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Abstract. In this paper, a singularly perturbed Robin type boundary value problem for
second-order ordinary differential equation with discontinuous convection coefficient
and source term is considered. A robust-layer-resolving numerical method is proposed.
An g-uniform global error estimate for the numerical solution and also to the numerical
derivative are established. Numerical results are presented, which are in agreement
with the theoretical predictions.
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1. Introduction

The theory of singular perturbation is not a settled direction in mathematics and the
path of its development is a dramatic one. In the intensive development of science and
technology, many practical problems, such as the mathematical boundary layer theory
or approximation of solution of various problems described by differential equations in-
volving; large or small parameters, become more complex. In some problems, the per-
turbations are operative over a very narrow region across which the dependent variable
undergoes very rapid changes. These narrow regions frequently adjoin the boundaries of
the domain of interest, owing to the fact that the small parameter multiplies the highest
derivative. Consequently, they are usually referred to as boundary layers in Fluid Mechan-
ics, edge layers in Solid Mechanics, skin layers in Electrical Applications and shock layers
in Fluid and Solid Mechanics.

Various methods for the numerical solution of problem involving singularly perturbed
second-order ordinary differential equations with non-smooth data (discontinuous source
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term/convection coefficient) using special piecewise uniform meshes (Shishkin mesh and
Bakhvalov mesh) have been considered widely in the literature (see [11-15] and refer-
ences therein). While many finite difference methods have been proposed to approximate
such solutions, there has been much less research into the finite-difference approximation
of their derivatives, even though such approximations are desirable in certain applications.
It should be noted that for convection-diffusion problems, the attainment of high accuracy
in a computed solution does not automatically lead to good approximation of derivatives
of the true solution.

Li, Shishkin and Shishkina [5] obtained an approximation of the solution and its
derivative for the singularly perturbed Black-Scholes equation with non-smooth initial
data. In [2-4, 6], approximations to the normalized derivative £(8/9x)u(x, t), that is,
the first order spatial derivative multiplied by the parameter ¢, were considered. In [1],
for singularly perturbed convection-diffusion problems with continuous convection coef-
ficient and source term estimates for numerical derivatives have been derived. Here the
scaled derivative is taken on whole domain where as Kopteva and Stynes [8] have obtained
approximation of derivatives with scaling in the boundary layer region and without scaling
in the outer region. It may be noted that the source term and convection coefficient are
smooth for the problem considered in [1,8]. Priyadharshini and Ramanujam [9] estimated
the scaled derivative for a singularly perturbed reaction-convection-diffusion problem with
two parameters. To the best of our knowledge, it seems no work has been reported in
the literature for finding approximation to scaled derivatives of the solution for problems
having discontinuous convection coefficient for both upwind and hybrid finite difference
schemes on Shishkin mesh.

Motivated by the works given in [10, 12], the present paper considers singularly per-
turbed second order ordinary differential equation with discontinuous coefficients. Since
derivatives are related to flux or drag in physical and chemical applications, we obtain
parameter-uniform approximations not only to the solution but also to its derivatives. Thus
in this paper, motivated by the work of [8], bounds on the errors in approximating the first
derivative of the solution with weight in the fine mesh where as without weight in the
coarse mesh are obtained.

Note: Through out this paper, C denotes a generic constant (sometimes subscripted)
is independent of the singular perturbation parameter ¢ and the dimension of the discrete
problem N. Let y : D — R, D C R. The appropriate norm for studying the convergence
of numerical solution to the exact solution of a singular perturbation problem is the supre-
mum norm || y [|= supyep |y (x)].

2. Continuous problem

A singularly perturbed convection-diffusion equation in one dimension with discontin-
uous convection coefficient and source term is considered on = (0,1). A single discon-
tinuity is assumed to occur at a point d € Q. It is convenient to introduce the notation
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Q~ =(0,d) and Q" = (d, 1) and the jump at d in any function with

[wl(d) =w(d+) —w(d—).
The corresponding problem is

Find ue Y =C'(Q)NnCc3(Q uQt) suchthat
Lu(x)=eu”(x)+a(x)u'(x)=f(x), VxeQ uQt,

Bou(0) = B1u(0) — £f,u'(0) = A,

(P.): { Byu(1) = y,u(1) +v,u'(1) =B, (2.1
a(x)<—a; <0, forx<d; a(x)>ay,>0, forx>d,

Br—efa=1, a;=1, yri—r22>1,

l[al(l=C, [IfI@I=C,

where 0 < ¢ < 1 is a small positive parameter, 2 = [0,1], d € Q, Q= =(0,d), Q" =(d, 1).
For the functions a(x) and f (x) we assume they are sufficiently smooth on Q- UQ* and has
a jump discontinuity at x = d. Further it is assumed that f(x) and a(x) has right and left
limits at x = d. We denote the jump at d in any function with [w](d) =w(d+) — w(d—).

