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A POSTERIORI ERROR ESTIMATES OF hp-FEM
FOR OPTIMAL CONTROL PROBLEMS

WEI GONG, WENBIN LIU, AND NINGNING YAN

Abstract. In this paper, we investigate a posteriori error estimates of the
hp-finite element method for a distributed convex optimal control problem
governed by the elliptic partial differential equations. A family of weighted
a posteriori error estimators of residual type are formulated. Both reliability

and efficiency of the estimators are analyzed.
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1. Introduction

Finite element approximation plays an important role in the numerical methods
of optimal control problems. There have been extensive theoretical and numerical
studies for the finite element approximation of various optimal control problems.
However the literature is too huge to even give a very brief review here. In recent
years, the adaptive finite element method has been extensively investigated. Adap-
tive finite element approximation is among the most important means to boost the
accuracy and efficiency of the finite element discretizations. It ensures a higher
density of nodes in certain areas of the given domain, where the solution is more
difficult to approximate, using an a posteriori error indicator. We acknowledge the
pioneering work due to Babuska and Rheinboldt [4]. Further references can be
found in the monographs [2], [5], [31], and the references cited therein.

In the recent years, adaptive finite elements for optimal control has become a
focus of research interests. There have appeared many research papers on the adap-
tivity of various optimal control problems. For example, [6] studied the adaptive
finite element method for optimal control problems via a goal-orientated approach,
while a posteriori error estimates of residual type were derived for convex distributed
optimal control problems governed by the elliptic and the parabolic equations in
[18], [22]-[24], and for boundary control problems in [21].

To authors’ knowledge, the papers discussing the adaptive finite element meth-
ods for optimal control problems are all related to low order FEM, i.e. h-FEM.
In the adaptive h-FEM, the adaptivity is performed by mesh refinement guided by
a posteriori error estimators. There are also many high order methods, such as
spectral element methods, the p-version and the hp-version finite element methods,
which have been applied to many practical problems. Using the local refinement
of the meshes where the solution is singular and applying higher order polynomials
where the solution is smooth, the adaptive hp-version finite element method can
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achieve very high computation efficiency. There have been some extensive investi-
gations of adaptive hp-FEM for the elliptic partial differential equations (see, e.g.,
[3], [7], [10], [15], [26], [28] and [29]).

It seems to be very suitable to apply the hp finite element method to approximate
optimal control problem, see [20]. The main objective of this paper is to establish a
posteriori error estimates for the hp-version finite element approximation of a model
optimal control problem governed by the elliptic partial differential equation, which
were not available before and can be used to guide the hp-adaptivity process. In this
paper, we proved the upper and lower bounds of the a posteriori error estimates,
although there is a gap of order p? between the lower and the upper bounds due
to the existing gap in the a posteriori estimates for the hAp-adaptive finite element
approximation of the elliptic equations. We also formulate a family of a posteriori
error estimators given by weighted residuals on the elements and the edges. In our
work, we used some techniques that have been used for a posteriori error estimates of
the h-version FEM for optimal control problems (see, e.g., [22]-[24] for more details).
We also used the weighted techniques and some estimates of the hp-interpolation
of Clément-type proposed in [26], where a posteriori error estimates were obtained
for hp-FEM of the elliptic partial differential equations. In comparison with the
hp a posteriori error estimates for the elliptic equations, the main difference here
is how to handle the variational inequality in the optimality conditions as in the
h-version adaptive finite element method for optimal control. Besides different
interpolators and interpolation results that now have to be used, the variational
inequality is further different from that for the control constraint of obstacle type
in the literature, due to the different control constraint set studied in this paper.
While the existing techniques for the constraints of obstacle type can be modified
for deriving the upper bounds, the techniques are very different to derive the lower
bound here. These are studied in Lemma 5.2 where we use the inverse inequality
to estimate the lower bound for the control, and this approach has not been used
before.

The paper is organized as follows: In Section 2, we introduce the model problem
and its weak formulation, and give the hp-finite element spaces and the hp-finite
element approximation of the control problem. In Section 3, some technical lemmas
are introduced, which are used for the later a posteriori error analysis. In Section
4, an a posteriori error estimator for the control problems is provided based on
the local residual technique. It is shown that the a posteriori error estimator is
an upper bound of the error. In Section 5, it is proved that the a posteriori error
estimator provided in Section 4 is also a lower bound of the error, although there
is a gap of order p? between the lower and the upper bounds. In the last section,
a family of weighted a posteriori error estimators are presented as the extension of
the analysis of Sections 4 and 5 using the weight function technique introduced in
[26].

2. The model problem and hp-FEM approximation

Let Q(Qp) be a bounded domain in R? with the Lipschitz boundary (9 ).
In this paper we adopt the standard notation W™ %(Q) for Sobolev spaces on {2 with
norm || - [|yym.a() and seminorm | - |yym.a(q). We set Wi™9(Q) = {w € W™(Q) :
w|oa = 0}. We denote W2(Q)(WJ"2(2)) by H™(Q)(HZ*(€2)). In addition, ¢ or
C denotes a general positive constant independent of h and p.
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In this paper, we will investigate the following distributed convex optimal control
problems:

(1) min {g(y) + g/QU uz},

subject to
(2) —div(AVy) =f+Bu in
y=0 on 09,

where g(-) is a convex functional, which is bounded below and continuously dif-
ferentiable on the observation space L?(f2), and J is a positive constant. We take
the state space V = H}(Q), the control space U = L?(2y), the observation space
Y = L%(Q), and H = L?(Q2). Let B be a linear continuous operator from U to H,
and K be a closed set in the control space U. In this paper, we set

K={ueL*Q): / u > 0}.

U
To consider the finite element approximation of the optimal control problem
(1)-(2), we first give a weak formula for the state equation. Let f € L?(f2), and

A() = (aij()nxn € (WH(Q))"

satisfying
X'AX > ¢||X||%: VX € R®
For simplicity, we suppose in this paper that A is constant matrix. Let

ag.w) = [ (AV9)- Vo VyweV.

