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Abstract. The numerical simulation of non conservative system is a difficult challenge
for two reasons at least. The first one is that it is not possible to derive jump relations
directly from conservation principles, so that in general, if the model description is non
ambiguous for smooth solutions, this is no longer the case for discontinuous solutions.
From the numerical view point, this leads to the following situation: if a scheme is
stable, its limit for mesh convergence will depend on its dissipative structure. This is
well known since at least [1]. In this paper we are interested in the “dual” problem:
given a system in non conservative form and consistent jump relations, how can we
construct a numerical scheme that will, for mesh convergence, provide limit solutions
that are the exact solution of the problem. In order to investigate this problem, we
consider a multiphase flow model for which jump relations are known. Our scheme is
an hybridation of Glimm scheme and Roe scheme.
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Nomenclature

e «;: volume fraction of phase i;

1

pi: density of phase i; p=);&;0;: average density,

T;=1/p;: specific volume of phase i; T=1/p: specific volume,

%: mass fraction of phase i;

e u: average velocity;
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e p: pressure, p; pressure of phase i;

e s specific entropy, s; specific entropy of phase i, s=)_;Y;s;;
e ¢;: specific internal energy of phase i;

e ¢;: internal energy of phase i, ¢; =p;¢;;

e T;: temperature of phase i;

o e=Y,we;: internal energy; E=e+ 1pu?: total energy

i _9pi,
Kl_aei’Xl_ap,«’

a: speed of sound, a; speed of sound of phase i.

1 Introduction

In many applications, one needs to consider compressible flows where the fluid is made
of several non mixable phases. Examples can been found in the nuclear industry, the oil
industry, for engines, etc. Another class of applications can be found in the case of high
explosives. In that case, the media is made of several non mixable materials that are so
intimately mixed that their exchange surface is very large. Such a fluid can be modeled by
two compressible fluids, each having its own equation of state, thus its own pressure and
possibly its own velocity. However, in the case of a large inter-facial area, it is legitimate
to assume that the phase pressures and velocities are identical. The same situation occur
for atomized flows.

The model in this case cannot be the simple model of two mass conservation equa-
tions (one for each phase), the momentum conservation equation, a total energy equation
and a last one describing the evolution of the fluid composition written as a simple trans-
port equation. In fact, in the physical model, one may encounter smooth variations of the
volume fractions. In that case, when a shock wave is moving, this implies that the fluids
can be compressed according to their acoustic impedance. A model that describes such a
situation is the Kapila model [2] which can be derived from variants of the Baer and Nun-
ziato [3] model by means of asymptotic expansions, see [4]. Here the small parameter is
related to the inverse of the inter-facial area. The system of PDEs of the Kapila model is
given in section 2. It is written in non conservation form, hence it cannot describe the
structure of shock waves: the classical Rankine-Hugoniot relations do not hold, and the
derivation of jump relation cannot be obtained using the standard techniques.

However, in [5], R. Saurel and coauthors have derived from some heuristic argu-
ments a series of jump relations. Basically, for n phase flows, one has for each phase the
classical Hugoniot relations, supplemented by the fact one has a single pressure. These
relations satisfies all the requirements, in particular for weak shocks, the Hugoniot curves
are tangent to the isentropes. Last, these relations have been validated against numerous
experimental test cases with very severe conditions.
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From the numerical point of view, for any given Cauchy problem, it is very difficult
to construct a method that, under mesh refinement, will provide numerical solutions that
are going to converge, in the L! norm, to the exact solution. This difficulty occurs because
the system (2.1) is written in non conservative form, so that the numerical dissipation of
the scheme dictates the limit solution, contrarily to what occurs for systems in conser-
vation form, thanks to Lax-Wendroff theorem. In general, two different discretisations
will converge to different solutions, see [6] for one explicit example. This problem is not
specific to system (2.1), but is typical of non conservative problems.

The question is the following. Given a set of PDEs, and compatible jump relations
(see [7]), how can we construct a numerical method that will provide sequence of nu-
merical solutions that are guarantied to converge to the exact solution of the problem?
This simple question appears to be quite difficult to solve. The difficulty is to encode in
some way the Hugoniot relations in the scheme. Coming back to the system (2.1), which
is one example of such a problem, we are aware of very few solutions, see e.g. [8, 9].
The purpose of the paper is to provide another solution to that problem. Our solution
is a combination of the Glimm’ scheme and a classical solver. Here we have chosen the
Roe scheme, but we believe that our technique can apply to other solvers, and other
problems. Using Glimm’s method and its hybridization with another method to remove
noise is not by itself original. For example, Glimm’ scheme has been advocated for non
conservative systems by [10]. To make it work, one needs a Riemann solver, and up to
our knowledge, it has never been demonstrated on (2.1) that Glimm and its hybridization
can actually work. We also test that this strategy is efficient on more complex problem, a
nozzle flow with shocks: before and after the internal shock the solution is not constant,
and hence one might fear some bad effects in the Riemann solution because the solution
is not locally constant.