In the following, the maximum principle for (2.1) is established. Then using this prin-
ciple, a stability result is derived.

Theorem 2.1. Suppose that a function u € Y satisfies
Bou(0)>0, Bju(1)>0, Lu(x)<0, VxeQ uQ" and [u'](d)<0,
then u(x) >0, Vx € Q.

Proof. Define s(x) as

{1/2+x/8—d/8, xeQ~ufo,d},
s(x)=
1/2—x/4+d/4, xeQtu{l},

where s € Y. Then s(x) > 0, x € Q, and

Bos(0) = B15(0) — eBos"(0) = B1(1/2 — d/8) — ¢f3,/8 > 0,

a(x) —
— 0, xeN
Ls(x)=es”"(x)+a(x)s'(x) =1 _8 <{” ’
(x) (x)+a(x)s'(x) aiX) 0, xeqat

Bis(1) =y1s(1) + 7125’ (1) =7v1(1/2—1/4+d/4) —y2/4 > 0.

u= max{rileaﬁx (_Tu)(x)} .

We define
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Assume that the theorem is not true. Then u > 0 and there exists a point x, € €, such that
(u+ ps)(xy) = 0. Also,
(u+us)(x) >0, for xe€q.

We consider the following cases:

Case (i): (u+ us)(xg) = 0, for xy = 0. It implies that (u + us) attains its minimum at
Xg. Therefore,

0 < Bo(u+ us)(xo) = By (u+ us)(xg) — €Bo(u+ us) (xo) <0,

which is a contradiction.

Case (ii):(u + us)(xo) = 0, for x, € (Q~ N QF). It implies that (u + us) attains its
minimum at x,. Therefore,

0> L(u+ ps)(xo) = e(u + ps)(x0) + aleg)(u + us) (xg) = 0,

which is a contradiction.

Case (iii): (u+ us)(xg) =0, for xy = 1. It implies that (u + us) attains its minimum at
Xg. Therefore,

0 < By (u+us)(xo) = (u+ ps)(xo) + (u+ us) (x¢) <0,

which is a contradiction.

For xy = d, we have

1 1
0= [u+ps)'(d) = [w)(d) + pls')(d) < | — i g] <o,

which is a contradiction. Hence the proof of the theorem is complete. O

Lemma 2.1. Ifu €Y, then

1
lull< CmaX{IBou(O)I, Bl Lu ||Q-UQ+},

where y = min{a, /d, a,/(1 — d)}.
Proof. Set C; = C max{|Byu(0)|, |B;u(1)|,|| Lu ||g-ua+}. Define two functions,
wE(x) = Cys(x) £ u(x),

where
{1/2+x/8—d/8, x e uio,d},
s(x)=
1/2—x/4+d/4, xeQtu{l}.



104 R. M. Priyadharshini and N. Ramanujam
We observe that

Bowi(O) >0, Lwf(x)<0, for xeQ UQT,
Bwr(1)>0, [w*](d)<o.

Applying Theorem 2.1 to the function w*(x), we get w(x) > 0, for all x € Q, which
completes the proof. O

Consider the following decomposition of the solution u = v + w into a non-layer com-
ponent v and an interior layer component w. Define the functions v, and v, respectively
by

a(x)vy(x) = f(x), xeQ uQt,
B1vo(0) = A4, 11vo(1) +712v'(1) =B
and
a(x)vy(x) = —v(/)/, xeQ uQt,

fB1v1(0) — £,v1(0) = B5v4(0), r1vi(1) +7rovi(1) = 0.

