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Abstract. This paper presents alternating direction finite volume element methods for
three-dimensional parabolic partial differential equations and gives four computational
schemes, one is analogous to Douglas finite difference scheme with second-order split-
ting error, the other two schemes have third-order splitting error, and the last one is an
extended LOD scheme. The L2 norm and H1 semi-norm error estimates are obtained
for the first scheme and second one, respectively. Finally, two numerical examples are
provided to illustrate the efficiency and accuracy of the methods.
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1. Introduction

Finite volume element methods (FVEMs) [1–3] or generalized difference methods [4]
discretize the integral form of conservation laws of differential equation by choosing linear
or high order finite element space as the trial space. The method lies in between finite ele-
ment method and finite difference method in concept and implementation. In recent years,
some literature focused on the error estimates of finite volume element methods, espe-
cially for two dimensional problems, see the references [5–13]. Recently, the author [14]
combines finite volume element methods and alternating direction methods for two di-
mensional parabolic differential equations and presents some alternating direction finite
volume element schemes. Here, we further extend the method to three-dimensional par-
tial differential equations. As an efficient technique, alternating direction method [15,16]
successfully converts multidimensional problems to a collection of one dimensional prob-
lems, which can be solved very easily. Because ADI finite difference methods and alternat-
ing direction finite element methods are unconditionally stable and highly efficient, they
have been applied in many areas of applied sciences [17,18]. It is worth mentioning that
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Professor Douglas et al. [16] presented an LOD finite difference scheme with third-order
perturbation term. In this paper, we write the finite volume element method as tensor
product form by perturbing the differential equations, so we can convert the method to a
series of one dimensional problems. We give four kinds of alternating direction schemes,
the first one is similar to Douglas scheme [15] with second-order splitting error, the second
and third are also Douglas schemes with third order splitting error [16]. The last one is
an extended locally one dimensional (LOD) scheme [19]. It is worth mentioning that the
LOD scheme in this paper completely decomposes multidimensional problems to a collec-
tion of one dimensional problems and the method is valid for nonhomogeneous differential
equations with nonhomogeneous boundary conditions.

The remainder of the article is outlined as follows. In Section 2, we obtain a class
of finite volume element method with tensor product form by perturbing the differential
equation. We present four kinds of computation schemes. In Section 3, taking the fist
scheme and the second one as two examples, we further analyze these schemes. By defin-
ing discrete L2 norm and H1 semi-norm, we obtain L2 norm and H1 semi-norm error
estimates for the first scheme and the second one. Finally, in Section 4, we provides two
numerical examples to illustrate the effectiveness of the four schemes.

Throughout the article C will denote a generic (sometimes large) constant and ε a
generic small one independent of mesh-size h, where C and ε can have different values in
different places.

2. Alternating direction FVEM for 3D parabolic equations

Consider the following three-dimensional parabolic problem on domain Ω = [0,1]3

∂ u

∂ t
−∆u = f (x , y, z, t), (x , y, z) ∈ Ω, t ∈ (0, T], (2.1)

u|∂Ω = 0, u(x , y, z, 0) = u0(x , y, z), (2.2)

where f (x , y, z, t) is sufficiently smooth.
First, give a cuboidal partition Qh for Ω and the nodes are denoted by (x i, y j , zk),

i( j, k) = 0,1, · · · , Nx(Ny , Nz). Let

hx
i = x i − x i−1, h

y

j
= y j − y j−1, hz

k
= zk − zk−1,

hx = max
1≤i≤Nx

hx
i , hy = max

1≤ j≤Ny

h
y

j
, hz = max

1≤k≤Nz

hz
k, h=max(hx ,hy ,hz).

