3.5) can be written in the LOD multisymplectic formulation

0 _ J _ _ .
]4$Z]‘—|-L4a—xj2]‘2vz],5j(2]'), j=1,23, (3.7)

where x1 =x, x,=vy, x3=z,and z1 = (p,q,0,w)", z2=(p,9,9,9)", Z3=(p,q,{,n7) T ,with the
Hamiltonian functions

512)=— 3 (@+0?), ()= (9 +)), Ss@)=—;(@+7).

The nonlinear subproblem (3.6) degenerates to the Hamiltonian formulation

%z: J7IV:H(2), Y,z (3.8)

where
X 0 -1
z2=(pq)", ]I{ 10 ]
and the Hamiltonian function is
1
H(z) =112V (xy2) (p* +0°) +B(p* +7°)°].

Accordingly, the LOD MHPDEs (3.3), (3.4), (3.5), (3.6) satisfy the following LOD
MCLs

%(dq/\dp)—l—%(dp/\dv—i—dq/\dw):0, Vy,z, (3.9)
%(dq/\dp)—l—%(dp/\dgo—l—dq/\dlp):0, Vx,z, (3.10)
%(dq/\dp)—l—a—az(dp/\dg—l-dq/\dn):0, Vx,y, (3.11)
i(vlq/\vlp) =0, Vx,y,z,t, (3.12)

dt
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d d . 90,5, o .0 _

gEH-aFl—at(U +w?) 2ax(UPt+w‘1t)—0/ Vy,z, (3.13)
d d . _ 9,45 5 .0 _

ath—i-asz—at((P +9°) zay((PPt+lPQt)—0, Vx,z, (3.14)
0 d . D, 0 B

§53+£P3—§(§ +7 )—zg(épwnqt)—o, Vx,y, (3.15)
d

—[2V(x,y,2) (;92 +q2) -1-[3(;92 +q2)2] =0, Vx,y,z,t, (3.16)

dt

respectively. Moreover, for the nonlinear Hamiltonian system (3.6), one has the point-
wise mass conservation law

lu(x,y,z,t) 2= ]u(x,y,z,O)\z, Vx,y,z,t,

(3.17)

which makes the subproblem exactly solvable by the method of separating variables.

4 LOD-MS for the GP equation

We can approximate the LOD MHPDEs (3.3)-(3.5) by some pairs of symplectic RK meth-
ods. This type of methods will make them satisfy discrete LOD MCLs [15].
We approximate the LOD MHPDE:s (3.3), (3.4), (3.5) by the midpoint rule (2.12) and

have

* n 1 1
q1 ., 91 mEty by
1300 7500 + 1 %1,00" ~Y,00 -0
T 2 4
I P R
500 7500 + 1 %1,00" ~ %000 -0
T 2 h 4
1 1 1 1
nk+5 n¥+5 ¥+ nx+7
2_ 2 1 2_ 2 1
P1o0” —Pooo _v”*+z 91,00” —90,00 _wn*+z
— Y1 7 - 1 7
50,0 5,0,0
( Kk * 1 1
q 1 7[,7 1 n**+27 n**+z
0,30 10,30 + 1 9010 Poo0 ~ __ 0
T 2 h v
p**l —p*l n**+% n**+%
0,50 030 + 1 %010 ~—Yo00 © 0
T 2 h 4
1 1 1 1
nkx+ 5 Nxx+75 nx*+5 RS
Po,1,0 2*7’0,0/0 2 wtd 90,10 2*‘70/0,0 : _¢n**+%
- 1 7 - 1 7
L h 0,5,0 h 0,5,0
( ok *k 1 1
qoo 1 7[100 1 gn***+2 _ n***+2
_ 23 v} +1 0,0,1 0,0,0 -0
T 2 h 4
Kok o A wxktd
Poot Pool o2yt
o2 24 17001 0,0,0 =0
T 2 h Y
n***+% n***+l 1 n***+% n***+l 1
Poo1 = ~Pooo _g”****‘i Joo1 " —qopo ~ _ mHEERE,
- 1 7 - 1
L h 00,1 h 00,5

(4.1)

(4.2)

(4.3)

7
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where "2 = T +ur), Uty = T +ur), TUAS T(u*+u***). Here we have
neglected the spatial indexes j,k,!.