The paper is organized as follows. We first recall the Kapila model, and its structure.
We also provide its Lagrangian form. This form enable to construct a Roe average matrix
that can reproduce exactly the Hugoniot relations around a shock, as the classical Roe
schemes does for standard compressible flows. We then describe our hybrid scheme,
and then numerical examples show the effectiveness of the method. In particular, we are
able to produce second order solutions that are oscillation free and noise free (as the pure
Glimm’ scheme would have produced), even on very strong shock waves. The last case
we consider is a nozzle flow problem with a shock in the divergent. In this way we can
check whether our procedure is robust since the solution is not constant left and right of
the discontinuity.

2 Five equations model

The five equation model, given in Kapila et al. [2] and shown in [4] to be the formal limit
of the Baer and Nunziato model when the relaxation parameters simultaneously tends to
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infinity though being proportional writes:

day . 2@ -

¥+M-V0¢1—Kdlv u, K—@, (Zla)
o 1%

@ + div (1) =0, (2.1b)

8(032:)2) + div (appou) =0, (2.1¢)

0

% + div (pu2+p) =0, (2.1d)

oE .

5 div ((E+p)u) =0. (2.1e)

As usual, the total energy E is the sum of the internal energy pe and the kinetic energy,
e is the specific internal energy, «; is the volume fraction of phase i, p; is the density of
phase i and u the velocity. The mass is p=w1p1 +a0>. Later in the text, we need the mass
fraction of phase i defined by
wip; = Yip.

As a consequence, we also have Y1 +Y, =1. We also need 7; =1/p;. In this model, we
assume a single pressure. If p; = p;(p;,e;) is the equation of state of phase i, this means
that we assume the constraint p1(p1,e1) = p2(p1,62) = p. This relation, associated to the
saturation relation a1 +-a2 =1, closes the system.

The system (2.1) is an hyperbolic system and hence admits discontinuous solutions. It
admits three linearly degenerate fields, associated to the eigenvalue u, and two genuinely
non linear fields, associated to the eigenvalues 14-a. The expression of the speed of sound
a, also known as the Wallis speed of sound, is given by:

1 1 X
— =—+—=, (2.2)
pa®  p1ai  02a3

where the speeds a; are given classically by

2_ 9pi
a;==—| .
apl Si
Since the system is hyperbolic, we need to consider discontinuous solutions. In [5],

Saurel proposes jump relations that writes, where we set as usual Af = f; — fg and f =
frtfr
2

AY;=0; AY,=0, (2.3a)
Ageq —|—ﬁAT1 =0, (2.3b)
Aey —|—ﬁAT2 =0, (2.30)
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supplemented by
Au*+ApAT=0. (2.3d)

The relations (2.3), in particular (2.3b) and (2.3c), are the Hugoniot of the pure phase
fluids.

3 The Lagrangian form of the equations

3.1 The 5 equations model in Lagrangian coordinates

We start from its form in Eulerian coordinates (2.1). In what follows £ is the Lagrangian
derivative.The combination of (2.1b) and (2.1c¢), combined with the mass coordinate de-
fined by dm = pdx leads to (with T=1/p)

Dt oJu

Dt om

This relation combined with (2.1b) leads to

DY
—Ll_o.
Dt

The equation on the momentum becomes

Du_ap_,
Dt  om

The energy equation, defining e=¢e+ % leads to

De+8(pu)

Dt om =0

Last, the equation on the volume fraction becomes

Dle K ou .
Dt tom
with s w ) )
ke 22T WE _ pai—piay
S pai  pag
Y Y a T om

where C; is the Lagrangian speed of sound and 4; is the Eulerian one.
This relation can be obtained from (2.1a) or, as in [4], by taking the Lagrangian deriva-
tive of the equality

p=pi(e1,11) =p2(e2,12).
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To come back to classical notations, we replace the time derivatives by % and the

derivative in the mass coordinate system by %, so that the systems becomes (3.1)

dog  Kou_,
o Tox
dy;
ar

o ou_

ot Jdx
ou dp
g—i_g_ol
de d(pu)
§+ ox =0.

Note that the pressure p dependson ¢, T, Y1 and «y.

3.2 Structure of the Jacobian matrix

The Jacobian matrix of (3.1) is

0
0
A= 0

pﬂél

0 0 —-K/Tt 0
0 0 0 0
0 0 —1 0
Py, pPr —Pel Pe

UPa, UPy, UPc P—pelt® upe

The characteristic polynomial of A is

P(A) = —A3 (;\z_ (pgp_pr_épM)).