We now define the function v as the solution of problem

Lv(x)=f(x), xeQ uQt, (2.2)
B1v(0) — eByv'(0) =A, v(d=)=vy(d—)+ ev,(d—), (2.3)
v(d+) =vo(d+) + evy(d+), y1v(1)+v,v'(1) =B. (2.4)

Define the function w, which is the layer component of the decomposition, as follows :

Lw(x) =0, xeQ uQt, (2.5)
B1w(0) — eB,w'(0) =0, [w](d) = —[v](d), (2.6)
[w'(d) = —[v'1(d), riw(1) +y,w (1) =0, @2.7)

Hence w(d—) = u(d—) — v(d—) and w(d+) = u(d+) — v(d+). Note also that since there
is a unique solution to (2.1), thenu =v +w.

Lemma 2.2. For each integer k, satisfying 0 < k < 3, the solutions v and w of (2.2)-(2.4)
and (2.5)-(2.7) respectively satisfy the following bounds

IVISC, 1v® llg-yge< COL+e27),
VI, IV, V1) < C
and
Ceke~W@=Xa/e 3 e,
Ceke~C—Daale e

w00 < {

Proof. Using the technique adopted in [10,12] and applying the argument separately
on each of the subintervals Q~ and Q7, the present theorem can be proved. O
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3. Discrete problem

A fitted mesh method for the Problem (2.1) is now introduced. On  a piecewise
uniform mesh of N mesh interval is constructed as follows. The domain Q is subdivided
into the four subintervals [0,d — o] U [d — 01,d] U [d,d + 05,] U [d + 05, 1] for some
0., 04 that satisfy 0 < 0; < d/2, 0 < o0y <(1—d)/2. On each subinterval a uniform
mesh with N /4 mesh-intervals is placed. The interior points of the mesh are denoted by

N . N N .
Q Z{xi:OSISE—l}U{xi : E+1S15N}.

Clearly xy /, = d and Q' = {xi}g . We now introduce the following notations for the four
mesh widths
_4d—-oq) . 40, _ 4o,

=—, hy=— d hy=
3=y 4

4(1—d—o,)
N ’ 2 N’ N

h
! N

It is fitted to the singular perturbation problem (2.1) by choosing o, and o, to be the
following functions of N and &

. {d 2¢ 1 N} d . {
oy =minj, —In and 0, =min
where a = min{a,, a,}. Then the fitted mesh method for the problem (2.1) is

LNU(x;) = £6%U(x;) + a(x;)DU(x;) = f(x;), for x; € QV,
BoU(x0) = B1U(xp) — €B2DF U (x) = A,

ByU(xy) =711U(xn) + 72D U(xy) =B,

D™ U(xy/2) = DT U(xy )

(PMY: (3.1

where

sy _ D*Z,— D7, 5 _{D‘Zi,i<N/2,
[ [

(xi41 = Xx-1)/2 Dtz i>N/2.

Here D™ and D~ are the standard forward and backward finite difference operators, re-
spectively. Analogous to the continuous results stated in Theorem 2.1 and Lemma 2.1 one
can prove the following results.

Theorem 3.1. Suppose that a mesh function Z(x;) satisfies
ByZ(x9) >0, ByZ(xy)>0, LNZ(x))<0, for x;eQN

and
D*Z(d)—D Z(d)<O.

Then Z(x;) > 0, for all x; € Q.
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Proof. Define S(x;) as

1 d _
—+l4 = x,eqn(o,d],
BN Fas S SR SLUlt
l L_x d Qn(d,1]
———+—, x€ .
5 4 Ty i ’
Then
S(x))>0, x;€Q", ByS(xo) = B1S(0) — £f,D*S(0) > 0,
B1S(xy) = y1S(xy) +72D"S(xy) >0
and

a(x;) N
alx;) 0, x;€0%n(0,d)
LVS(x;) = €62S(x;) + a(x)D¥S(x;) ={ _&.. . .
(x;) (x) +a(x)D7S(x) =4 _ax) 0, x;€0Vn(d,1).

4

We define
U4 =max{ max (_—Z)(x) .
0<i<N \ § !