(fl,f2>:/9f1f2 V (f1.f2) € H x H,

(u,v)Uz/ w V (u,v) €U x U.
Qu

It follows from the above assumptions on A that there exists constants ¢,C > 0
such that Vy,w e V

a(y,y) = cllylly,  laly, w)| < Cllyllv|[wllv.

Then the standard weak formula for the state equation reads: find y(u) € V such
that

(3) a(y(u),w) = (f + Bu,w) Y w € H}(Q).

Therefore, the control problem (1)-(2) can be restated as

() i, {o) 5 [ ).

subject to
(5) a(y(uw),w) = (f + Bu,w) Yw €V = Hj(Q).

It is well known that the control problem (4)-(5) has a solution (y*, u*), and that a
pair (y*,u*) is the solution of (4)-(5) if and only if there is a co-state A* € V such
that the triplet (y*, \*, u*) satisfies the following optimality conditions:

(6) a(y*,w) = (f + Bu™,w) VweV=HHQ),
(7) a(g, \") = (g'(y"),a)  VaqeV=H;Q),
(8) (bu*+B* XN v—u")y =20 Vve KCU=L*Q),
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where B* is the adjoint operator of B. Just for simplicity of presentation, we still
denote (y*, \*,u*) by (y, A, u) if there is no confusion.

Next, let us consider the hp-finite element approximation of above optimal con-
trol problem. Let Q(Q}) be a polygonal approximation to (/) with the bound-
ary 00" (0Q8). For simplicity, we assume that Q" = Q (QF = Qp). Let T = {7}
(Tv = {7v}) be a local quasi-uniform partitioning of Q"(Q%) into disjoint regular
element 7(717), let £(T) denote all edges, and E(T) denote all edges that do not lie
on the boundary 9. Each element 7(7y/) can be the image of either the reference
square 7 = S = (0,1)? or the reference triangle 7 =T = {(z,y): 0 <z <1, 0<
y <min{x,1 — z}} under an affine map F, : 7 — 7. We assume that h,(h,,) de-
note the maximum diameter of the element 7(7y7) and the triangulation is y—shape
regular, i.e:

9) h HIFR ]+ R || () 7HT <

This implies that element sizes of neighboring elements are comparable.

For v shape regular meshes 7 (7y) on a domain Q(2y), we associate each element
7 €T (v € Ty) with a polynomial degree p, € Ny (p,, € Np) and define the
degree vector p ={p-: 7€ T} (pu = {pr, : Tv € Tu}). Then we can define the
hp-version finite element spaces SP(T,Q), SPY(Ty, Qv ), S§(T,Q) as following

SP(T,Q):={uec H'(Q): u|,oF, € I, (7)},
SPY(Ty, Qu) i={u € L*(Qu) : ulry, o Fpy €10, (F0)},
S§(T, Q) == SP(T,Q) N Hy (Q),

. Q if 7=5

Ty (7) := { Py i F=T
where S and T are the reference square and the reference triangle defined above,
Pp and Q,, denote the polynomial spaces with polynomials of total degree no more
than p and polynomials of degree no more than p in each variable, respectively.

Note that associated with 7 is a finite dimensional subspace SP(7, ) of C (ﬁh)
and associated with 7 is a finite dimensional subspace SPY (T, Q) of L2(Q%).
As to polynomial degree distribution p(pu), similar to (9), we assume that the
polynomial degrees of neighboring elements are comparable, i.e., there is a constant
v > 0 such that

(10) Y N pr +1) <pr +1<3(pr+1) Vi, 7 €T, 707 #10,
and
(11) Y Npry +1) <pry, +1<A(pry + 1) V7u, 75, € Ty, 7v N7 # 0.

Let K"Pu = K N SPY(T;, Q) be the finite element space for the control, and
S5 (T, ) be the finite element space for the state and costate. Then the hp-FEM
approximation to (4)-(5) reads

0
12 min + = u? ,
( ) iy €U {g(yhp) ) /QU hp}

subject to

(13) a(ynp, w) = (f + Bunp, w) Vw € 55(T,9Q).
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Again, it can be proved that (12)-(13) are equivalent to the discrete optimality
conditions: Find (Ynp, Anp, unp) € S5 (T, Q) x S5 (T, Q) x K"PU such that

(14) a(ynp, w) = (f + Bupp,w) Y w e S§(T,Q),
(15) a(q, Anp) = (9'(Ynp),q) ¥V q € SE(T, ),
(16) (0unp + B* App, v — Upp)u = 0 Vv e Khpu,

3. Some preliminary lemmas

We first derive a relationship between the control u and the costate A. For the
control set considered in this paper:

K={ueL*Q): / u > 0},
Qu

it is a matter of calculation to show that the control w and the costate A have the
following relationship (see, e.g., [12]):
1 . 1
(17) u= gmax{O,)\} - SB*)\’
Jo, BT
Jag 17
Let y(u) and ynp(unp) be the solutions of (6) and (14), respectively. Denote

I = gyt + 5 [

where \ =

)
u?, Thp(np) = g(Ynp(unp)) + 5/ uip,

QU QU
Then the reduced problems of (4) and (12) read
(18) min{J(u)},
and
(19) min  {Jpp(unp)}-

upp EKMPU
Moreover, we have that
(J'(u),v)y = (du + B*\,v)y,

(Jnp(tnp), v)u = (Sunp + B Anp, v)u,

(J/(uhp)7 U)U = (5uh1) + B*)‘(uhp)v U)Uv
where A(upp) is the solution of the following auxiliary equation:
(20) a(y(unp),w) = (f + Bunp,w) Y weV =Hj(Q),
(21) a(g, Munp)) = (9'(Y(unp)),a) ¥ q €V = Hy(Q).

For the functional J(-) defined above, we show in the following lemma that it is

uniformly convex if g is convex.