Further let

x i− 1
2
= x i −

1

2
hx

i , x i+ 1
2
= x i +

1

2
hx

i+1,

y j− 1
2
= y j −

1

2
h

y

j
, y j+ 1

2
= y j +

1

2
h

y

j+1,

zk− 1
2
= zk −

1

2
hz

k, zk+ 1
2
= zk +

1

2
hz

k+1.
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Then

Vi jk =
�

x i− 1
2
, x i+ 1

2

�× �y j− 1
2
, y j+ 1

2

�× �zk− 1
2
, zk+ 1

2

�

is a control volume or dual element of node (x i, y j , zk). All control volumes constitute the
dual partition Q∗

h
of domain Ω. Next, make a uniform partition for [0, T] with time step

∆t and denote by tn = n∆t. Integrate (2.1) over
�

tn−1, tn
�

, then by trapezoidal rule, we
have

un − un−1

∆t
− ∆un+∆un−1

2
=

1

∆t

∫ tn

tn−1

f (x , y, z, t)d t + R
n− 1

2
1 , (2.3)

where

R
n− 1

2
1 =

1

2∆t

∫ tn

tn−1

∆ut t

�
θ1(t)

�
(t − tn)

�
t − tn−1

�
d t. (2.4)

Denote by

dV = d xd ydz, ∂ Vi j = [x i− 1
2
, x i+ 1

2
]× [y j− 1

2
, y j+ 1

2
],

etc.. Integrate (2.3) over Vi jk (i( j, k) = 1, · · · , Nx − 1(Ny − 1, Nz − 1)). Then by Gauss
formula for diffusive term, the conservative integral form of (2.3) reads, finding un ∈
H1

0(Ω), such that

∫

Vi jk

un − un−1

∆t
dV +

1

2
Bi jk(u

n + un−1) =
1

∆t

∫ tn

tn−1

∫

Vi jk

f dV d t +

∫

Vi jk

R
n− 1

2
1 dV, (2.5)

where

Bi jk(u) =

∫

∂ Vjk

�
∂ u

∂ x
(x i− 1

2
)− ∂ u

∂ x
(x i+ 1

2
)

�
d ydz+

∫

∂ Vki

�
∂ u

∂ y
(y j− 1

2
)− ∂ u

∂ y
(y j+ 1

2
)

�
dzd x

+

∫

∂ Vi j

�
∂ u

∂ z
(zk− 1

2
)− ∂ u

∂ z
(zk+ 1

2
)

�
d xd y.

In order to derive alternating direction schemes from (2.3), we need to add some necessary
perturbing terms to (2.3), which are

∆t

4

�
∂ 4

∂ y2∂ z2 +
∂ 4

∂ z2∂ x2 +
∂ 4

∂ x2∂ y2

�
(un − un−1),

∆t2

8

∂ 6

∂ x2∂ y2∂ z2 (u
n− un−1).

These terms also need to be integrated over the control volume Vi jk. For convenience,



502 T. Wang

denote by

Di jk(u) =

∫ x
i+ 1

2

x
i− 1

2

�
∂ 2u

∂ y∂ z
(x , y j+ 1

2
, zk+ 1

2
)− ∂ 2u

∂ y∂ z
(x , y j− 1

2
, zk+ 1

2
)

− ∂ 2u

∂ y∂ z
(x , y j+ 1

2
, zk− 1

2
) +

∂ 2u

∂ y∂ z
(x , y j− 1

2
, zk− 1

2
)

�
d x

+

∫ y
j+ 1

2

y
j− 1

2

�
∂ 2u

∂ z∂ x
(x i+ 1

2
, y, zk+ 1

2
)− ∂ 2u

∂ z∂ x
(x i− 1

2
, y, zk+ 1

2
)

− ∂
2u

∂ z∂ x
(x i+ 1

2
, y, zk− 1

2
) +

∂ 2u

∂ z∂ x
(x i− 1

2
, y, zk− 1

2
)

�
d y

+

∫ z
k+ 1

2

z
k− 1

2

�
∂ 2u

∂ x∂ y
(x i+ 1

2
, y j+ 1

2
, z)− ∂ 2u

∂ x∂ y
(x i− 1

2
, y j+ 1

2
, z)

− ∂ 2u

∂ x∂ y
(x i+ 1

2
, y j− 1

2
, z) +

∂ 2u

∂ x∂ y
(x i− 1

2
, y j− 1

2
, z)

�
dz,

Wi jk(u) =
∂ 3u

∂ x∂ y∂ z
(x i+ 1

2
, y j+ 1

2
, zk+ 1

2
)− ∂ 3u

∂ x∂ y∂ z
(x i− 1

2
, y j+ 1

2
, zk+ 1

2
)

− ∂ 3u

∂ x∂ y∂ z
(x i+ 1

2
, y j− 1

2
, zk+ 1

2
)− ∂ 3u

∂ x∂ y∂ z
(x i+ 1

2
, y j+ 1

2
, zk− 1

2
)

+
∂ 3u

∂ x∂ y∂ z
(x i− 1

2
, y j− 1

2
, zk+ 1

2
) +

∂ 3u

∂ x∂ y∂ z
(x i− 1

2
, y j+ 1

2
, zk− 1

2
)

+
∂ 3u

∂ x∂ y∂ z
(x i+ 1

2
, y j− 1

2
, zk− 1

2
)− ∂ 3u

∂ x∂ y∂ z
(x i− 1

2
, y j− 1

2
, zk− 1

2
).