Assume that the theorem is not true. Then u > 0 and (Z +uS)(x;) = 0. Further there exists
ai*€{0,1,2,---,N} such that (Z + uS)(x;+) = 0 and we consider the following cases:

Case (i): (Z + uS)(x;) =0, for i* = 0. In this case,

0 < Bo(Z +uS)(x;)
= B1(Z + uS)(x;) — ef2 DT (Z + puS)(x;+)
(Z 4+ pS)(x41) — (Z + uS)(x;)
<0
Xprg1 — Xgx

= —¢f3,

b

which is a contradiction.
Case (ii): (Z + uS)(x;+) =0, for 0 < i* < N. In this case,

0> LN(Z + uS)(x;)
=&6%(Z 4+ uS)(xp) + a(x)DF(Z + uS)(x;+) > 0,

which is a contradiction.
Case (iii): (Z +uS)(x;<) =0, for i* = N. Therefore,

0 < Bn(Z +uS)(x;+)
=711(Z + uS)(x) +v2D™(Z + pS)(x;+)
(Z +uS)(xp) = (Z 4+ uS)(xp_1) -
Xijx — Xjx_q

=72 Oa

which is a contradiction.
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For i* = N /2, we have
0> D*(Z +uS)(x) — D™ (Z + uS)(x;»)

_ (Z+pS)(xiq) 4 (Z +pS)(xp—1) -
Xixp1 — X Xix — Xjr—1

0,

which is a contradiction. Hence the theorem is proved. O

To bound the nodal error |(U — u)(x;)|, we define mesh functions V; and V, which
approximate v respectively to the left and right of the point of discontinuity x = d. Then,
we construct mesh functions W; and Wy, so that the amplitude of the jump Wx(d) —W;(d)
is determined by the size of the jump |[v](d)|. Also W; and Wy, are sufficiently small away
from the interior layer region. Using these mesh functions the nodal error |(U — u)(x;)| is
then bounded separately outside and inside the layer. Define the mesh functions V; and V;
to be the solutions of the following discrete problems

LNV (x) = f(x), for x,e Q" nQ", (3.2)

BoVy,(x0) = B1Vy,(x0) — €DV (x) = A, Vi (xn/2) =v(d—) (3.3)
and

LNVi(x) = f(xy), for x; e Q¥ nat, (3.4)

Ve(xn/2) =v(d+), By Vr(xyn) = 11 Vr(xy) + 72D Vr(xy) =B. (3.5)

Now, we define the mesh functions W; and Wy to be the solutions of the following system
of finite difference equations

LNWL(xi) =0, for x;€ ovnaQ, (3.6)
LNWi(x;)=0, for x;€QV¥nQt, (3.7)
BiWy(x0) — €BaD Wy (xg) =0,  y1Waloxy) + 72D~ War(xy) =0, (3.8)
Wr(xn/2) + Vr(xn2) = Wi (xn2) + Vi (xn /2, (3.9)
D+WR(XN/2) + D+VR(XN/2) =D Wi (xy/2) + D7V, (xy/2)- (3.10)

Now, we can define U(x;) to be

U(x;) =V(x;)+W(x;)

Vi (x;) + W, (x), for x; € {0u(QVN NQ),
= V() +Wr(x;) = Vr(x;) + Wr(x;), for x;=d, (3.11)
V() + Wr(x;), for x; e (@Y nQY)u {1}

. —N .
Lemma 3.1. At each mesh points x; € Q \ {d}, the smooth component of the error satisfies
the estimate

C(d+x)N7Y,  for x;e{0yu(Q@¥ nQ7),

c(2— Xi)N_l, for x; € @ naHui{il. (3.12)

I(V =v)(x)l < {
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Proof. We have the inequalities

| Bo(V —v)(x0) | = [B1(V = v)(x0) — /525D+(V —v)(xo)|
< CPye(xip —x) | V@ [[<CN!

and

| By(V =v)(xn) [ = |71(V =v)(xn) +72D™ (V = v)(xy)
< Crylxi —xi_p) VP [ CNTL

By standard local truncation error estimate and Lemma 2.2, we have
ILN(V —v)(x)| <CN~L.
Using the two mesh functions

TH(x;) = p(x) £ (V —v)(xy),

where
C(d+x)N71,  for x;=0,
Cx;N~1 N
) wd for x;eQ" NQ7,
(x;)= 1
Pl C(1—x;))N! N
_— for x;eQ" NQ",
ay(1—d)
C(2—x;)N71L, for x; =1.
We have
BoWE(xy) > BCN L —ef,CN"1 £ CN1 >0,
and
INUF(x) < —a;CN"1+CN1 <0, for x;€e Q¥ N .
Similarly,
LNUE(x;) <0, for x;eQVnQt,
and

By¥E(xy) > 7,CN ' —y,CN"1+CN~1 >0,
D+‘Iji(xN/2) - D_‘Iji(xN/Z) = D+¢(xN/2) — D™ ¢p(xp/3) <O.