Lemma 3.1. Let J be defined above and g be convex. Then we have the
following uniformly convex property: Yw, v € U

(22) (J'(w) = J'(v),w = v)y = b]lw = v]Z2q,)-
Proof. Note that
J' (w)(w —v) = (dw,w —v)y + (B*ANw), w —v)y.
It follows from (6) and (7) that
(B*AMw),w —v)y

(Mw), B(w —v))
= a(y(w) —y(v), M(w))
= (¢'(y(w)),y(w) —y(v)).
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Similarly

(B"A(v), w = v)u = (¢'(y(v), y(w) = y(v)).
Note that g is convex. Then for all w, v € U,

(J'(w) =T (v),w—v)y = (dw—2dv,w—v)y+ (B*AN(w) — B*A(v),w —v)y

= d(w—v,w—v)v+ (9 (y(w) — g y)yw) —yv))
> d(w—v,w—v)y+0=f|w-— U||2L2(QU).

This completes the proof. (I

In the followings, we state two lemmas, which generalize the well-known Clément-
type interpolation operators studied in [9] and [30] to the hp context. The readers
can refer to [25] for the details. The two operators both provide piecewise polyno-
mial approximations for H' functions. However, the second operator can preserve
the homogenous boundary conditions.

Lemma 3.2. (Clément type quasi-interpolation). Let Ty be a vy-shape regular
triangulation (see (9)) of a domain Qy C R? and let py be a polynomial degree
distribution which is comparable (see (10)). Then there exists a bounded linear
operator I1 : L'(Qy) — SPY(Ty,Qu), and there exists a constant C' > 0, which
depends only on +, such that for every v € H'(Qy) and all elements 77 € Trr and
all edges ey € E(Ty),

h, h,

(23)  lu—ullp2(ry) + IV (v — Hu)| 2y < C— [Vl 22w,
pTU pTU
Rey

(24) lu — Tl £2(ey < C e IVull 22wy )

where he, is the length of the edge ey and p., =max(pr,,pr,), where 7, 7o are
elements sharing the edge ey, wr,, we, are patches covering 7y and ey with a few
layers, respectively. We refer to [25] for more details on w,, and we,, .

Lemma 3.3. (Scott-Zhang type quasi-interpolation). Let 7 be a 7-shape reg-
ular triangulation (see (9)) of a domain Q C R? and let p be a polynomial degree
distribution which is comparable (see (10)). Then there exists a linear operator
I: H3(Q) — SF(T,NQ), and there exists a constant C' > 0, which depends only on
7, such that for every u € HZ () and all elements 7 € 7 and all edges e € £(T),

h, h,
(25) v — Tullp2(r) + p—HV(U —Tu)||L2(r) < Cp—||VUHL2(wT)=

he
(26) lu — Tul[L2(e) < C\/p—HVUHN(we)a

again, where h, is the length of the edge e and p, =max(p,, pr,), where 71, T2 are
elements sharing the edge e, w,, we are patches covering 7 and e with a few layers,
respectively.

Analysis of the hp a posteriori error estimators requires polynomial inverse esti-
mates in weighted Sobolev spaces. Under this consideration, the weight functions:
®;(z) :=dist(x,07) on the reference element 7 should be introduced (see [26] for
more details). For an arbitrary element 7 € T, set &, = ¢, P; o F© 1 where ¢, is
a scaling factor which is chosen such that fT ¥ dxdy=meas(7). Similarly, one can
define the weight function ®s(z) := z(1 — z) on the reference interval é = (0, 1).
For an interior edge e, the weight function ®. is then defined by ®, = c.®;s o F;l,
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where c. is chosen such that fe ®.ds=meas(e). For the above weighted Sobolev
spaces, we have the following lemmas (see [26] for more details).

Lemma 3.4. Let 7 be the reference square S or the reference triangle T' defined
in Section 2, let the weight function ®; be defined above. Let 7,8 € R satisfying
—1 <~y < pBandé € [0,1]. Then for all polynomial ¢, € Qp,(Pp),

(27) / O; |V P ddy < C1p? / |¢op|*dady,
(28) / (®5)V2dady < Cop®P=7) / (@) 2 dady,
(29) / (9:)2 |V, |2 dady < Cap*3=%) / (@) y2dxdy,

where C;, i = 1,2, 3, are constants, C is dependent on 8 and «, and C} is dependent
on J.

Lemma 3.5. Let 7 be the reference square S or the reference triangle T' defined
in Section 2, « € (1/2,1]. Set é = (0,1) x {0}. Then there exists a constant
C4 > 0, which is dependent on «, such that the followings hold. For every univariate
polynomial ¢ € P, and every € € (0, 1] there exists an extension ve € H'(7) such
that

(i) vele =1 - @¢ and ve|ps\e = 0;

(ii) vell22gs) < Caellw®"(12, 4

(i) V0612205, < Calep?@2) + e )]|0@2/|2, ,
where ®; is the weight function defined above, and 7 is the reference element such
that é C O7.

4. A posteriori upper error estimates

In this section, we will derive upper a posteriori error estimates of residual type.
We first define the following notations:

(30) == (& +&h),

TET TET

(31) =Y =Y (fh, +nE,);

TET TET

(32) e= 3 a,

Tu€TU
where
h? -
(33) f%T = FHg/(yhp) + div(A V)\hp)||2Lz(T),
he *
(34) b= > 5 8||[A Vg - 11720y
eCOTNN
2 h72' . 2
(35) B = g 1f + Bunp + div(AVynp)||72(r)
he
(36) M= T 1AV Yhp - 1]l 72 ()
eCOTN
2 h72'U * 2
(37) CTU = p2 HV((SUhp +B )‘hP)HL2(~rU)a
U
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where we denote the jump of v across the edges by [v], and n. is the unit outer
normal on e. The sum in (34) and (36) extends over all the edges of 7 that do
not lie on the boundary 9€2. Furthermore, h. is the length of the edge e and
pe =max(pr,, pry ), Wwhere 71, T2 are the two elements sharing a edge e.
Using the above definitions, we have the following a posteriori error estimates.
Lemma 4.1. Let (y, A\, u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(14)-(16), respectively. Assume that K"PU C K and g(-) is convex. Then we have

(38) [ = wnpl|72(0yy < CC A+ Ay = Munp)[2(0))s

where ( is defined by (32) and (37), Anp and A(upp) are the solutions of equations
(15) and (21), respectively.