As usual, the LOD-MS (4.1), (4.2), (4.3) can be coded in the following manner, respec-
tively, by eliminating the conjugate momenta

(wr 4wt )= 4u” )

. — 5kl +5,kl L ki +1 kil

; J—2 T3 - J—2 J+2 +5}2{ 7k’;+2 =0, (4.4)

(we 4w ) —(uf +u’t )

. ,kf p) i k+11 ,kf pi k+1,1 +1
] JKT 3 - ] Jk+3 +52 7]:;* 2=, (4_5)
*okk *okk *k *k

(u +utr ) —(u +ut* )

Nkl ik, 1+ 1 ki1 ik, 1+ 1

; ] ] 2 - ] 2 ] 2 +(S§ 7}3‘2 =0, (4.6)

where

n n n 1’[ n n
U 22U T g P

2.1 _

Oty = 12 ’ 5y jki = 2 ’
2t Wi 41— 2M g i, 1

Uk = 2

As for the solver of Hamiltonian system (3.6), it can be exactly solved due to the
point-wise conservation law (3.17)

wiit =exp (—i(Vig+Blui )7 ) uia” =exp (=i )i, (47)
where 677" = (Vin +,B]u;"k>§* )T
It can be observed that the scheme (4.4)-(4.7) is the first-order version (2.5). The dis-
crete errors of the scheme (4.4)-(4.6) are of second-order accuracy in both time and space.
The solution (4.7) is accurate. Therefore, the whole errors of the scheme (4.4)-(4.7) is of
first-order in time and second-order in space. To improve the accuracy in time, we com-
posite schemes (4.4)-(4.7) by using the second-order version (2.6) and obtain

*
,( j— 3kl +”]+ kl) ( ,kl+u]+2,kl) iy skt
i 7 2uy "7 =0, (4.8)
(uiy o Fusy )= (] +ut ) .
N Y i/ I k=11 kL !
i—! e B ! PR g2l =, (4.9)
( *k** 1_|_u*k*l* 1)_(u>‘k>k 1_|_u>‘k>k 1)
. +1 k-1 Pk 41 +
i— A 7k12:o, (4.10)

i =exp (—i(Viu+Blusy" )7 ) wii” = exp (=it )i, (@11)
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(g1 T 1) — (1 + iy 1) )
. JK, 2 JK, +2 ]k,] 5 ]k,]+2 2 n0+§ .
: 7/2 +ozuyy =0, (4.12)
(1 F i )= (@1 i) 1
. Jr 27 1z +2,] ],k 2,[ ]’k+2’l 2 n<><>+§ .
l /2 +oyuy 2 =0, (4.13)
() u V= (A1 gt y)
. — X Kl Lkl Skl +5,kl 1
J—3 Jt3 7 J=2 J*2 +532(7/l;-1k700+2 —0. (4.14)

where u"*+2 =1 (ii4i1), u"**+2 =1 (i+ii), u"*°o+2 =1 (i+u"*1). For simplicity, we denote
LOD-MS (4.4)-(4.7) as LOD-MS I and LOD-MS (4.8)-(4.14) as LOD-MS 1I.

5 Analysis of conservative properties

In this section, we investigate the LOD-MS I theoretically. The numerical analysis of the
second-order scheme LOD-MS II can be programmed in the same way. For convenience,
the unitary inner product and l,-norm are recalled:

(,0) =hehyh, Y T, |u]|? = (u,u),
ikl

H”HZi :hxhth;‘“H%,kJr%,H% %,
1%

H”HOOZI?IS?(‘“]'H‘-

By the theory in multisymplectic background, the LOD schemes (4.1), (4.2), (4.3) sat-
isfy the discrete LOD MCLs

1 1
T S S AN
+3 Kl +3kl Tit1,k— Mkl
] 2 - ] 2 + ] h ] :0, (51)
1 1
w** _w* ﬂ**+§ . n**+§
ikl kil K2 T K2
] 2 - ] 2 + ] h ] :0, (52)
soxok ok sk Pkt 2
—w 2 _ 2
i+ Ykl KBk T T KB
] 2 . ] 2 _|_ ] h ] :0, (53)
and the LOD LECLs
* o n n*—‘r% n*—i—%
Elj—s—%,kl E1j+%,kl F1j+l,kl_F1jkl —0 5.4
T h - (5-4)
1 1
Exioo =B 1, Blpii-Fy 't
k+3,1 k30 P2k, T 12k
] 2 . ] 2 _|_ ] h ] :0, (55)
1 1
E3>f<*>k ) —E3>.k* . F ”***+§ —P n***—i—i
k1+1 kl+3  13jki+1 3kl
Pre ey ! =0, (5.6)