Applying Theorem 3.1, we get U*(x;) > 0, for allx; € ﬁN, which completes the proof. O

Theorem 3.2. Let w be the solution of (2.5)-(2.7) and W the corresponding numerical solu-
tion of (3.6)-(3.10). Then at each mesh point x; € 5N, we have

(W —w)(x;)| < CN~I(InN)2
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Proof First we consider the case 0 = 0; = 0, = ea” ! InN. Since |U(xn/2)| < C and
with (3.12), we can easily deduce that

(W, (xn )l <C,  [Wr(xy/2)l <C.
Using the arguments in [10], for x; <d — o and x; > d + o respectively we have

(W (x)l < |WL(xN/2)|N_2 <CN72,
[Wr(x) < [Wg(xy/2)IN"2 < CN72,

Thus for x; <d — o,
|(Wy, — w)(x)| < [Wy, ()| + Iw(x;)| < CN"2 4+ Ce~*19/¢ < CN~2, (3.13)

Similarly for x; > d 4+ o, we have

|(Wg = w)(x)| < [Wr(x)l + [w(x)| < CN >+ Ce™ /¢ <CN 2 (3.14)
Fori=N/4+1,--- ,N/2—1, by standard local truncation error estimate and Lemma 2.2,
we have ch

LY (W, = w)(x)] < shalw® ()] + hylw® ()] < —52.
€
Similarly fori =N/2+41,---,3N /4 — 1, we obtain
N 3) @ Chs
|IL™ (Wg — w)(x)| < ehs|w™(x;)| + ha|w™(x;)| < 2

At the mesh point xy/, = d, let h = max{h,, h3}. Thus

|(D* = D)W —w)(xy )| = [(DT =D Iw(en )]
(D+ — i)W(x )
dx N/2

1 1 Ch
< §h3|W(2)(Xi)| + §h2|W(2)(Xi)| < ol

<

+

(07— = w2

Consider the discrete barrier functions ®*(x;) = W(x;) = (W — w)(x;), where

U(x;)=CN '+

CN~lo {1+0—d+xl~, x;€QVn(d-o,d)

&2 l1+d+o—-x;, x;€QVn(d,d+o).
We have
1 CN~ o CN~lo
BoW(xn/4) = 1 (CN +— ) — B P 0,
N CN7lo N
LYW(x;) < —a; >— <0, for x;€Q"N(d-o,d).
€
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Similarly, LNW(x;) <0, for x; € Q¥ n(d,d + o),

CN7lo CN 1o
P ) — 72

ByW(xsn/4) =11 (CN_l + -

and
DY (xy /o) — DU (xy/2) <O.

Applying Theorem 3.1 to ®*(x;) over the interval [d — o;,d + 0], we get the desired
result. Thus, for x; € ﬁN,

(W —w)(x;)| < CN~(InN)?.

Now we consider the case o; = d/2 and 0, = (1 —d)/2. In this case e~} < CInN. We
have the inequalities

IBo(W —w)(x0)| = [B1(W — w)(xg) — B2eDT (W —w)(xo)|
< Bre(xip — x)Iw”(x)| < CN~'InN
and
IBy(W —w)(xn)| = [y1(W = w)(xy) + 72D~ (W — w)(xy)
< 720x; = xi-)w”(x)| < CNT'(InN)?.
By standard local truncation error estimate and Lemma 2.2, we have
ILN(W —w)(x;)| < CN}(InN)?.
Consider the mesh functions
UF(x) = ¢ (x) £ (W —w)(xy),
where
1+x;, x;€QVn[o0,d),

— cN~Y(InN)2
¢(x;)=CN " (InN) {z—x x; €Q¥n(d,1].

i»
We have
ByW*(xg) > B,CNI(InN)? — ¢f,CN(InN)> £ CN~!InN > 0,
LNU*(x;) < —a;CN"!(InN)? £ CN~}(InN)? <0, for x;€ Q¥ n(d —o,d).
Similarly, LNW*(x;) <0, for x; e Q¥ NQ~,
By¥E(xy) > y1CN}(InN)? —y,CN!(InN)? £ CN~}(InN)? > 0

and
D+\I/i(XN/2) - D_‘Iji(xN/Z) < O.