Further denote πu by the piecewise trilinear interpolating function of u over Qh. Replacing
u by πu in (2.5) and perturbing (2.5), we have

∫

Vi jk

πun −πun−1

∆t
dV +

1

2
Bi jk(πun+πun−1)

+
∆t

4
Di jk(πun−πun−1) +

∆t2

8
Wi jk(πun −πun−1)

=
1

∆t

∫ tn

tn−1

∫

Vi jk

f dV d t +

∫

Vi jk

R
n− 1

2
1 dV + R

n− 1
2

2 + R
n− 1

2
3 , (2.6)

where (R
n− 1

2
3 is the perturbing error)

R
n− 1

2
2 =

∫

Vi jk

πun −πun−1

∆t
dV −

∫

Vi jk

un − un−1

∆t
dV

+
1

2
Bi jk(πun +πun−1)− 1

2
Bi jk(u

n+ un−1), (2.7)
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R
n− 1

2
3 =

∆t

4
Di jk(πun −πun−1) +

∆t2

8
Wi jk(πun −πun−1). (2.8)

Suppose that Uh ⊂ H1
0(Ω) is a finite element space over partition Qh, which is obtained

by piecewise trilinear interpolating functions. Assume that {αi(x)} (i = 0,1, · · · , Nx),
{β j(y)} ( j = 0,1, · · · , Ny) and {γk(z)} (k = 0,1, · · · , Nz) are the base functions of interpo-
lation in x , y and z directions, respectively, then {αi(x)β j(y)γk(z)} are the base functions

for Uh. That is, for uh ∈ Uh, we have (ui jk = uh

�
x i, y j , zk

�
)

uh =

Nx∑

i=0

Ny∑

j=0

Nz∑

k=0

αi(x)β j(y)γk(z)ui jk.

Dropping the error terms and substituting πu by uh ∈ Uh in (2.6), we obtain the finite
volume element scheme for (2.1) and (2.2)

∫

Vi jk

un
h
− un−1

h

∆t
dV +

1

2
Bi jk(u

n
h + un−1

h
) +
∆t

4
Di jk(u

n
h − un−1

h
) +
∆t2

8
Wi jk(u

n
h − un−1

h
)

=
1

∆t

∫ tn

tn−1

∫

Vi jk

f (x , y, z, t)dV d t. (2.9)

Let U be a vector composed of ui jk, arranged k first from 0 to Nz, j second from 0 to Ny

and i last from 0 to Nx and

Cx =



∫ x

i+ 1
2

x
i− 1

2

αm(x)d x



(Nx−1)×(Nx+1)

,

Ax =
h
α′m
�

x i− 1
2

�
−α′m

�
x i+ 1

2

�i
(Nx−1)×(Nx+1)

,

Γn− 1
2 =


 1

∆t

∫ tn

tn−1

∫

Vi jk

f (x , y, z, t)dV d t




T

(Nx−1)×(Ny−1)×(Nz−1)

,

where Γn− 1
2 is a vector arranged k first from 1 to Nz−1, j second from 1 to Ny−1 and i last

from 1 to Nx −1. Cy , Cz are defined analogously to Cx and Ay , Az are defined analogously
to Ax , respectively. Use the above notations, (2.9) can be written as

Cx yz

Un− Un−1

∆t
+Q

Un+ Un−1

2
+
∆t

4
S(Un− Un−1)

+
∆t2

8
Ax yz(U

n− Un−1) = Γn− 1
2 , (2.10)
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where

Cx yz = Cx ⊗ Cy ⊗ Cz, Ax yz = Ax ⊗ Ay ⊗ Az,

Q = Ax ⊗ Cy ⊗ Cz + Cx ⊗ Ay ⊗ Cz + Cx ⊗ Cy ⊗ Az,

S = Ax ⊗ Ay ⊗ Cz + Cx ⊗ Ay ⊗ Az + Ax ⊗ Cy ⊗ Az

and⊗ represents Kronecker tensor product. For piecewise trilinear interpolation, a straight-
forward calculation shows

Cx =
1

8




hx
1 3(hx

1 + hx
2) hx

2
hx

2 3(hx
2 + hx

3) hx
3

. . .
. . .