T h



L. Kong, ]. Hong and J. Zhang / Commun. Comput. Phys., 14 (2013), pp. 219-241 231

where

n 2 n 2

E1]+ = j+%,kl) +<wj+%,kl) ’
2 2
EZ]k+ b ((l);‘k,k+%,l) +<¢;k+%,l) /
E3]kl+1 - (g}kk*w )+ (n;k*H] )2,

nE+3 nk+ 3 TR S
7 _ 2( 2 25t 2),

+2
Fijy ik ‘5fp]k1 Wi "oy
nxtd e maktd ekl
By P==2u ot oy )
n**—s—% o n***—&-j n***—i—i n***—i—% n***—&-%
Byjy 2 ==2Cju oty Pt 0 )

Of course, the solution (4.7) of the nonlinear subproblem (3.6) satisfies the conservation
laws that the original system (3.6) possesses, such as symplectic-preserving, point-wise
mass-preserving and point-wise energy-preserving as well

d‘?}'ﬁl /\dp;?kT1 :d‘#kl Ndply=---=dqgq Ndpy, (5.7)
’”;?le >= |y == ’u?kl %, (5.8)
2Vj ’”;?lerl ‘2“‘/5’”%1 =2V |1 ‘2"‘,3’”% = =2V ’u?kl ’2‘1‘,5‘“%1 % (59)

In fact, the solution (4.7) can be written in
P gt = (C059 iSin@ﬁz) (Pl + 14 )-

That is to say,

n+1 __

n+1 __ n
{ Pik = Pjia 080y +qjysinbj,
Qi =~ PjaSin0j +qj cosO,

Consequently, one has

Ay 1/\dP7kT1 = [ dpjgsindj, +dqjy Cosgjkli| |:dp]kl costjy +dqjy Sme]kl]
=dq Ndpjy.

This is precisely the symplectic conservation law (5.7). Taking the norm on both sides
of (4.7), it results in the point-wise mass invariant (5.8). The third invariant (5.9) can be
derived from the second one (5.8).

To pick up the total conservation laws of the LOD-MS (4.1), (4.2), (4.3) and (4.7), we
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reformulate them into follows:

1 1
q* q Un*+2 _Un*+§
11
jrakri iy il kel el 1 jrrkrs i+l Tkl il —0
T 2 h 4
n*+% n*+%
P 1 P10 41
j+% ot /+2 jtoktsl+s 1 ]+1k+2,l+2 j,k+2, 2 -0
T 2 Y
n*+% n*+%
1 pj+1,k+%,l+% pj,k+%,l+% - lvn*—i-%
h T2 a1 1y
JTa Tty
qn*+% qn*+%
; 1,,1 7 %,,1,,1 1
1 jAlktplts  jktglts 1 MEE3
= 1 17,17
h 2% kL4
. n**+% n**+%
q;+2,k+2 1+3 q]+2,k+2 +3 ¢j+%,k+1,z+% ¢j+%,k,l+% -0
T 2 h Y
% ler»% ¢n+**%
P 1,1 “P.o1,.1,.1 1 1~ Y1 1
j+ok+3 l+2 jtpk+5l+5 _1 j7k+ll+5 jtakl+s —0
T 2 h e
skl skl
pn..+2 B n--+2 )
1 gkl Uil kie] 1 et
= 1 17,17
h 2 ]+§;k+§;l+§
sl sl
n..+2 n--+2

C 2V kgl

1 qj+%,k+1,l+% 7qj+%/k,l+% Cq ks
2 h

e nxxx+% gn***+%
q/+ kgl q;+2,k+ J+3 1 Tt kel Vil d —0
T 2 4
*** n***+% n***Jr%
p K g P k1 Mitpi s el kil
j+3 Tl +3 1 gtgktgdil it gkt —0
T 2 4
n***Jr% n***Jr%
Priitarlim Pinlesl n***+
1 _JFrakta. jtgktad g 2
2 h T 2% Lk,
1 1
Nkkk—+ Nkkk—+
2 2
—-q

q. . 1
1 Grd ki el mEksds

2 T2l L ey

+1 _ kxk |2 kkk ¢ ok ok
11 —exp<—z(V1 L1 HBlut | )T)ul 11 —exp<—z 111
) 27272 272772 21272 2/273

(5.10)

(5.11)

(5.12)

(5.13)

As a counterpart of (4.4), (4.5), (4.6), the schemes (5.10), (5.11), (5.12), (5.13) can be coded

as follows:

. nx+3 n*+ 2 n*—‘r]

i0 2 C 2 oxu., 1 =
(1 ]+2,k+ 1+1+ 141 l+2)+ jh+1 1+2 0,
. Nkt Mk 3 5 nxx+d

i0 z 2 oou 2=
(1 ]+2,k+ I+1+ ]+2,k—1l+2)+ yH jakl+l 0,

(5.14)

(5.15)
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. n***+ n***—i—l 2 n***+

i) (u 2 2 +ozu 2 =0 5.16
( IRy, ]+%,k+%,l—1) RS i (5.16)

wpy =exp (Vg HBluy )T )upy ) =exp (0T Jupt, 617)
27272 27272 2722 27272 27272 2/272

Theorem 5.1. The LOD-MS (4.4)-(4.7) admits the global mass and global LOD energy conser-
vation laws

Qn-i-l OQ*** = Q**:Q*:Qn:“':QO, (518)
Ei=gl, EF=E, & =g, (5.19)
where
Q:HMHZ]E, 5x:hxhyhz§’5xu]+%,k,l’2,
ik,
2 2
Ey=hehyh: Y |yt 1 P E=hahghs Y[y o,
jk,1 k1
with the centered difference quotient dsu,, , 1 = R

Remark 5.1. From the point-wise conservation laws (5.8), (5.9), it is quite clear that

Qn+1 Q**** Qn (520)
Erat =1 Y [Vl P+ Blu ] =5 (5.21)
ikl

Therefore, the proposed LOD-MS (4.4)-(4.7) is unconditionally stable.

In what follows, we investigate the energy conservation laws of the novel LOD-MS
(4.1), (4.2), (4.3) and (4.7), including LECL and global energy conservation law.

Theorem 5.2. Let the solution function u(x,y,z,t) of the GP equation (1.2) be variable separable,
Le.,

u(x,y,z,t)=X(x)Y(y)Z(z)T(t), (5.22)
or equally
u?kl = THX]'YkZl. (523)
Then the LOD-MS (4.1)-(4.3), and (4.7) is local energy conservative

Ertl —E" .
3kt l+2T L+ 143 1V, ;1}3—520' (5.24)
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Proof. Under the assumption of (5.23) and the discrete mass conservation law (5.20), one
has

’Tn+l|2 |T***’2 ’T**’2 ’T*|2 |Tn|2 ~~:|TO’2, (5.25)
and

1
‘St“]kJIFZ = (T 2) X2y, Jx u lkl—T’HZ((S X 1)YZ,

n+ty — +1 n+1 41
5yujfkf%'l_Tn ZXj((Ska+%)Z]’ 5 ]kliz_(Tn 2Xij(SZZH‘%)'

It is reasonable to form a hypothesis as follows:
Pia =Ty XpYeZpy  Gja=Tq Xp Yo 2oy,
]kl_T 0xXp Yooy ]k,_T 0x Xy YarZay
g;'lkl:TnXP]YPk(S ZPZ’ ’7};<I—T Xq]qu(S qu'
then
IT" P =(T})*+(T;)>. (5.26)

Thus, it is reminding (5.25) that the three LOD LECLs (5.4), (5.5) and (5.6) can be replaced
by

Eli?+1l _Eli-1 1 Fln*+ Fln+%
j+5.kl J+2. + j+1kl jkl —0, (5.27)
T h
Bty —Eal ) By R
jk+31 jk+3 n ]k+l ! jkl o, (5.28)
T h
1
E3 1 E3 kl 1 F37.1+7 _F37?+§
jk, l+ jkl+3 + jk,1+1 jkl —0. (529)
T h
Adding up the above three equalities and (5.9), we obtain the discrete LECL (5.24). This
proof is finished. O

Theorem 5.3. The LOD-MS I and LOD-MS II conserves the discrete energy exactly

EMtl_gn—...=g0 (5.30)
where
E=nYy" [(zvjkl"i"“7k1‘2)’”;?kl‘z"i_‘vhu;?kl‘z] /
ikl
with the discrete gradient NV yuj, = |0y u” [ kl’z |6y u]k+ 1’2 |0, u” Tl |2, provided that the so-

lution is separable in terms of the mdependent variables.
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Proof. Using (5.23), (5.9) and (5.25), the global LOD energy conservation laws (5.19) and
(5.21) can be written as