There are 3 eigenvalues: A =0 is triple and A+ =+C with

The eigenvectors are

e For the eigenvalue A =C,

2_ K
—Pep_pr_;mr

(3.1a)
(3.1b)
(3.1c)
(3.1d)

(3.1e)

(3.2)
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e For the eigenvalue A = —C,

—K/T
0
Ri= -1
—C
p—uC
e For the eigenvalue A =0,
—Pe 0 0
O _pg O
R3 — 0 s R4 — 0 s R5 =1 —Pe
0 0 0
Py Py Pt

The eigen linear forms evaluated to AU = (Aocl,AYl,AT,Au,Ae)T are, setting

_ pelde—peulu+po, Any +p AT+ pyAY

0= o2 ,
Au
b=—
CI
5
X=) lt:(X)R;,
1
with
1 1
6125(6—1—@), 6225(6)—@),
Ko—-A 24 AT
53:T70‘1, g4:_AY1, 55:_(327_
pe Pe pe

3.3 Several relations on the Lagrangian sound speeds

In this section, we provide several equivalent formulas on the Lagrangian speed of sound.
They are the key to design the Roe average. We first give the values of the partial deriva-
tives of the pressure with respect to Y, 1, T and € in function of the partial derivatives
of p;, i=1,2. Since p; =p;(¢;,T;), we write

dpi =x;de;+ x,dT;,
so that de; = Klidpi — %dTi. Since e=Y1€1+ Yse5, we have
de =Yqde1+Yoder + (81 — 82)dY1

Y] Y
— <_l + _2> dp_Yl Ed'l’l —YZQdTZ‘i‘ (81 —82)dY1.
K1 K K1 K2
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Then we have Y;7;=a;7" so that

At = — 2 ay+ S ar+ da,,
i i

Y, Y, Y,

We replace dt; by this relation in the expression of de, so that

de= <ﬁ+é> dp+ (@—%4-81—82) ayq
2

K1 %) K1
- (_061?(1 +_042)(2) dt+7 <)£ - &> do.
K1 K2 K1 K2

Since dp = pede+pdT+pydY1+ pa,day, we have
1 v Y
S

- 7
Pe K1 K2

P <061X1 n 062X2>’

K1 K2
X2 _ X1
ey T _
Pay =P (KZ 1 >
X2T2 X1
py = s(—_—+ 2—€1>
K K1
The first result is the following:
Lemma 3.1. Defining
G _ G 2 2
k2% MY pady—
g, G My wo
Y, Tv, pai - 203

we have

C?(a1+K)=Y,C?,
C3(ay—K) =Y,C2

This lemma is itself a consequence of the following algebraic relations:

Lemma 3.2. For any U;, a;, i=1,2, we have

U +UQ—U1 1 _061(061—1—062—1)

WM "o )T T T L m
o 1% o 1% o 1%

U U,— U, 1 wm(mtar—1)

227w )T T T
®q %3 aq o 48 115}

"Note this is a quadratic relation, this is important for the derivation of the Roe average.

(3.3a)

(3.3b)

(3.30)

(3.3d)

(3.4a)

(3.4b)
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Proof of Lemma 3.2. It is a simple calculation. O
Proof of Lemma 3.1. Taking U; = %2, U,= %/ using a1 +ap =11n (3.4), we obtain the result.
O

Let us recall the Lagrangian speed of sound:

C?=ppe;— P
The next result show that
» K
C=ppe=prt_Pu-
The proof is purely algebraic, and only use Lemma 3.1.
Lemma 3.3. If
~ K
C*=ppe—pet—Pu,

then
C=C.
2

Proof. We first evaluate pp. — pr using 715—1’ =p— S

Ki

_Pr K X2
: Pe P leKl “27{2
(S (, G
=p—&|p 1 2|\ P o
2 2
:leg—l—zxz&.
K1 Ko

Hence, using again the same relation on the Lagrangian speed of sounds:

c2 2 C2
s B RS WA
3 K1 K K1 Ko
_ G a

o (Dél—l-K) —|—K—§(IXQ—K).

Using Lemma 3.1, this simplifies into
G2 2
pe P
which ends the proof. O

Note again that the proof does not depend on the form of the equation of state, once
the partial derivatives of the phase pressure are defined, thanks to (3.4).
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3.4 Linearisation

We are looking for a linearisation that provide the same shock relations. We are looking
for A

0o 0 o0 -K/t 0

o 0o o0 0 0

A=l 0o 0 0 -1 0 |, (3.5)
R A L

WP @py, Ape p—pe(i)* @pe
so that all the algebra on the eigenvalue and the eigenvectors obtained in the continuous
case can be transposed. If we are able to define coefficients such that

Ap="Da, Aa1 + Py, AY1 + P AT+ DA€ (3.6)

hold true, then automatically, we get the right jump relations on the conservative equa-
tions:

Au=Au,
Ap =Pa, A1+ Dy, AY1+ P AT —PeiiAu+pelAe,
A(pu) = 0P, Aay + 1Py, AY1 + P AT (5 —Pe (1)) Au+iip; Ae.