. . .
hx

Nx−1 3(hx
Nx−1 + hx

Nx
) hx

Nx




, (2.11)

Ax =




− 1

hx
1

1

hx
1

+
1

hx
2

− 1

hx
2

− 1

hx
2

1

hx
2

+
1

hx
3

− 1

hx
3

. . .
. . .

. . .

− 1

hx
Nx−1

1

hx
Nx−1

+
1

hx
Nx

− 1

hx
Nx




. (2.12)

Cy , Cz are analogous to Cx and Ay , Az are analogous to Ax , respectively.
(2.10) can convert to a collection of one dimensional problems, which can be solved

alternately. Give the following four computational schemes.

1. By introducing intermediate vectors Un,1 and Un,2, (2.10) is decomposed as

�
Cx +

∆t

2
Ax

�
⊗ I ⊗ IUn,1 =

�
Cx −

∆t

2
Ax

�
⊗ Cy ⊗ CzUn−1

−∆t
�

Cx ⊗ Ay ⊗ Cz + Cx ⊗ Cy ⊗ Az

�
Un−1 +∆tGn− 1

2 , (2.13)

I ⊗
�

Cy +
∆t

2
Ay

�
⊗ IUn,2 = Un,1+

∆t

2
I ⊗ Ay ⊗ CzUn−1, (2.14)

I ⊗ I ⊗
�

Cz +
∆t

2
Az

�
Un = Un,2 +

∆t

2
I ⊗ I ⊗ AzUn−1, (2.15)

where Gn− 1
2 = Γn− 1

2 . The splitting error of scheme (2.13)-(2.15) is second-order accuracy
with respect to ∆t.

2. In order to raise the splitting error to O (∆t3), let

Gn− 1
2 = Γn− 1

2 +
∆t

4
S(Un−1 − Un−2) +

∆t2

8
Ax yz(U

n−1 − Un−2). (2.16)

By eliminating the intermediate vectors Un,1 and Un,2, the splitting error of scheme (2.13)-
(2.15) with (2.16) has truly third-order accuracy with respect to ∆t.
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3. Noting that the third term of the right hand side of (2.16) has already third-order
accuracy with respect to ∆t, we further let

Gn− 1
2 = Γn− 1

2 +
∆t

4
S(Un−1 − Un−2). (2.17)

Then scheme (2.13)-(2.15) with (2.17) has also third-order splitting accuracy with respect
to ∆t.

Scheme (2.13)-(2.15) with (2.16) or (2.17) is a three-level scheme. In practical com-
putation, we must first compute U1 in an efficient and accurate manner, which can be
stated as follows.

(i) Compute the approximate vector eU1 to U1 by two-level scheme (2.13)-(2.15).

(ii) Compute

G
1
2 = Γ

1
2 +
∆t

4
S(eU1− U0) +

∆t2

8
Ax yz(eU1− U0).

(iii) Compute new approximate vector of U1 by (2.13)-(2.15), still denote by eU1.

(iv) Repeat (ii), (iii) until the accuracy is satisfied, then we get U1.

4. Decompose (2.10) as locally one dimensional scheme. Because Γn− 1
2 6= 0 in (2.10),

it must be treated first. Approximate Γn− 1
2 as Cx yz F n− 1

2 , where

F n− 1
2 =

�
F n + F n−1

�
/2, F n =

�
f n(x i, y j , zk)

�Nx ,Ny ,Nz

i, j,k=0
.