Applying Theorem 3.1 to W*(x;) over the entire domain, we get
(W —w)(x)| <CN~(InN)?, for x;€Q"

which is the desired result. O
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Theorem 3.3. Let u be the solution of Problem (2.1) and U be the solution of the correspond-
ing discrete Problem (3.1). Then we have

|U—-u||<CN(InN)>2.

Proof. Proof follows immediately, if one applies the above Lemmas 3.1 and 3.2 to
U-—u={V—-v)+(W—w). O

Remark 3.1. Following the procedure adopted in [1, §3.5] and applying it separately on
the intervals [0,d] and [d, 1], one can extend the above result to obtain the global error
bound

sup ||U—ul||<CN~(InN)?

0<e<l1

= . . . =N
where U is the piecewise linear interpolant of U on £ .

4. Analysis on derivative estimate

In this section, we give an ¢-uniform error estimate between the scaled derivative of
the continuous solution and the corresponding numerical solution in the fine mesh region.
Further, in the coarse mesh, an estimate is obtained without scaling the derivative. We
note that the errors e(x;) = U(x;) — u(x;), satisfy the equations

[£62 + a(x;)DT]e(x;) = truncation error,

where, by Theorem 3.3, e(x;) = @(N ~!(InN)?). In the proofs of the following lemmas and
theorems, we use the above equations. Hence the analysis carried out in [1, §3.5] can be
applied immediately with a slight modifications where ever necessary. Therefore, proofs
for some lemmas are omitted; for some of the them short proves are given.

Lemma 4.1. At each mesh point x; € QN and all x € Q; = [x;_1, x;], we have

ID7u(x;) —u'(x)| < CN 1, for x;<d—oq,
le(D~u(x;) —u'(x))| < CN~!InN, for x; €(d —oq,d),
le(DTu(x;) —u'(x))| < CN~!InN, for x;€(d,d+ oy),
IDTu(x;) —u/(x)| SCN Y, for x; >d+o0,,

where u(x) is the solution of (2.1).
Lemma 4.2. At each mesh point x; € OV, we have

max |[D”(V, —v)(x)| <CN7,
0<i<N/4

max [e(D™(V;, —=v)(x;))| SCN ',
N/4<i<N/2

max_ [e(D* (Vg —v)(x))| < CN7Y,
N/2<i<3N/4

max_ [D*(Vg —v)(x;)| SCN7',
3N/4<i<N

where v and VLN, VRN are the solutions of (2.2)-(2.4) and (3.2)-(3.5) respectively.
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Proof. We denote the error and the local truncation error respectively at each mesh

point by
e(x)=V(x)—v(x) and 7(x;)=L"e(x)).

First, we prove that for alli, N/2 <i <3N/4—1, |eD%e;| < CN~!. We have
leD¥e(xan 4-1)| < CeNTL

Now we write 7(x;) = LNe(x;) in the form
+ + 1 +
eD"e(x;) —eDTe(x;_1) + E(Xi+1 —x;_1)a(x;)D"e(x;)

= E(XH_l - Xi—l)T(xi)'

Summing and rearranging for each i, N/2 <i <3N /4 — 2, we get
3N/4-1

1
leD*e(x)| < |eD e(xan a1l + 5 D7 Gy = xjo)l(xg)
j=i

1 3N/4-1

= D Gejar—xj-1)alx;)D e(x))

+
2 &
J=t

Using the telescopic effect of the last term, |e(x;)| < CN~!and || a’ ||< C, we get
leDT(Vg —v)(x)| < CN L.
Similarly, we can obtain
leD”(V, —v)(x)| <CN"!, for N/4<i<N/2.
We can rewrite (4.2) in the form

(1+p;)DTe(x;) =D e(x;_;)+ a—T(Xj),

Pj
(Xj)

where
Pj= a(xj)(xj+1 - xj—1)/9-

Summing the equations (4.3) from j =3N/4to j=i <N — 1 gives

(Lot
1+p;

D e(x;)| < |DYe(d + o,)| +CN"l<cNTY,

where p = ayhy/e. For j=N —1,

(1+p) 52

+CNt<cNTL
I+pN-—1

ID*e(xy_1)l < |IDTe(d + oy)|

Similarly for i < N /4, we get the desired result.