Proof. Tt follows from Lemma 3.1 and (8), (16) that

cllu— uhp||2L2(QU) < (S u—unp)u = (I (unp), u — unp)u
< —(J/(uhp),u - Uhp)U
(39) = (JI/Ip(uhP)7 Upp — U + (‘]f/zp(uhp) - J/(uhp)a U — Unp)U
< ve}?’lf’m (Jllzp(uhp)7 v—u)y+ (Jllzp(uhp) = J (unp), u = unp)u-
Note that

(Jnp(tnp),v = w)u = (Sunp + B" App,v — u)u-
Let v = mp, u be the L?-projection of u in SPV (77, Qr ), and II be the Clément-type
interpolator defined in Lemma 3.2. Then we have

(0unp + B* App, Tppt — W)y

Z/ (Ounp + B App) (Tpy u — w)
v YU

S [ G+ BNy = Gy + B Nay)) s =)
v YTU

Since mp, Unp = Unp, it follows from Lemma 3.2 that

(Jllzp(uhp)v Tpy U — U)U

= Z/ (Gunp + B* Anp — I(Sunp + B Anp)) (mpy (u — unp) — (u — unp))
v YU

< CZ ||5Uhp + B*)\hp - H(auhp + B*/\hp)||L2(‘rU)

TU
[7mpe (u = unp) — (u = unp) | 22(re)

h, .
(40) < CY TV (unp + B Mp)l| 22wy 10 = unpl 20

TU

2 *
< C(0)> | 22V (Sunp + B Mnp)ll32(ry + Collte = unpllFz (o

TU TU

TU

where o is an arbitrary small positive number. Moreover, it is easy to show that

(J,’Ip(uhp) — J (unp),u —unp)y = (Supp + B App, u — upp)u
—(0unp + B*Mupp), u — upp)u
(41) = (B"(Anp — Aunp)), v — unp)u
< C(0)[Anp = Aunp)1Z2() + Collu — unpll72qy)-
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Note that 7, u € K"PU. Then (38) follows from (39)-(41) by setting o to be small
enough. (I

It follows from Lemma 4.1 that in order to obtain a posteriori error estimates
we only need to estimate [[Any — Munp) |72 (q)-

Theorem 4.2. Let (y, A\,u) and (Ynp, Anp, Unp) be the solutions of (6)-(8) and
(14)-(16). Assume that all the conditions in Lemma 4.1 are valid. Moreover suppose
g(+) is Lipschitz continuous. Then there exists a C' > 0 independent of h and p such
that

(42)  flu— “M)”%%QU) +ly - yhp”%ﬂ(ﬂ) + A= )‘hp”%{l(sz) < C(CQ +E+ 772)=

where ¢, £ and i are defined by (30)-(37).
Proof. Let e* = Aunp) — Anp, and e} = Ie*, where I : H}(Q) — SP(T,Q) is the
Scott-Zhang type interpolator defined in Lemma 3.3. Note that e} € S§(T,Q).

Applying the standard residual techniques (see, e.g., [31]) and using equations (15)
and (21), we have

el Munp) = AnpllF ()

< ale,e?) = (g (y(unp)), e*) — a(et, Anp)
= (¢'(y(unp)), ) — ale* — 7, Anp) — (9’ (ynp)- €7)
= 3 [ ) + oA TN ) - )
T€T
= 3 [T D)+ (6 ) = o ). )
ee&(T)
(43) < CZ 9" (unp) + div(A*V Anp)l| p2( € — €7l r2(r)
T€T
+C Z I[A*V Anp - ne]l 2oy lle™ — €7 [l z2(e)
ec&(T)

+Clg' (y(unp)) — 9" Wrp) I 2@y 1€ r20)

Then it follows from Lemma 3.3 that
cl|Munp) — Ahp”%{l(sz)

h, . "
< O =g (ynp) + div(A*V )l L2 () VM| 2w
reT F7

(44) +C
ec&(T) \/p_

+Clly(unp) — ynpll L2y €M L2 (@)

< Clo) Y&k, +&5.) + C0)y(unp) — ynpll 72 () + ol -
TET

A"V Anp - nell 220 I Ve | 2w

Setting o = 5, we have

(45) (M (unp) = Mpllzry < C D (R, +€5,) + Clly(unp) — ynpllZ2(0)-
TET
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Similarly, let e¥ = y(upp) — ynp and €Y be the Scott-Zhang interpolation of e¥
defined in Lemma 3.3. We have

clly(unp) —ynplli ) < ale’,e’) =a(e?,e? —ef)

_ E:/f+3%wwwmv%m<—w%

T€T
Z /AVyhp nel(e? —eY)
e€&o( T)
< 0 —T||f + Bupp + div(AVynp ) L2(1) Ve || L2 (w,)
reT &7
+C Z ]HL2 e)”ve HL2(we)
ec&(T)
< Clo) Z(WBT +0g,) +olle? 3 ),
TET
which implies
(46) y(unp) = ynpll iy < C Y (B, +n.)-

TET

Hence, it follows from (45), (46) and Lemma 4.1 that

(47) ||U_“hp|‘%2(sz[,)+||y(uhp)_yhp||%{1(n)+||)‘(Uhp)_)‘hp”%{l(sz) < C(C2+§2+772)-

Note that

(48) 1y = Ynpll ) < 1Y (unp) = Ynpll e ) + 1y — y(unp)ll 1 (@),

(49) IA = Anpll @) < A wnp) = Anpll @) + 1A = Aunp) 512

and

(50) Iy — y(unp) sy + 1N — Awng) sy < Clle = wnp 2
Therefore, (42) follows from (47)-(50). O

5. A posteriori lower error estimates

In this section, we discuss lower a posteriori bounds, i.e., the efficiency of the
error estimates provided in Theorem 4.2. As pointed in [26], we cannot obtain
equivalent a posteriori error estimates for hAp-FEM of optimal control problems
using the current techniques. Thus there exists a gap of the order p? between the
lower and upper bounds in our estimates as in the case of the hp-adaptive finite
element approximation of elliptic equations.