Adding perturbation term 1
4
∆t2SF n− 1

2 for Γn− 1
2 and introducing intermediate vectors Un,1

and Un,2, we obtain the following locally one dimensional (LOD) scheme:
�

Cx +
∆t

2
Ax

�
⊗ I ⊗ IUn,1 =

�
Cx −

∆t

2
Ax

�
⊗ I ⊗ IUn−1 +∆tCx ⊗ I ⊗ I F n− 1

2 , (2.18)

I ⊗
�

Cy +
∆t

2
Ay

�
⊗ IUn,2 = I ⊗

�
Cy −

∆t

2
Ay

�
⊗ IUn,1−∆t I ⊗ Cy ⊗ I F n− 1

2 , (2.19)

I ⊗ I ⊗
�

Cz +
∆t

2
Az

�
Un = I ⊗ I ⊗

�
Cz −

∆t

2
Az

�
Un,2 +∆t I ⊗ I ⊗ Cz F n− 1

2 . (2.20)

For the purpose of practical computing, we further rewrite (2.18)-(2.20) as component
forms

1

8
hx

i

u
n,1
i−1, j,k − un−1

i−1, j,k

∆t
+

3

8
(hx

i + hx
i+1)

u
n,1
i, j,k − un−1

i, j,k

∆t
+

1

8
hx

i+1

u
n,1
i+1, j,k − un−1

i+1, j,k

∆t

− 1

hx
i

u
n,1
i−1, j,k + un−1

i−1, j,k

2
+

�
1

hx
i

+
1

hx
i+1

�
u

n,1
i, j,k + un−1

i, j,k

2
− 1

hx
i+1

u
n,1
i+1, j,k + un−1

i+1, j,k

2

=
1

8
hx

i f
n− 1

2
i−1, j,k +

3

8
(hx

i + hx
i+1) f

n− 1
2

i, j,k +
1

8
hx

i+1 f
n− 1

2
i+1, j,k, (2.21)
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1

8
h

y

j

u
n,2
i, j−1,k − u

n,1
i, j−1,k

∆t
+

3

8
(h

y

j
+ h

y

j+1)
u

n,2
i, j,k − u

n,1
i, j,k

∆t
+

1

8
h

y

j+1

u
n,2
i, j+1,k − u

n,1
i, j+1,k

∆t

− 1

h
y

j

u
n,2
i, j−1,k + u

n,1
i, j−1,k

2
+

 
1

h
y

j

+
1

h
y

j+1

!
u

n,2
i, j,k + u

n,1
i, j,k

2
− 1

h
y

j+1

u
n,2
i, j+1,k + u

n,1
i, j+1,k

2

= −1

8
h

y

j
f

n− 1
2

i, j−1,k −
3

8
(h

y

j
+ h

y

j+1) f
n− 1

2
i, j,k −

1

8
h

y

j+1 f
n− 1

2
i, j+1,k, (2.22)

1

8
hz

k

un
i, j,k−1− u

n,2
i, j,k−1

∆t
+

3

8
(hz

k
+ hz

k+1)
un

i, j,k − u
n,2
i, j,k

∆t
+

1

8
hz

k+1

un
i, j,k+1− u

n,2
i, j,k+1

∆t

− 1

hz
k

un
i, j,k−1+ u

n,2
i, j,k−1

2
+

�
1

hz
k

+
1

hz
k+1

�
un

i, j,k + u
n,2
i, j,k

2
− 1

hz
k+1

un
i, j,k+1+ u

n,2
i, j,k+1

2

=
1

8
hz

k
f

n− 1
2

i, j,k−1 +
3

8
(hz

k
+ hz

k+1) f
n− 1

2
i, j,k +

1

8
hz

k+1 f
n− 1

2
i, j,k+1. (2.23)

By eliminating the intermediate vectors Un,1 and Un,2 in (2.18)-(2.20), we get

Cx yz

Un− Un−1

∆t
+Q

Un+ Un−1

2
+
∆t

4
S(Un− Un−1) +

∆t2

8
Ax yz(U

n+ Un−1)

= Cx yz F n− 1
2 +

1

4
∆t2SF n− 1

2 . (2.24)

We see from (2.24) that the splitting errors of U and F are both second-order accuracy
with respect to ∆t. In general, if the source term f (x , y, z, t) is smooth enough, then we
can modify the scheme to eliminate the perturbing effect of f (x , y, z, t) partly, that is, let

f − ∆t2

4

�
∂ 4 f

∂ x2∂ y2 +
∂ 4 f

∂ y2∂ z2 +
∂ 4 f

∂ z2∂ x2

�
⇒ f .