Here ii is the arithmetic average. The first step is to find these coefficients. Following step
by step the procedure in the continuous case, we assume to have averaged derivatives

such that
Ap; =pe, A€+ P AT

Since ¢; =Y1e1+Yser,

Ae=)_(Yile;+&AY))

1

_Arp _E@YiATi-i-ZéiAYi,
Pe 7 Pei

where we have defined ~

1 <Y

E i pSi ’
and Y}, ; are the arithmetic averages. Then we use again the quadratic relation Y;7;=a;7
to write

Y. AT, +TAY; =&, AT+TAx;,
and then

Q; T T
AT = ﬁAT—I— EAIXZ'— ﬁAYi
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so that
ZPT, A P P -
T— Z TAocl-i-Z g —|-p—TZ AY;.
€
We set
1 i
g 3.7a
2 = (3.7a)
€1+—T1—€2+&Tz>, (3.7b)
e
Pu _Pu )z (3.70)
pF—l pF—z

Pi=P¢ <Z&“z> (3.7d)

Then we can use the results of the continuous case: if we define

ch—g—alc_—%
z_ 2y, "4y
K= & (3.8a)
Y, 'n
with
Cl=pPe,—Pr- (3.8b)

We see that the non zero eigenvalue of 4, i.e the average speed of sound C, satisfies

1 v Y» . _ K__
I c2+c2 PPe—Pr—=Pur- (3.9)

A close look at the expression of p,, shows that the value of T is somewhat arbitrary.
What is important is that we use the same expression in (3.7c) and (3.9).

3.5 Study of the jump relations

Let us recall the left eigenvectors hit against a state AU = (Aocl,AYl,AT,Au,Ae)T:

1 A 1 A
(AU =5 (A u+ Cp) L(AU) =2 (Au—%),
£3(Au):—pl(KAp+Arx1> (a(AU) = —pimfl,

€ €
A
&(AU)z—Z( CP+A )
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We see that

(Au)? —ApAt=C201 (AU L (AU) — Ap f5(AUD). (3.10a)
Then, using the linearisation of Ap; (knowing p; =p), we have

Ap =pe, A€+ P AT
=Pe (Bei+pAT) + (Pr— P Pe) .
Using the quadratic relation ;7 =Y;T;, first with i =1, we have first
YiAT +TAY] =81 AT+ TAwnq,
so that
YiAp=Y1P;, (Aei+pAT) — CH (@ AT+TAay — T Ay )
=2

o ) ) . Apy G2
Y1Pe, (Aei+pAT) — C2riAY: — CPa; (Ar—l— C__l;) + C_—’zalAp

—C’?T(Aaﬁg%%c"zm

T C2)
- _ - o A o KA
= Vi, (Aei+pAT) - CrraY — Coay (At + C—f) —C22(Aa+ %c‘_§>
C? _
e
Using again Lemma 3.1, we have
2
& (m1+K)Ap=Ap
Hence
o _ - o A o KA
0=Y17,, (Aei+pAT) —CitiAY; — Clay (AT—|— C__r2)> —C?z (Azxi + = C_rz)) ) (3.10b)
Similarly, starting from
Ap=«kAe+XAT+pAa+pyAY,
and using the same type of algebra, we get
- - ~ ~ KApy\ _K/Ap
2 f— _ —_— J— _
Ap+C2AT =R (Ae+pAT)+pu (At 2 o )+pvavi—p = +AT). (3100)

The relations (3.10) shows that the Hugoniot relations are linear combinations of the ¢;,
j=1,---,5.
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3.6 Example of the stiffened gas

The equation of state is

i
gy= P Vibeo
vi—1
and then
(vi—1)Aei=p+yiplAT+TAp,
so that '
Y1 _PH7ips
T = 7 & = .
T T
3.7 Summary

We define Y; = (Y")LJZF(Y")R, p= pL;pR and &; = M Then we get

and define

1 A 7
— =YL pylng<él+%fl—éz+@fz

&1 €2

— —(Pa Pu)\. —_ —(vPu-
0 =Pe| =—=—=|T, 7= Pe ;.
PP (Pel Pez) Pl <;Pei )

The average speed of sound is defined by

1 %W % . K_
5—C—%+C—%—PPS—PT—¥PM
and then
_a e
— My, Ty
K= o a
Y, 'h
The eigenvectors are
e eigenvalue C,
—-K/T
0
Rl— -1 ’
C

)

1249
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e ecigenvalue —C,

—-K/T
0
R2 = -1 ;
—C
p—uC
e eigenvalues A =0,
— P 0 0
0 — Tz 0
R3 = 0 s R4 = 0 s R5 - _E
0 0 0
Pay 2% P
The linear forms applied to AU = (Aay,AY1,AT,Au,Ae)T are
1 /Ap Au 1 /Ap Au
51—2(@2*@)' 62—2(62 c>'

3.8 From Lagrangian to Eulerian coordinates

We proceed as in [11,12]. In order to explain the method, we begin with the continuous
case, then we switch to the discrete one. In Euler coordinates, the system writes

ou oF duq onq ou
with U= (pY1,0,0u,E)T and F(U) = (ouY1,pu,0u>+p,u(E+p))’. Then we set U= pn+Uj
with n=(0,1,0,0)T, Uy=p(Y1,0,u,e)T and F=ul+Go with Go=(0,0,p,pu)".
In Lagrangian coordinate, the system writes
oW dG day K ou

ot Yom =% % TTom
with W=tn+7tly and G = Go—un. We follow step by step Gallice [11,12]:

AF =udU+Udu+dGo=udU~+Udu+dyGo+ pa, Jduay,
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where di;Go represents the differential with respect to the variable U and | is the 5x5
matrix which only non zero terms are J5; =1 and J5; =u. We also set Wy = %—‘&V and
Uw = (Wu)_l. Then
Wy (udU+Udu+dGo) = Wy (udU +Udu+dyGo+ pa, Jdar )
=udW+Wy Udu+ Wy dUGO+pa1 Wi Jda

_ <u1d+ ﬂ)dw+ Par pia, @3.11)
% o
because
w1
ou’ p
Knowing that W does not depend on a1, we obtain
duW=—Y oy utlo,
P P
and hence 3G
Wul=—"2,  WydyGe="24=0
P P
Then, we get

udoy — %d(pu) + %udp =udway —Kdu,

where (denoting by 0, ; the p x g zero matrix, 1= (0,uK/p,—K/p,0) and by abuse of lan-
guage J=(0,0,pa; tpay)")

E_[U 1 - 1 014 1 014
AT = <J uId—i—%WuAIEIUW) =uld+ <04,1 Wu> AL <04,1 Uw (3.12)

as in the conservative case. In the relation (3.12), Aﬁ is the 4 x4 matrix that corresponds
to the components of W.

In the discrete case, we proceed along the same lines. We introduce a blending pa-
rameter 4, and define the two averages

ff=afi+(1-a)fr,  fa=(1-a)fL+afr,

so that
A(f8)=f"Ag+8aAf-
We immediately get
x 10 0 0 O «
oY 0 o =5 0 0 Y
A = B“ A T
ppu 00 = pu O i
E 00 —5% 0 p ¢
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Then, we define

10 0 0 O
0 pa =3 0 0
Uy = i Wy = (Tw) '
W=10 0o _Z_Z 0a 0|’ u W .
0 0 —;—Z 0 pu
In order to simplify the algebra, we set
g——VPL
VPR /L

and thus
AF =A(ul+Gp) =uAU+UAu+AGy
=UAU+UAu~+AyGo+Pa, [ Ay .

Here, P, and | are obtained via the Lagrangian averages. Some more algebra provides

Uw (uAU+UAu+AyGo+ Pa, J Aty
= (ﬂld—l— 1ZLW—U) AW+ lTAle
P Oa

because: first, for any u, p, Y, v,

10 0Y00 00000 0 0000
0O p =% 00)fooo0o00 0 0000
00 —p200|fo0oo000[=]0 0000
00 —% pOfl1 0000 pt 0000

0
00 =% 0p/\0 0000 20000

and second,
__ __ AuG
wugz—%, WuByGo = =22

These relations originates from
AW =A(n+Uy) =pAW+WAp

and then
AW =
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Similarly, since A(pu) =pAu+ulAp, we have

1 u
Au=—-A(pu)——A»Ap,
; (pu) 50

and then o o
EAu_ElA(pu)—EEAp,
TP TP
We finally obtain an average for the Eulerian system by taking

1
Ap=uld+ p UwALWy.
The two matrices are simultaneously diagonalisable in R with real eigenvalues.

3.9 Numerical approximation

3.9.1 Roe scheme

In the conservative case, and first order in space, the Roe scheme has two equivalent

formulations,
un+1 un At (FRoe< un) FRoe<un n ))
A X i+17 i7%—1
with

FRoe (17, V) :%(F(U)JFF(V) AW Y)|(V-1))

or the fluctuation form

st =y - L (oo ug ) e (U ) (3.13)
with
O_(UV)=AU V) (V-U), & (UV)=AU,V)(V-U). (3.13b)

We note that conservation holds true if (and only if)

Roe scheme is known for not being entropy satisfying. This cured by standard entropy
fix: we estimate the positive and negative part of the eigenvalues of the Roe matrix with
Harten-Yee entropy fix:
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with
x| if x| >e,
¢(x)=

XZZ—JEEZ else.
We take ¢ =0.05.

In the non conservative case, we generalize the relation (3.13). This formalism is
linked to the Roe’s fluctuation splitting form (see [13, 14]), also called residual distri-
bution schemes [15]. They also have the same form as the path conservative schemes

(see [16]), but here we do no consider any path I to evaluate

au
/r AW)Sdx,

which is equal to ®_ (U, V)+P (U, V) for path conservative schemes.

The second order extension is done following Roe’s idea (see [17]), Section 4.2, with
superbee limiter. This is not essential for our discussion, but this example is interesting
for showing the robustness of the limitation procedure.