Firstly, we estimate the residual {p. and 7p. .

Lemma 5.1. Let (y, A\, u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12) respectively. Let £, and np. be defined by (33) and (35), respectively.
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Assume that g(-) is Lipschitz continuous. Then
2 2 2 20l 2
§BT < CpT”)‘_)‘hPHHl(T) +Cp7' p_2 ||y_yhp||L2(‘r)
1) (' 0n)) = o ) ).

B2
B < ORIy =yl + O p—Q(nB(u—uhp)nizm

(52) +mp, [ — f||%2(f) + |7y, (Bu) — BUH%z(T))a

where 7, is the L2-project operator on the space of polynomials of degree p, on
the element 7, % < a < 1, and the constant C' depends on a.

Proof. Let @ be the weight function defined before Lemma 3.4 in Section 3. Define
wr = (Tp, g (Ynp) + div(A*V )@, 3 < o < 1. Using the trivial extension by
zero on 0\ 7, we have

lwr @z * 12y
= / (7. (9" (ynp)) + div(A*V Anp) )w, dady

- / (¢ (W) + div(A"V Nyp))w, deedy + / (¢ (unp) — ¢ (4) - dady

T

+ / (T (0" (Uhp)) — o () Y- iy

T

(53) = a(we A= Aup) + / (¢ (unp) — g (4)Ywr ddy

T

+ / (T (0" (Uhp)) — o () Yor iy

T

ClIX = Mnpll zr (my [we [ ey + (9" (Ynp) — 9" () @2 || 2y w07 @7 2 | 27

VA

1 (7p, (9" (Wnp)) — 9" Ynp) )27 || L2(r) |07 @7 2 || L2(7)-

Then we should estimate w, with H!—seminorm. Using the inverse estimates (28)-
(29) with 8 = a, v = 2(a— 1) (note that we have v = 2(a— 1) > —1 when a > ),
0 = «, and a suitable transformation from the reference element 7 to 7, we have
that

wrldpy < C / B2V (g (ynp) + div(A* V) Pdady

+C / (Tp. 9" (Ynp) + div(A*V )2 VO 2 dady

2(2—a)

< O [ @2y, () + div(A"V ) Pisdy
C . *
(54) —i—ﬁ/@i(a_l)(wmg'(yhp)—i—dw(A YV \np))2daxdy
2
< OO [ @3(m,. g (yny) + div( A" T,)dady

- C 2(1701)@ HF |2
- pr 12 ||w7' T ||L2(T)'
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Therefore it follows from (53) and (54) that

[, ®r % | L2y

apT %
< Cly~ ~IA = Anpllzr ) + 109" (mp) = 9" )27 Nl22(7)

(55) +||<pr< <yhp>>—g<yhp>> ®F | 12(r))

—Qx
< (pr

A= Anpllzy + 1y = ynpll L2y + 7o (9" (wnp)) — 9" (Ynp) L2 ())-
Furthermore, it follows from (55) and (28) with 8 = o and a = 0 that
7, (9" (Ynp)) + div(A"V )|l L2 (r)
< O o' ) + div(A* Vi) 0F || 12(r) = Cp - @7 ¥ 12y

pr
< Op2( ||)\ Anpllar(ry + 1y = YnpllL2(ry + 17, (9" (Wnp)) — 9" (np)ll L2())-
Thus
) h?_ , . * 2
& = F”g (Ynp) + div(A"NV Anp) 1721
, h2

hT *
< Cp_QHWPT (9" (ynp)) + div(A V)‘hp)HL?(r) + C ||7Tpf (9" (ynp)) — g/(yhp)H%?(r)

12
< Cp7.||)\ )‘hPHHl(‘r) + sz (Hy yhp”L?(q-) + 17, 9" (ynp) — g/(yhp)H%?(q—))'
This proves (51).

Similarly, we define v, = (7, f + 7p. (Bunyp) + div(AVyp,))PS. Then again we
have that

|UT|%I1(T) < Cp2(1 Q)ZT /@3(7Tprf+7rpr(3uhp)+diU(Avyhp))2dxdy

« pT
= Cp7 e ||UT ||L2(T)
Therefore,
lv-®r ||L2(T) = /(wprf + 7mp, (Bunp) + div(AVynp))v-dzdy
— 0y g v) + [ (. f = Fvrdady
+ /(WPT (Bupp) — mp, (Bu))v,drdy + /(WPT (Bu) — Bu)v,dzdy
< Clly = ynpllmr vl () + (o, f = F)®F L2y lvr @7 2 M L2(r)
+mp, (Buny — Bu)®Z || 27y 0:®7 7| 12y
+| (7, (Bu) — Bu)®Z || 2y l0- @7 |2,
and hence,

2—a
p?
o2 sy < €=l o+ (1B = uny) e

(56) +||7TP7-f - f||L2(T) + ||7Tp7_ (B'LL) — Bu||L2(T))) .
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Using similar techniques for £p_, it is deduced that

h? ,
ne, = p—2||f + Bunp + div(AVYnp) [ 72 ()
h?2 . 2 h? 2
< Cp—2||7fpff + mp, (Bunp) + div(A"V Anp) |72 + Cp—2||f — 7. fllz2(r)
2 2
+Cp_2||Buhp — Tp, (Buhp)HL?(r)
h? sa h? 2 h? 2
< Op2 P |lor ®r ||L2(T) + O s I =7, fllz2e + OEHBUhp = Tp, (Bunp) |22+
2 2 20 hi 2 2
< Cpilly = ynpllan - + Cp pe 1B(u = wnp)lz2(ry + 7p, = fllz2cry
iy, (Bu) - Bl ).
Thus (52) follows, and the proof of the lemma is completed. O

Similarly we can have estimation for the residual (.
Lemma 5.2. Let (y, A\, u) and (yYnp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12) respectively, and ¢? be defined by (37). Then

72'U < OPEU <||u - uhp||2L2(ru) +B*(A = /\hp)||2L2(TU)

h’z * * *
(57) (1B O = Nl ) + [y (B3) = B A||%{1<m>>),

TU

where mp, 41 is the L%-project operator on the space of polynomials of degree
Dry + 1 on the element 7.