T RY Yz X, 2= TP Y [YiZioe X, o (5.31)
ikl ikl

TP Y1X218, Yy o [P = TP ) 1XGZ200y Y1 P (5.32)
jk,1 k1

TP Y X YidoZy o P =T Y X Yed: 2,0 1%, (5.33)
Jikil ikl

" ij] (Zijz [P+ Bluly !4> :h3;] <2ij1 [ty [2+ Bl 14) . (5.34)

I jik,

Sum over the above equalities, we get

2
h3;(zvjkl\u7k¢112+ﬁ\u7kﬂ4>+thuﬂ“H
%

2
=1y (2Vjua|uly [P+ Blulfy[*) + | Vit . (5.35)
Jikl
This is just what we desire. The proof is finished. O

Remark 5.2. It is noted that the conclusions in Theorems 5.2 and 5.3 are true in case of
the solution function is separable. Otherwise, they will not always necessarily true.

Remark 5.3. The LOD-MS for GP equations and the conclusions we have obtained can
be extended to some initial boundary problem, such as, periodic boundary condition,
Dirichlet boundary condition. This will be verified in the following numerical illustra-
tions.

6 Numerical examples
In this section, we will take several examples to investigate the numerical behavior of the
LOD-MS. We will observe that the developed scheme is economic and simply in coding.

For convenience, we define the following notations to present numerical results.

n An o2 n __ n AN
' _ujkl’ ’ eoo—n]ﬂlf‘lx’”jkl—“jkﬂz

where uj,; and @7, denote approximate solution and exact solution, respectively.

Example 6.1. The test problem in 1d

.0 1 2
zau(x,t)— Zuxx—i-V(X)M‘i“u’ U, (6.1)

u(x,0) =sinx,
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2

where V(x) =cos*x is a periodic potential. The exact solution for the problem is

u(x,t)=e 3" 2sinx.

First, we test the convergence rate in the space direction. To the purpose, we fix the time
step length very small, such as 7= 0.0001, such that nearly all the discretization error
comes from the space. The numerical errors and their convergence rates under different
spatial steps at different time ¢ are listed in Table 1, which implies that LOD-MS II is
indeed of second-order accuracy in space. Here the convergence rate order is calculated
by formula order =In(es, /es,)/In(s1/52), where es,, m=1,2, are numerical errors using
step length s,,,.

Table 1: The errors and spatial accuracy at different time f.

t h e order ey order
/20 | 1.6507 x 102 — 1.1596 x 102 —
8 [71/20 | 4.1159x10 3 | 2.0037 | 2.0445x10 3 | 2.5038
7720 | 33013x10 2| — |23191x10 2| —
16 77740 [ 82318 <10 3 | 2.0038 | 4.0890 <10 3 | 2.5037
7720 | 49516x10 2| — | 34784x10 2| —
24 740 [ 1.2348x10 2 | 2.0038 | 6.1335x10 3 | 2.5036
7/20 | 6.6018x10 2| — | 4.6375x10 2| —
32 /40 | 1.6464x10 2 | 2.0036 | 8.1779x10 3 | 2.5035

Next, we investigate the time convergence rate of the LOD-MS II via the above prob-
lem over t € [0,25]. We take the spatial step length small enough so that error from spatial
discretization is negligible, such as = 135;. Moreover, we compare its computational
efficiency with the general MI for the problem

(™ +u™ T —(wt  +ut )

_1 i+l il +1 41 +1
L S L S +282u 72—V 12—V‘+1u7,l 2
T ] J=2 ]—3 JT2 ]+§
n+3 2 n+3 n+2 2 n+s3
=lu, 2| u, F4lu, 2| u 2. (6.2)
=2 | 72 2| Ttz

The time step lengths are T=0.025, T=0.05 and 7 =0.1. We simulate the problem with
both LOD-MS II and (6.2). Fig. 1 reports the numerical error and temporal convergence
rate against time of LOD-MS II. Data in Table 2 show the computational efficiency of the

Table 2: The comparison of the efficiency of different schemes at ¢ =100.

LOD-MS I (6.2)

7\ scheme e €oo CPU(sec) e oo CPU(sec)
0.1 5.31le—5 | 1.70e—1 2.7 2.46e—4 | 5.23e—3 35
0.05 1.34¢—5 | 4.29¢—-2 5.4 6.27¢—5 | 7.14e—4 55

0.025 3.36e—6 | 1.07e—2 11 1.42¢—5 | 1.93¢—4 84
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t t

Figure 1: The time error and order test: left for error and right for order.

two methods. Numerical results indicate that the LOD-MS II is of second-order in time
and is much more efficient than method (6.2).