4.1)

4.2)

(4.3)
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Lemma 4.3. Let w and W be the solutions of (2.5)-(2.7) and (3.6)-(3.10) respectively. Then,
we have

max |D”(W, —w)(x;)| SCN 1,
0<i<N/4

max |e(D~ (W, —w)(x;))| < CN~1(InN)?
N/4<i<N/2

and

max |e(DT(Wg —w)(x;))| < CN~'(InN)?,
N/2<i<3N/2

max |DT(Wg —w)(x;)| <CN~L
3N/2<i<N

Proof. Suppose
o,=2¢a 'InN, o0,=2ca'InN.

We have
W,(x)| <CN7?, for x;<d -0y,
[Wr(x;)| < CN"2, for x;>d+o0,
and |w(x;)] < CN~2. This implies
max |D~(W, —w)(x;)| <CN ',
0<i<N/4
max |DT(Wg —w)(x;)| <CNL.

3N/2<i<N

For x; = d + 05, we write
INWr(d+05)=0

in the form
eDTWi(xsy/4-1) = (e + a(d + o) (hs + hy))DTWi(d + 0,) < CN .
Similarly one can obtain
eD” Wy (xy/441) = (e —a(o1)(hy +hy))D" W, (0q) < CN~ L

Let
e(x) =Wr —w)(xy), %(x;)=LNé(x,).

Then on the interval [d,1 — o,), we write the equation %(x;) = LNé(x;) in the form

eD¥é(x;) —eDve(x;_1) + alx;)(e(xj41) — e(x;)) = hat(x;).
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Summing from x; = x; > d to x; = d + 05 — h3 and rearranging the resulting equations
yield

eDve(x;) = eDTe(xay/q-1) + a(xana—1)8(x3y4) — alx;—1)e(x;)

3N /4-1 3N/4-1
= > (alx)—alxj_1))e(x) —ehy Y, #(x;)
j=i j=i
3N/4-1

< CN !(InN)*+ Ch30'28_2N_1 Z e~ UDazh/e
j=i
Thus, we have

o ahs/€
eD*e(x;) < CN~! (1n2N n —2;/).
g 1— e—ah3/s

But y = ah/e =4N'InN and B(y) = y/(1 — e™Y) is bounded and it follows that
leDVe(x;)| < CN~1In*N

as desired. Finally over the range (d — o,d], we repeat the above procedure to complete
the proof. O

Theorem 4.1. Let u be the solution of (2.1) and U the corresponding numerical solution of
(3.1). Then for x € Q; = [x;, x;41], we have

I D7U(x) —u llg<CN7, 0<i<N/4,

Il e(D7U(x) —u) [lg, < CN~'(InN)?, N/4+1<i<N/2
and

I £(D¥U(x;) —u) llg, < CN~'(InN)?, N/2<i<3N/4-1,

I D*U(x) —u' llg < CN T, 3N/4<i<N-1

Proof. The desired results can be obtained using triangular inequality and Lemmas
4.1-4.3. O

Remark 4.1. Since U is a linear function in the open interval Q; = (x;,x;4,) for each
i,0<i<N —1, we have

eU'(x)=eD U(x;) Vxe,.

It then follows, from Theorem 4.1, that eU’ is an e-uniform approximation to su’(x) for
each x € (x;,x;;1). We now show that this approximation can be extended in a natural
way to the entire domain . We define the piecewise constant function D*U on [0, 1) by

eDTU(x)=eD U(x;), for x € [x;,xi41), i=0,-+-,N—1
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and at the point x =1 by
eDTU(1) = eDV U(xy_1).
Then, from the above theorem, DU is an e-uniform global approximation to u’ in the

sense that

sup || e(DTU —u) [g< CN~'(InN)>.

0<e<1

5. Numerical results

In this section, the following example is given to illustrate the numerical methods
discussed in this paper:
eu”’(x) +a()u'(x)=f(x), x€(0,1),
/ / (5.1)
3u(0)—eu'(0)=3, 3u(l)+u'(1)=2,

where

) -1, x<0.5, £ 1, x <0.5,
alx )= xX)=
1, x > 0.5; -1, x=>0.5.