Proof. Let -, = V(6unp + 0, +1(B*Anp))®@r,. Note that (17) implies V(du +
B*)\) = 0. Then using the trivial extension by zero on Qy\7y, we have

0@ By = [ TG+ T 1B Aay) -y
v
= / V(8unp + B* App — 6u — B*X) - W, dady
/ V(e 1 (B Np) — B Mnp) - iy drdy
= / (0unp + B*App — 0u — B* ) - divw-, dxdy
+ | V., +1(B*Anp) — B* Anp) - Wy, dady

TU

CIB*(A = Anp)llL2(rp) + [Ju = Uhp||L2(TU>)||div<3m||L2(m)
+C(||V(WPTU+1(B (Anp — A))) @ TU||L2 (tv)
IV (mp,, +1(B"A) = B N®, |12

1 L1
HIVB* O = M) B2 120 1T B 12070

N
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Using the same technique used in Lemma 5.1, we can derive that

PN N Pr N _1
||dlvaU||L2(TU) < C|wTU|H1(TU) < Ch—UHwTU(I) 2 ||L2(Tu)a
TU
and hence
Lo -1 pr .
1T7y @ 2oy < O (llu = unpllzaire) + 1B (A = Anp) [ £2(rr))
TU
(58) +C(IB*(Awp — Mt (rp) + [|7p,y, +1(B*A) = B* A 1 (7yy))-
Then it can be deduced from (58) that
h2 9
Go = SEIV0urp + B"Anp)l 22 (r)
pTU
h? 9
< C5EIV(6unp + mp,, +1(B" Anp)) |22 (7
TU
h72'U * * 2
CEIV(B* Anp = Ty, +1(B" Anp)) |12y )
TU
2 h2 )
< 2, i, @7 72 + CpQU IV(B*Ahp = T,y 41 (B Anp)) |72 (7
TU TU
< Op2, (lu = wnpll 72y + 1B* O = Xip) 1722y
h? .
+Cp 3”]92 (IB*(Anp = Ml () + 17, 41 (B*A) = B* Al ()
TU
This proves (57). O

In order to obtain a local upper bound for the edge contribution {g_, ng,, we
introduce the set

Wy = { U7’ : 7/ and 7 share at least one edge}.
Lemma 5.3. Let (y, A\, u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12), &g, and ng, be defined by (34) and (36), respectively. Then

h2
& < c( BN~ gl o) + e 19 = ol

(59) 1 45 Z ||7TP,./g yhp g/(yhp)||%2(7_/)>,

T'Cwr

. h2
< c( 2y = o)+ B )

2
(60) #oe 3 (1nf = e + I () - Bun%w»),

7' Cwr

where 7,,_ is the L2-project operator defined in Lemma 5.1, 0 < € < % is an arbitrary
small positive number, the constant C' depends on e.

Proof. To obtain an upper bound for the edge contribution, we will resort to weight
functions associated with the edges and a suitable extension operator. For a given
element 7 with the (interior) edge e, we set 7. to be the union of all the elements
sharing the edge e. We construct a function w. € Hj(7.) with we|e = [AVypy, -

ne]fl)f, 5 < B <1, such that w. and [AVyp, - ne] will be ve and ¢ in Lemma 3.5
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on the reference element. Noting that w. € H& (Te), we can view we as a function
in H(Q) by the trivial extension. Then we have

8 _8
IAVYp - 1] ®2 T2y = llwe®r.?II72(c) :/[AV(yhp—y)~ne]wedS

= a(ynp — y,we) + / (f + Bu+ div(AVynp) )wedzdy

C||y - yhp||H1(Tc)|we|Hl(Tc)
+C||f + Bu + div(AVynp) |2 (r) lwe | L2 (. ) -

N

Using the affine equivalence and Lemma 3.5 with a = 3, we obtain the upper
8
bounds for |w8|H1(‘re) and ||w8||L2(Te) in terms of || [AVyhp . ne]fl)ez ||L2(e):
1 _ _ 8
wel Fr1 () < Ch—T(epf(2 D4 e [AVYRp - 1] B2 1720y
2 52
[wellZ2r,) < Chrel[[AVYnp - 1e]RE ([ 72y
where € € (0, 1] is an arbitrary small positive number. Summing up, we have
8 1 _ 1wl
||[Avyhp : ”e]q)82 ||L2(e) < C((h—(ep?r(z 2 +e 1))2 ||y - ythHl(Te)
+(hr )2 || + Bu+ div(AVyrp)l|2(r,) )

Considering (52), we sum up all the edges e C 97 N Q and then obtain that

he s
> AV - n]®E (72,
ecornQ © ¢

1 _ _ h?2 .
< C(p—(épz@ Pt e 1)||y_yhp||%-[1(w.,.)+€p7’p_2||f+Bu+d2U(AVyhp)||%2(wT))
1 _ _
< Cp—(epi(2 Dt ey = vpling,) + Cepr > k.,
T T'Cwr
1 _ _
< C—(ep2® P + ey — ynpllin (., ) + Cep? Z Iy = ynpll3r )