We shall not compare the efficiency of LOD-MS with the completely implicit MI for
multidimensional problems resembling (6.2) any more due to the performance restriction
of personal computer.

Example 6.2. Next, we consider the following two-dimensional nonlinear initial-boundary
value problem with a periodic potential

ou(x,y,t 1

z% ==5 (txt+uyy) +V(x,y)u+ |lu|?u,

u(x,y,0)=sinxsiny, (x,y)€[0,27t] x[0,27],

(6.3)

with V(x,y) =1—sin?xsin’y. The exact solution of Eq. (6.3) is

u(x,y,t) =e *'sinxsiny.
We choose 7=0.02,h=7/20 to investigate the performance of the LOD-MS II, including
the conservative properties and wave shape. Fig. 2 presents the real part and imaginary

part of the numerical solution at t =50. Fig. 3 shows the residuals of mass and global

A

0.5 oo . d
) S
g wm E° 0‘ 0 :
-0.5 \ ‘ ol I' w —02 \v o N /

-1 -0.4

6 6
6
4
4 y > 4
y 2 X 2 X
0O o 0 o

Figure 2: The numerical solutions, left for real part, right for imaginary part.
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Figure 3: The residuals of mass and global energy, left for mass, right for global energy.

energy against time. From the figures, it is observed that the LOD-MS II can simulate
the continuous problem very well over a long period, and it preserves the conservative
quantities accurately.

Example 6.3. In the example, we consider a 3D problem with exact solution to check
the theoretical analysis and to illustrate the capability of LOD-MS II in simulating 3D
problems. The periodic problem is

.0 1
18_1: = _§<uxx+uyy+uzz) +V(x,y,z)u—|— ’u‘Zu,
u(x,y,0) =sinxsinysinz, (x,y,z) €[0,27]?,

(6.4)

where V(x,y,z) = 1—sin?xsin’ysin’

problem is

z is a periodic potential. The exact solution of the

)= 5it/2

u(x,y,z,t sinxsinysinz,

which is variable separable. In the case, the Theorems 5.1 and 5.2 are valid.

We choose T =0.01,h = Zz—g to execute the experiment with LOD-MS 11, and focus on
the numerical error ej of the wave function and the conservation laws. Fig. 4 presents
the former and the residual of mass against time, and Fig. 5 shows the residuals of global
and local energy conservation laws against time. As the results of Theorems 5.1 and 5.2
is predicted, the LOD-MS II preserves the mass, global energy and local energy exactly
in that their residuals are within the roundoff error.

Example 6.4. In the example, we investigate the 3d anisotropic condensate problem with
changing trapped frequency

1 1
i :__V2u+V(x/ /Z)u'i'_’ |2 7
pi=—y vt 9Py .

1/)<x;]//Z/0) - UTZ/%SWGXP(—Z(XZ—i—ZyZ—f—ALZZ)),
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residual of mass

(0] 5 10 15 20 [¢] 5 10 15 20
t t

Figure 4: The numerical error of wave function and residual of mass. Left for numerical error; Right for residual
of mass.

3 1.8
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S 1t 50.8
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E] 8
=N 0.6
& 0.4
<
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o =
0.2
0% 5 10 15 20 %

t

Figure 5: The residuals of global and local energy, left for global, right for local.

where V3(x,y,z) = 1(x>+4y*+1622). We also adopt the LOD-MS I to solve the model
under the mesh step size #=0.16,7=0.01. The profiles of the real part and imaginary part
of the wave function at z=_3.2,t =3 are shown in Fig. 6, and the residuals of mass and
local energy are presented in Fig. 7.

5 5
-10 -10 -10 -10 X

Figure 6: The real and imaginary parts of the wave function. Left: real; Right: imaginary.
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fesidual of local energy,

X

-10 -10

Figure 7: The residuals of mass and local energy. Left: mass; Right: local energy.

7 Conclusions and remarks

Combing the LOD thought with the MI, a novel and practical kind of MIs are developed
for multidimensional Hamiltonian system. We call it LOD-MS. The method conserves
the LOD MCLs and total symplectic structure. Under certain conditions, it also preserves
global energy and local energy. Theoretical results are supported by numerical tests.
Moreover, we can extend the method to other multidimensional Hamiltonian systems.
We can also construct explicit or semi-explicit schemes for the systems. For example, we
can apply partitioned RK to the LOD Hamiltonian system. These are our future work on
the subject.
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