The advantage of scheme (2.18)-(2.20) or (2.21)-(2.23) is that (2.18) or (2.21) is
solved only in x direction and (2.19) or (2.22) is solved only in y direction, etc.. In prac-
tical computation, we must treat the boundary values of Un,1 and Un,2 first. For example,
for scheme (2.21)-(2.23), let u

n,1
i, j,k = 0 for i = 0, Nx , j = 0, Ny , k = 0,1, · · · , Nz, u

n,2
i, j,k = 0

for i = 0, Nx , j = 0,1, · · · , Ny , k = 0, Nz and i = 0,1, · · · , Nx , j = 0, Ny , k = 0, Nz. By

solving (2.23), we can obtain the boundary conditions for u
n,2
i, j,k and by solving (2.22), we

can obtain the boundary conditions for u
n,1
i, j,k. Then by solving (2.21) we get Un,1 and again

by solving (2.22) we get Un,2. Finally, we obtain the final results Un by solving (2.23).

3. Error estimates

We have derived four alternating direction finite volume element schemes in Section
2. In this section, we further analyze the convergence of these schemes with respect to L2

norm or H1 semi-norm. We first consider scheme (2.13)-(2.15) with Gn− 1
2 = Γn− 1

2 , which
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P1(xi�1; yj�1; zk�1) P2 P3P4
P5 P6 P7(xi; yj ; zk)P8

Figure 1: Illustration for an element and its nodes.
is equivalent to (2.9). Let e = πu− uh and subtract (2.9) from (2.6), the error equation
reads

∫

Vi jk

en − en−1

∆t
dV +

1

2
Bi jk(e

n + en−1) +
∆t

4
Di jk(e

n − en−1) +
∆t2

8
Wi jk(e

n − en−1)

=

∫

Vi jk

R
n− 1

2
1 dV + R

n− 1
2

2 + R
n− 1

2
3 . (3.1)

Multiply (en
i jk
+ en−1

i jk
)/2 on the two sides of (3.1) and add from 1 to Nx − 1, Ny − 1

and Nz − 1 for i, j, k respectively. Denote the terms of the left hand side of the result by
L1, L2, L3, L4 and the terms of right hand side by T1, T2, T3, sequentially. Assume that
Qh is a quasi-uniformly regular cuboidal partition. Denote ‖ · ‖s or ‖ · ‖s,Ω and | · |s or | · |s,Ω
by continuous norm and continuous semi-norm of order s in Sobolev space respectively.
Further define discrete H1 semi-norm and discrete L2 norm respectively by

|ϕh|1,h =

� ∑

E∈Qh

|ϕh|21,h,E

� 1
2

, ‖ϕh‖0,h =

� ∑

E∈Qh

‖ϕh‖20,h,E

� 1
2

, ∀ϕh ∈ Uh, (3.2)

where
E = P1P2 · · · P7P8 = [x i−1, x i]× [y j−1, y j]× [zk−1, zk],

depicted as in Fig. 1 and

|ϕh|21,h,E = hx
i
h

y

j
hz

k

1

4

∑

l=1,3,5,7

�
ϕh(Pl+1)−ϕh(Pl)

hx
i

�2

+ hx
i
h

y

j
hz

k

1

4

¨ ∑

l=2,6

�
ϕh(Pl+1)−ϕh(Pl)

h
y

j

�2

+
∑

l=4,8

�
ϕh(Pl)−ϕh(Pl−3)

h
y

j

�2
«
+ hx

i
h

y

j hz
k

1

4

∑

l=1,2,3,4

�
ϕh(Pl+4)−ϕh(Pl)

hz
k

�2

, (3.3)

‖ϕh‖20,h,E =
hx

i
h

y

j
hz

k

8

8∑

l=1

ϕh(Pl)
2.
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Let Qc(xc, yc , zc) be the center of E and

λ1 = 2(x − xc)/h
x
i , λ2 = 2(y − yc)/h

y

j
, λ3 = 2(z − zc)/h

z
k
,

then E is transformed to bE = [−1,1]3. Constructing trilinear base functions of interpola-
tion over bE, we have

N1 =
1

8
(1−λ1)(1−λ2)(1−λ3), N2 =

1

8
(1+λ1)(1−λ2)(1−λ3),

N3 =
1

8
(1+λ1)(1+λ2)(1−λ3), N4 =

1

8
(1−λ1)(1+λ2)(1−λ3),

N5 =
1

8
(1−λ1)(1−λ2)(1+λ3), N6 =

1

8
(1+λ1)(1−λ2)(1+λ3),

N7 =
1

8
(1+λ1)(1+λ2)(1+λ3), N8 =

1

8
(1−λ1)(1+λ2)(1+λ3).