For all integers N, satisfying N, 2N € Ry = [64,128,256,512,1024] and for a finite set
of values ¢ € R, = [2712,271], we compute the maximum pointwise two-mesh differences
for the solution and first derivative respectively as

EN =¥ =T |lgv and SDY =|| e(DUN — DT) |,

—2N . . . . .
where UY and U~ denote respectively, the numerical solutions obtained using N and 2N
mesh intervals and

D U, i<N/2,
DU=4 . = .
D*U;, i>N/2.
From these values the e-uniform maximum pointwise two-mesh difference

EN =mafo?V and SDV zmaxSngV
€€ER, €€R,

are formed for each available value of N satisfying N, 2N € Rj. Approximations of &-
uniform order of local convergence are defined, for all N, 4N € Ry, by
EN SDN
pY =log, (EW) and sM =log, (SDW)
We compute the maximum pointwise two-mesh difference for the derivative of the solution

as
max |(D~UN —D~U?N)(x;)|, for 1<i<N/4,

DN — max|e(D-UN —D~U?N)(x;)|, for N/4+1<i<N/2,
¢ | max|e(DTUN —DTUM)(x;)|, for N/2+1<i<3N/4-1,
max [(DYUN —D*U?N)(x;)|, for 3N/4<i<N-1.
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Figure 1: Graphs of the numerical solution and loglog plot of maximum point-wise errors respectively
for the solution of problem 5.1 for various values of ¢ and N.
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Figure 2: Graphs of the numerical scaled first derivative and loglog plot of maximum point-wise errors
respectively for the scaled first derivative of problem 5.1 for various values of ¢ and N.

From these values the e-uniform maximum pointwise two-mesh difference DV =
MaXgep, Df;’ are formed for each available value of N satisfying N, 2N € Ry. Approxi-
mations of e-uniform order of local convergence are defined, for all N, 4N € Ry, by

dp" =log, (DDTA;)

Table 1 presents values of EV, pV and SDV, sp" for the solution u and the scaled derivative
eu’ throughout the domain. The computed maximum pointwise two-mesh differences DV
and order of local convergence dp” for the scaled derivative in the fine mesh region and
without scaling the derivative in the coarse mesh, are given in Table 2.
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Table 1: Values of EV, SDV, p¥ and sV for the solution u and the scaled first derivative eu’.

N U-u e(DU —u")

Error Rate Error Rate
64 1.7610e-2 8.1164e-1 | 6.7363e-2  5.8498e-1
128 | 1.0033e-2 7.1249e-1 | 4.4908e-2 6.0172e-1
256 | 6.1228e-3  7.0292e-1 | 2.9593e-2  6.5291e-1
512 | 3.7614e-3 8.0051e-1 | 1.8821e-2  7.3858e-1

1024 | 2.1596e-3 - 1.1280e-2 -

Table 2: Values of DY and dp" for the first derivative of the solution u on (0,xy/,], (Xy/4,d], [d, Xay/4)
and [x3y,4,1) respectively.

N | D U-U e(D"U—-u") e(DTU —-u) DU —u
Error Rate Error Rate Error Rate Error Rate
64 1.07 2.3 2.92e-2 0.3 2.92e-2 0.3 1.07 2.3

128 2.14 e-1 2.3 2.86e-2 0.3 2.86e-2 0.3 2.14e-1 2.3
256 4.30e-2 2.3 2.32e-2 0.5 2.32e-2 0.5 4.30e-2 2.3
512 8.74e-3 2.3 1.63e-2 0.7 1.63e-2 0.7 8.74 e-3 2.3
1024 | 1.76e-3 - 1.04e-2 - 1.04e-2 - 1.76e-3 -

6. Conclusion

A singularly perturbed convection-diffusion problem, with a discontinuous convection
coefficient was examined. Due to the discontinuity an interior layer appears in the solu-
tion. A finite difference scheme was constructed for solving this problem which generates
e-uniform convergent numerical approximation not only to the solution but also to the
scaled first derivative of the solution. The method uses a piecewise uniform mesh, which
is fitted to the interior layers and the standard finite difference operator on this mesh. The
main theoretical result is the e-uniform convergence in the supremum norm of the approx-
imations generated by this finite difference method. Numerical results were presented,
which are in agreement with the theoretical predictions.
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