-
T'Cwr

h2
S B Dl (VR A

T 7' Cwr

g f — Flany + ., (Bu) — Bun%z(ﬂ)),

where € is an arbitrary positive numbers, and % < a < 1 is defined in Lemma 5.1.
Setting € = 1/p? yields that

he s
> AV - n]®E (72,
ecdrnQ © ¢

B2
< Oprlly - gl + C2et (HB(u—uhp)n%m

T 1'Cws

g f — Fl3aeny + ., (Bu) — Buniz(ﬂ))-



A POSTERIORI ERROR ESTIMATES OF hp-FEM FOR OPTIMAL CONTROL PROBLEMS 63

Using the inverse estimate for one dimension analogue to Lemma 3.4 and setting
a=ﬁ=%+6With0<€<i,wehavethat

he he s
meo= Y o MAVYRy ]|l () < Cp7 Y AV - n]@E 72,
ecornQ ¢ ecarn ¢
a1 hi
< OpNly =yl o,y + CP2PF20T 2 N (”B(“— unp) |22y
T T'Cwr
Hlmp,, = FT2ry + lmp,, (Bu) — Bu|%2(7/))
242 2 h? 2
< (% = ol + S B = )
h? 2 2
+F > mp, £ = Fll2(ry + Imp,, (Bu) = Bull2(m0) ).
T T'Cwr
This proves (60). The estimate for £g_ (59) can be proved similarly. O

Summing up, we can obtain the following global lower estimates using Lemmas
5.1-5.3.

Theorem 5.4. Let (y, A\,u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12), respectively. Let &, n and ¢ be defined by (30)-(37). Assume that all the
conditions in Lemmas 5.1-5.3 are valid. Then we have

E+r’+¢ < OO PPN = Ml o) + Iy = vapllin e, + ET)
TET

(61) +C Z P2y (= unpllZ2(rgy + 1B (A = Mup) |72 () + E2),

TU€E€TU

where £, n and ¢ are defined by (30)-(37), 0 < € < % is an arbitrary small positive
number, and

h?
EY = > 2w f = e + 1700 Wnp) — 9 Wnp) 122y + 170, (Bu) — Bull72(,),
TeT T
2 hZ )
By = Z TUHWPTUJA(B*/\) _B*)\HHI(TU)'

TyETy U
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Proof. Summing up the results in Lemmas 5.1-5.3 and setting o = % + € in Lemma
5.1, we have that

E+n+
= Y B A+ Y mp +p)+ Y, &
T€T T€T TUETU
2
< oY (pm Malfs 0+ =5l — yhpnmm+||wpfg’<yhp>—g’(yhp>||iz<f>>)
T€T
242e 2 h72' 2
+OZ Py M = Anplla o,y T 172 1V — Yol T2
TET Dr
o 3 s o) g(ymn%z(ﬂ))
T'Cwsr
h2 9
+C > (P2ly - yhp||H1<T>+ 5 (1B (u — unp) [ 72(-)

TET

g f — FIBae + Iy, (Bu) Bunizm))

e 2
ey <p3+2 o= ol oy + 2 B = ) e

TET
h72- 2 2
+—Z D (Imp, f = fll72er) + I, (Bu) = Bull72(1))
T T'Cwr
+C Z PEU (HU - Uhp||2Lz(TU) +[IB*(A = )\hp)HQLz(TU)
TUv€ETU

2
L 1B iy — Mgy + Ty 41 (BA) — B*Anip(m)))

TU

< c( SN = Mgl + 19— v s )
Te€T
3T (= gl 2y + 1B = )22
TUETU

+ZP2“E (= wnp)llzzo,y + D (Imp, f = Fligacr)

TeT T'Cw,

+|7mp,, (Bu) — BU||L2(T/) + ||7Tp7/91(yhp) - gl(yhp)Hiz(T/)))

h72' * * *
3 BB O = Ny + I, 1B = B )

TvE€TU v

Noting that when 0 < € < 1, we have 3 —2¢ > 2, 3 —2¢e— (2+2¢) = 1—4€ > 0, and

> ot T = ||B(u Unp) 2 (wr) < Cllu—tnpllizay) SC D Piyllu—tunpl (),
TET TUETU

h
>k, p2 “rp=N 1 (ry < ClA=AlFr () < C D 02 A=Al 1 (-

TUETU U TET

Then (61) is proved. O
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Remark 5.5. It follows from Theorems 4.2 and 5.4 that
[ = unpl1 72000y + 1 = Unpllir ) + 1A = AnpllFr ) < C(C + € +0P),

and
E+n?+ < O PN = Mol + 19 = ollinne,) + ED)
TET
+C Y P2, (= unpllZagryy + 1B (A = Anp) 172 (ryy + E3),
T E€TU

where F; and F5 are defined in Theorems 5.4, which are all higher order terms
under some regularity conditions. Then we obtain the a posteriori error estimates
with the upper and lower bounds, although there is a gap of order p? between the
upper and lower bounds. In order to obtain equivalent a posteriori error estimates
for the hp-finite element method, the Jacobi-weighted Sobolev space may should
be explored (see [15]). But to our knowledge, it seems to be difficult to use the
approach in constrained optimal control problems.

6. A family of a posteriori error estimates

In this section, for each a € [0, 1] we introduce a family of weighted local error
estimators {u;r, Na;r for each element 7, and (s, for each element 7y, as in [26].
The estimators are defined as follows:

(62) 2;7’ = gi;BT + gi;ETa
(63) 77(21;7' = n?x;BT + n(zx;ETu
and
2 e
(64‘) i;TU = p2U ||V(5Uhp + 7TP7-U+1(B )‘hp))(l)né2”%2(‘ry)7
TU
where
h? (g o
(65) i;BT = p_2||(77pfg/(yhp) + div(A V)‘hp))q)r/2||2L2(r)’
h€ * e}
(66) i;ET = Z 2 H[A V)\hp ’ ne]q)e /2”%2(8)7
eCOTN Pe

h? : o
(67) ni;BT = p_2||(7Tpr + mp, (Bunp) + dw(Avyhp))(I)-r/2l|2L2(r)’