Lemma 3.1. For ∀ϕh ∈ Uh, |ϕh|1,h is equivalent to |ϕh|1 and ‖ϕh‖0,h is equivalent to ‖ϕh‖0,

that is, the following inequalities hold

1

3
|ϕh|1,h ≤ |ϕh|1 ≤ |ϕh|1,h,

p
3

9
‖ϕh‖0,h ≤ ‖ϕh‖0 ≤ ‖ϕh‖0,h. (3.4)

Proof. Depicted as in Fig. 1, we have

ϕh =

8∑

l=1

ϕh(Pl)Nl(λ1,λ2,λ3)

in element E and ∫

E

�
∂ ϕh

∂ x

�2

dV =
1

36

h
y

j
hz

k

hx
i

ΦTMΦ,

where

Φ =




ϕh(P2)−ϕh(P1)

ϕh(P3)−ϕh(P4)

ϕh(P6)−ϕh(P5)

ϕh(P7)−ϕh(P8)


 and M =




4 2 2 1
2 4 1 2
2 1 4 2
1 2 2 4


 .

The eigenvalues of matrix M are 1,3,3,9. Similar results can be obtained for
∫

E
(
∂ ϕh

∂ y
)2dV

and
∫

E
(
∂ ϕh

∂ z
)2dV . According to the definitions of |ϕh|1,E and |ϕh|1,h,E , the first inequality of

(3.4) is proved. Analogously, a straightforward computation can prove the second one of
(3.4). �

Lemma 3.2. For ∀ϕh,ψh ∈ Uh, denote by ϕi jk = ϕh(x i, y j , zk), ψi jk =ψh(x i, y j , zk),

|‖ϕh|‖20,h =
∑

i, j,k

ϕi jk

∫

Vi jk

ϕhdV,
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where the summation (i, j, k) is for 1≤ i < Nx , 1≤ j < Ny and 1≤ k < Nz. Then

∑

i, j,k


ψi jk

∫

Vi jk

ϕhdV −ϕi jk

∫

Vi jk

ψhdV


 = 0, |‖ϕh|‖0,h ≥

1

2
p

2
‖ϕh‖0,h. (3.5)

In addition, for ∀ω ∈ L2(Ω), we have
������

∑

i, j,k

ϕi jk

∫

Vi jk

ωdV

������
≤ ‖ω‖0‖ϕh‖0,h. (3.6)

Proof. Depicted as in Fig. 1, we convert the integrals in control volumes to the relevant
elements. A straightforward calculation shows

∑

i, j,k

ψi jk

∫

Vi jk

ϕhdV =
∑

E∈Qh

hx
i
h

y

j
hz

k

8

1

64
ΨTMΦ,

where

Ψ=




ψh(P1)

ψh(P2)

ψh(P3)

ψh(P4)

ψh(P5)

ψh(P6)

ψh(P7)

ψh(P8)




, Φ =




ϕh(P1)

ϕh(P2)

ϕh(P3)

ϕh(P4)

ϕh(P5)

ϕh(P6)

ϕh(P7)

ϕh(P8)




, M =




27 9 3 9 9 3 1 3
9 27 9 3 3 9 3 1
3 9 27 9 1 3 9 3
9 3 9 27 3 1 3 9
9 3 1 3 27 9 3 9
3 9 3 1 9 27 9 3
1 3 9 3 3 9 27 9
3 1 3 9 9 3 9 27




.

We note that the matrix M is symmetric and positive definite and the eigenvalues of the
matrix are 8,16,16,16,32,32,32,64, from which we can get (3.5).

As for (3.6), denote SVi jk
by the volume of the dual element Vi jk, then

������

∑

i, j,k

ϕi jk

∫

Vi jk

ωdV

������
≤


∑

i, j,k

ϕ2
i jkSVi jk




1
2


∑

i, j,k

1

SVi jk



∫

Vi jk

ωdV




2



1
2

≤ ‖ω‖0‖ϕh‖0,h.