3.9.2 A hybrid scheme

As is shown in the numerical results, the Roe scheme derived in the previous section
cannot efficiently solve any non conservative Riemann problem. This is not a particular
drawback of the Roe scheme, or that particular version, but a general drawback of any
finite difference type method.

The explanation of this known phenomena is rather simple. Assume a finite differ-
ence scheme that we put in a residual distribution form,

Af . .
1_ 1/2 ~1/2
Ul“ —U?—E <<I>:‘+ +P! > (3.14)
If the problem where in conservative form, with a numerical flux F;1,,, the residual
would be ' '
O 2=F 1 p—F, @/ =F1—Fiip.
For the Roe scheme, the residual write
Q2 =AU, Up) (Ui —Uy), @2 =AU Ui1) T (Ui — Uy).

If one evaluates the equivalent equation of the scheme (3.14), one gets

ou ou ou

—+AU)—=D(U,—

or 7AW < ox

o ) +0(Ax?),

where D (LI,%—I;CI) is a second order (elliptic) operator of the form, in the present case,

Ax@i (d%)

D(u,aa_l;b: Axgx<D§_‘3;> , withV=(t,ue)T,
ox ox
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where D is a 3x 3 matrix, d and 6 non zero scalars. The precise form of D, d, 6 depends
on the particular scheme. If we were able to compute the traveling waves solution of the
Riemann problems for the modified equation, the form of the solution depends on the
parameters and matrices that defines the dissipative operator. Since 6 # 0, the end states
also depends on them, the shape of the traveling wave is important, contrarily to what
happens in the conservative case. In other words, the entropy created across a numerical
shock wave depends strongly on the precise form of the numerical dissipation.

One way to avoid this is to design a scheme so that the true dissipation mechanism is
imitated, but again there will be higher order terms in the expansions: if the shock waves
are strong enough, then it is easy to find examples for which the numerical solution will
not converge to the exact one. It is enough to find a strong enough shock. This approach
has been taken in Karni [1,18] and more recently in Mishra et al. [19,20] for single phase
of multiphase flows.

Indeed the only way to solve the problem of finding a scheme which converge for sure
to the exact solutions, at least for Riemann problem, is to avoid any numerical diffusion
across shocks.

One way of doing so is to use the Glimm scheme. We use the standard procedure [21]
after having noticed it only need the knowledge of the solution of the Riemann problem.
Since here we know the jump relations and the Riemann invariant, this is doable. As
recalled in the numerical section, this leads to solutions with an excellent resolution of
the shock and contact, but a bit noisy in the regular part of the solution.

In order to overcome this problem, we have also set up a hybrid scheme: for each
time step, we first compute a shock indicator, here

n+1 n+l)(u?+l ;11—11)>

07 =min ( (p} = pier) (uf —ty), (P = Pl () =

If 67" >0 then Llf+1 is the Glimm solution, else we take the Roe solution.

4 Numerical results

We evaluate the three schemes (Roe, Glimm and hybrid scheme) on three problems. In
each case, the Roe scheme is second order with superbee limiter. The CFL is set to 0.4
because of Glimm’ scheme.

The first two problems are Riemann problems. In the first one, the initial velocities are
null, and for the second one, the initial velocities have opposite sign and large absolute
values. In both cases, all the variables are initially discontinuous, including the mass
fraction. The last case is a shocked nozzle flow problem: the solution is nowhere constant,
in particular before and after the shock wave. In the three cases, the fluids are governed
by the stiffened EOS with the parameters given in Table 1. We have chosen very strong
shock tube problems instead of less strong ones in order to show the robustness of our
approach.
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4.1 Test case #1
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Table 1: Parameters for the stiffened EOS.

Fluid1 fluid 2
Peo (Pa) 0 6.108
v 1.4 4.4

The initial conditions are given in Table 2. The jump in pressure is very large across the
shock. Similar cases have been considered in [5,8,9].

The different solutions are given in Fig. 1. The zoom of the solutions near the fan (to
see better the differences) are given in Fig. 2. The Roe scheme reproduces the fan very

T T
o Glim
; o—s Hybrid i

— Exact

1500

02

02

1e+06 |~

5e+05—

0.8

3000 —

2000~

1000~

o—o Glim

s | oo Hybrid

— Exact

Figure 1: Solution for the data

08

100 grid points are used.
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Table 2: Initial condition for Test case #1.

« p1 (kg/m®) oy (kg/m3) u(m/s) p(Pa)
Left | 0.2954 1185 3622 0 2.101!
Right | 0.7954 1185 3622 0 1.10°

1.4e+06

12406

1e+06

8e+05

6e+05— —

0.1 0.15 02 0.25 0.3 02 0.25

02 ' 0.25 ' 200%.2 ' 025 ' 0‘.3 ' D.‘SS ' 04
Figure 2: Zoom of the solution for the data #1.

well (remember this is a second order scheme with superbee limiter), but is completely
off across the shock wave as expected. The Glimm scheme is very good for the shock
wave but provides a noisy solution, as expected, in the fan. The hybrid scheme takes the
best qualities of the Roe scheme and the Glimm scheme: the fan is very good, as well as
the shock structure. Here the mesh is uniform with 100 cells on a tube of 1 m long.