T

he o
(68) ngz;E.,. = Z 9 H [AVyhP ’ ne]q)e /2 ||%2(8) )

eCOTN €

where 7, (7, 1) is the L*(7) (L*(77)) projection operator on the space of poly-
nomials of degree p; (pr, + 1), Y-, ¢, and P, are the weight functions defined
before Lemma 3.4 in Section 3. Comparing with the definitions of the a posteriori
estimators defined by (30)-(37), it can be found that £,, 1, and (, are similar to
&, n and ¢ when @ = 0. Only differences are that ¢'(ynp), f, Bunp and B*App, in
&, n and ¢ are now replaced by 7. g'(ynp), T, f, Tp, (Bunp) and 7, (B*App) in
&o, mo and (p. As usual the global error estimators are given by the sum of their
local contributions:

(69) =D G M= Mo Ga= Y G

TET TET Tu€TU
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For the above weighted a posteriori error estimators, we can obtain the following
a posteriori error estimates, using the weighted technique (see [26] for more details)
and the approaches similar to those used in Sections 4 and 5. Here we only state
the results and omit their proofs.

Theorem 6.1. Let (y, A\,u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12), & € [0,1]. Assume that all the conditions in Theorem 4.2 are valid. Then
when h = max{h,} and hy = max{h,,} are small enough, there exists a constant
C > 0 independent of h and p such that

lu = unp 122y + 1y = Ynpllin ) + 1A = AnpllFrqy

(70) SCY PG+ ) +C Y e, + CF,
TeT Tu€TU

where £q.7, a;r and (a;r, are defined by (62)-(68),

h7
E?2 = E —2(||7rpr — f||%2(7) + |7y, (Bu) — BUH%Q(T)
TeT ° T
2

Hmp. ' (yhp) = 9 Wrp) 1 F20r) + D (B*X) = B* M1 (7))

TUETU

, and mp_ 41 are the L?(7)-projection operator on the space of polynomials of
degree p,, and the L? (7 )-projection operator on the space of polynomials of degree
Pr, + 1, respectively.

Theorem 6.2. Let (y, A\,u) and (Ynp, Anp, Unp) be the solutions of (6)-(8) and
(10)-(12), Ca.rpy s €asBy > sy > Tl B, and 1o; i, be defined by (64)-(68), o € [0, 1], and
€ be an arbitrary small positive number. Assume that g(-) is Lipschitz continuous.
Then there exists a constant C'(e) > 0, which is dependent on € but independent of
h, pand 7 € T (1vy € Tu), such that

Tp

2 < c<>(pm (= wnp 22y + 1B = Mg Zaon)

B2 \
+pmaz{1+25 2a, O}p (|| B* (/\hp - /\)”Hl(‘ru + ||7TPTU+1(B A)—B AH%{I(TU))),

TU
TU

£, < C<>(2<l N 2a0}p7<||y vl

T

+mp, 9" (Ynp) — g/(yhp)||2L2(T))),

—Q max €— Ot h
Rip. < c<e>(pi<l =l + 92220 L (30— )

T

+mp, f - f||%2(7) + |7y, (Bu) — BUH%?(T)))a

_ hZ
fi;ET < O(f)pTGI{HQE 20,0} <p7-||/\ - Ahp”%ﬁ(wr) _|_p72_ep_;-”y - yhp”%?(wf)
T

h2
A S Ity ()~ g’(ymn%z(f/)),

T r'Cw,
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{ ) h
2 max{l+2e—2a,0 2 2¢ T 2
NoE, < C(E)pr <p7'|y - yhP”Hl(wT) +pr p2 HB(U - uhp)||L2(wT)
T

B
022 > e, f = flEaq) + lImp,, (Bu) _Bu|%2(~r/)))v
T T'Cwr
where 7, and mp,_ 41 are the L?-project operators defined in Theorem 6.
Theorem 6.3. Let (y, A\, u) and (Ynp, Anp, unp) be the solutions of (6)-(8) and
(10)-(12), respectively. Let £, 1o and {4 be defined by (62)-(69). Assume that all
the conditions in Lemma 5.1 are all valid. Then we have

52 + 0+
ZPWW{HQE 220 (||IA - /\h;DH%Il(wT) +ly — yth%n(wT))
TET
) > 2w = unpl Ty + 1B = Mnp)l132(ryy) + Cle) E2
TUETU

where

max €— a Eh/‘?'
=Y prestiee ol §o (u%,f—fu%w

TET pT T'Cwr

+Himp,, 9" (unp) = 9" Wnp)l L2y + 7, (Bu) — BUI%%/))

w2 :
bX PO S (B~ B M)
TU

TUETU

Remark 6.4. It follows from Theorems 6.1-6.3 that &2 + 72 + (3 provides an a
posteriori error upper bound, while

Z(&B +7713 +ZP §2+6ET+771+5ET Z Cim

TET TET Tu€TU

provides an a posteriori error lower bound, if the higher order terms can be ignored.
The estimator £2 +n2 + (2 also provides an a posteriori error lower bound with the
factors lermam{lJr2€ 200} and 192(1 *). But as pointed in Remark 5.5, there is still
a gap between the upper and lower bounds.

7. Discussions

In this paper, we discussed a posteriori error estimates of the hp-finite element
method for distributed convex optimal control problem governed by the elliptic
partial differential equation. It is shown that the a posteriori error estimators
derived in this paper provide both upper and lower bounds for the approximation
errors, although the lower bound is suboptimal in the sense that there is a gap of
order p? between the upper and lower bounds.

In this area there are many important issues that still need to be addressed.
For example, studies for more complicated control problems and constraint sets
are needed. Also it is interesting to explore the Jacobi-weighted Sobolev space to
improve the a posteriori error estimates of the hp-finite element method for optimal
control problems. Furthermore many computational issues have to be addressed.
For example, adaptive refinement strategy should be investigated for efficiently
implementing adaptive hp-finite element method for optimal control problems.
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