On Figs. 1 and 2, one may observe a shift between the different curves. The exact
solution is plotted with 1000 points, and the numerical ones are obtained with 100 points
only. The shift is only 1-2 Ax. For Glimm’s scheme, it is known that the quality of the
random generator plays an important role, see [21], hence this remark holds true for the
hybrid scheme too. Here we have used the intrinsic Fortran 90 MRANDOM, with a seed that
changes at every time step. Concerning the Roe scheme in the fan parts, we can see an
effect of the numerical dissipation: the solution is a bit off by 1-2 grid points from the
exact one. They match well in the middle of the fan, remember that only 100 grid points
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are used in the simulation. We have also checked that when we increase the number of
grid points, the shift still exists, but it remains 1-2 mesh points. We have run up to 10*
grid points, the results are not reported. hence, we are quite confident with these results.
The same remark applies to each of the test cases reported in this paper.

4.2 Test case #2

In this case, the thermodynamic quantities are the same as in Test case #1, as well as the
mesh, but the velocity are of opposite sign and of quite large velocity, see Table 3. These
conditions leads to a very strong shock wave (differential in velocity ~ 2500 m/s and
9 10! Pa) and a small but stiff fan. The results are given on Fig. 3 and some details on
Fig. 4.

X T T T T T
o—o Glim r o—o Glim
o—a Hybrid o—a Hybrid
07 B \
+— Roe 1.8e+06— »— Roe | -4
— Exact I [—_Exact
06~ -
160406~ -
05~ -
140406~ -
04 -
120406~ -
02 | . | . | . | . 1 . | . | . | .
02 04 06 08 1 02 04 06 08
T T
ey
L —o Glim L oo Glim
o—o Hybrid o—a Hybrid
+— Roe o R
2500(~ — Bt - 1000(-.__¢r — Exat |_|
2000 - o -
1500 - -1000( | -
| | I | | | I
0 02 04 06 08 1 0 02 04 06 08 1

05— o Glim
e—a Hybrid
08

— Exact

Figure 3: Solution for the data #2.

0 02 04 06 08 1
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Table 3: Initial condition for Test case # 2.

« p1 (kg/m®) oy (kg/m3) u(m/s) p(Pa)
Left | 0.2954 1185 3622 1000  2.101
Right | 0.7954 1185 3622 —2000 1.10°
075 - 0.7‘75 - 08 1'WU%.7 0.‘75 08
®1 p
207 - n.‘?s - 08 100%.7 - 0.‘75 ‘ - 0.8
Y u

Figure 4: Zoom of the solution for the data #2.

Again, we see that the Roe solution is different from the exact one, but here the differ-
ence is barely visible. For example, the exact volume fraction (usually the most sensitive
quantity) across the contact discontinuity is

al*=0.29594268,  aX*=0.78670510,
while the numerical ones are
ap* =0.295945,  aR* =0.7863.

The velocities are:

ul =0.1302671210%,  uj},, =0.1303910%.
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4.3 Nozzle flow problem

Assuming a two dimensional flow in a smooth nozzle (along the x axis), and a solution
that depends weakly on the y component, we the flow variable satisfy the following
system

duy % L ou  uwi dA

j"'” 1 5_1_75_01 (4.1a)

apaltoq _1_80;661“ :_Pli‘ll“g_i, (4.1b)

apaz:éz_i_apgizu :_0222“ %_‘;\, (4.1¢)

aap%Jra(%?rp):_%%_i, (4.1d)
d(u(E

?Tf ( (a;r’)) :_u<EXP) %_13, (4.1e)

where A is the area.
The boundary conditions are:

e The reservoir conditions are the volume fraction &4, the mass fraction Y7, the mass
flow and the total enthalpy.

e The outflow conditions are given by the pressure p°*! because we have a subsonic
outflow.

The values are given in Table 4. The derivation of (4.1) is recalled in Appendix A.

Table 4: Reservoir and conditions at the exit, subsonic case.

ay p1 (Kg/m?)  po (Kg/m?) p(Pa)
Reservoir | 0.95 1.0 1000 108
Exit - - - 107

We describe our numerical strategy. Let U = (aq,a101,4202,04,E )T be the state vari-
ables. We consider a regular mesh xo = Xmin,**,Xj = Xo+jAX, -+, XN = Xmax- The vector
u"=(Ug,---Uy,) represents the vector of state variables on the mesh at t, =nAt. We start
from a scheme (Roe’s, Glimm’s, hybrid) which operator is £, i.e.

urtt=c(un).
We have used a splitting strategy,

ui’H—l/Z:ﬁ(un), un-‘rl — un+l/2+Atsi’l+l/2
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— Exact — Exact
3£ Roe 3£ Roe
|- ) Glim _ | ) Glim a
40 A Hybrid 40 A Hybrid
30— 30—
201 B 20k B
101 B 101 B
L L
0 05 1 0 05 1

&0 Hybrid

L L T Y RO U R B
0 05 1 0 01 02 03 04 05 06 07 08 09 1

Figure 5: Global distribution of the physical variables: exact, Roe scheme, Glimm and hybrid scheme.

with §"+1/2 — (Sg+l/2,' . ,SnN-i-l/Z) with

Kﬁ+l/2uﬂ+l/2
1 1
_ n+1/2
(pl“lu)] 1/2 1 dA
=1 ~lpama)f 2| ().
o o\n+1/2 jax
(pu )j n+1/2
- (” (E+p) ) i

The time accuracy has no importance since we are looking for a steady solution. The
boundary conditions are strongly imposed (since we know the exact solution).

It is known that Glimm” scheme, with such a splitting strategy, has a poor behavior.
This is known since [22], and an improved discretisation, using the solution of a Riemann
problem with source does improve the solution, see [23]. Such a strategy could be imple-
mented, with a priory an improved quality of solution. However, in the present case, the
solution of this Riemann problem, though possible in principle, is quite cumbersome to
get. In order to overcome this problem, we have used a large discretisation (1000 points).

In the case of the hybrid scheme, we need to detect the shock. Our criteria is p;1 —
pi—1>pi/10 and u;11 —u;—1 <u;/10. The geometry of the nozzle is, with Ay = 0.06406:

o Ifx<1/2,a(x)/Ag=1+3(1/2—x)2.
o Ifx>1/2,a(x)/Ap=1+10(x—1/2)3+10(x—1/2).
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A4 Hybrid
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Figure 6: Zoom of the physical variable around the shock location.

The solutions are quite comparable to the exact solution. The most sensitive variable
is the volume fraction. We see that the Roe scheme does not provide the correct solution:
the level of the volume fraction, after the shock, is not correct. For the Glimm’ scheme,
we get the right levels, the location of the shock is within one mesh cell. The hybrid
scheme provide similar answer. Note that the Roe scheme is obtained with the second
order scheme.

5 Conclusion

We have derived a Roe average for compressible multiphase flow. This system is non
conservative. Hence, our guiding principle is that the Roe matrix, which is of course
diagonalisable in IR, admits a spectral decomposition which left eigenvectors provide
the Hugoniot relations without any approximation. Unfortunately, the system is non
conservative, and we show that a Glimm scheme permits to compute the exact solution of
Riemann problems. As it is the case for the Glimm’ scheme, the solution is a bit noisy, and
we show that an hybridization with the previous Roe method enable to recover nicely the
correct weak entropy solutions of the problem. We also explore what happens for nozzle
flows, a more complex situation where the states are not constant before and after the
shocks.

We have explained the procedure for one particular non conservative system equipped
with jump relations. We believe that our procedure can be generalized to other systems.
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We believe also that the front tracking method would be another candidate for such an
hybridation.

In this paper, we have consider very severe test cases. For example, the Riemann
problems have huge pressure/velocity jumps. Using this kind of test, it is easier to show
the drawbacks of finite difference methods, and to illustrate the merit of our technique.
Of course, for weak to moderate, any consistent method will do the job, as already noticed

by [1].
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Appendix A: Nozzle equations

The nozzle equations express that D =pAu, H= p P and the specific entropies stay con-

stant. Similarly, the mass fraction stay constant, and the mass flow is constant. Using
this, we immediately get

opin; pi;U d_A

E)
+— (psaju) +

ot  ox A dx’ (A-la)
agt aa (ou*+p) +P—”zaa—‘3 —0, (A.1b)

and
%f+:( @+p»+ﬁgzﬁﬁ%§za (A.1c)

The equation on the mass fraction is a bit more subtle to get. Using of the remarks in [4]
that shows that the equation on the volume fraction is a consequence of the equality of
the pressures for an isotropic flow, we evaluate the Lagrangian derivative of p1(p1,e1) =
p(p2,e2) =p. This gives, using Lagrangian derivative, and the fact that p; do not depend
on the entropy in that case:

p d _dp1 dp1 9p2 dp:
dtpl(p1,51) dtPZ(PZ,SZ)_apl At ap2 dt

dpl dpa
_ 2 22
=a]—— i a5—— o (A.1d)
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Then, using the mass conservation equations, we obtain

d(wp;) _ ou  piaudA
at Py T A dx

Using the chain rule and (A.1d), we have

onq on;  ou  udA

The boundary conditions are classical:

e Subsonic inflow. If pl,ul,pl are the values of the density, velocity and pressure at
the point x, «! the value of the mass fraction of fluid #1, and Y! its mass fraction at
the same location (with a slight abuse of notations here), we state

Y=Y,
s1=5%, sy=s3,
H{=H®%,

and impose the value of the Riemann invariant associated to the eigenvalue 1 —c.
e Supersonic outflow: we impose the exit pressure.

Details on the computation of the exact solutions can be found in [24].
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