Then (3.6) holds. �

Lemma 3.3. For ∀ϕh,ψh ∈ Uh, denote by

ah(ϕh,ψh) =
∑

i, j,k

ψi jkBi jk(ϕh),

where the summation (i, j, k) is for 1≤ i < Nx , 1≤ j < Ny and 1≤ k < Nz. Then

ah(ϕh,ψh) = ah(ψh,ϕh),
1

4
|ϕh|21,h ≤ ah(ϕh,ϕh)≤ |ϕh|21,h. (3.7)
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Proof. Depicted as in Fig. 1, we have

∑

i, j,k

ψi jk

∫

∂ Vjk

�
∂ ϕh

∂ x
(x i− 1

2
)− ∂ ϕh

∂ x
(x i+ 1

2
)

�
d ydz

=
∑

E∈Qh




�
ψh(P2)−ψh(P1)

�
∫ y

j− 1
2

y j−1

∫ z
k− 1

2

zk−1

∂ ϕh

∂ x
(x i− 1

2
)d ydz

+
�
ψh(P3)−ψh(P4)

�
∫ y j

y
j− 1

2

∫ z
k− 1

2

zk−1

∂ ϕh

∂ x
(x i− 1

2
)d ydz

+
�
ψh(P6)−ψh(P5)

�
∫ y

j− 1
2

y j−1

∫ zk

z
k− 1

2

∂ ϕh

∂ x
(x i− 1

2
)d ydz

+
�
ψh(P7)−ψh(P8)

�
∫ y j

y
j− 1

2

∫ zk

z
k− 1

2

∂ ϕh

∂ x
(x i− 1

2
)d ydz





=
∑

E∈Qh

h
y

j
hz

k

64hx
i

ΨTMΦ,

where

Ψ =




ψh(P2)−ψh(P1)

ψh(P3)−ψh(P4)

ψh(P6)−ψh(P5)

ψh(P7)−ψh(P8)


 , Φ =




ϕh(P2)−ϕh(P1)

ϕh(P3)−ϕh(P4)

ϕh(P6)−ϕh(P5)

ϕh(P7)−ϕh(P8)


 , M =




9 3 3 1
3 9 1 3
3 1 9 3
1 3 3 9


 .

Similar results can be obtained for the last two terms of ah(ϕh,ψh). Because the matrix M

is symmetric and positive definite and the eigenvalues of the matrix are 4,8,8,16, (3.7) is
proved. �

Lemma 3.4. For ∀ϕh,ψh ∈ Uh, we have

∑

i, j,k

ψi jkDi jk(ϕh)−
∑

i, j,k

ϕi jkDi jk(ψh) = 0,

∑

i, j,k

ϕi jkDi jk(ϕh)≥
1

2










∂ 2ϕh

∂ x∂ y








2

0,h

+







∂ 2ϕh

∂ y∂ z








2

0,h

+







∂ 2ϕh

∂ z∂ x








2

0,h


 .

(3.8)
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Proof. Depicted as in Fig. 1, for ∀ψh ∈ Uh, we have in element E

∂ 2ψh

∂ x∂ y
(zk−1) =

1

hx
i
h

y

j

[ψh(P1)−ψh(P2) +ψh(P3)−ψh(P4)],

∂ 2ψh

∂ x∂ y
(zk) =

1

hx
i
h

y

j

[ψh(P5)−ψh(P6) +ψh(P7)−ψh(P8)].

Transforming the summations of the left hand side of (3.8) in each element and using the
above formula, we have

∑

i, j,k

ψi jk

∫ z
k+ 1

2

z
k− 1

2

�
∂ 2ϕh

∂ x∂ y
(x i+ 1

2
, y j+ 1

2
, z)− ∂

2ϕh

∂ x∂ y
(x i− 1

2
, y j+ 1

2
, z)

− ∂
2ϕh

∂ x∂ y
(x i+ 1

2
, y j− 1

2
, z) +

∂ 2ϕh

∂ x∂ y
(x i− 1

2
, y j− 1

2
, z)

�
dz

=
∑

E∈Qh

hx
i
h

y

j
hz

k

8

�
∂ 2ψh

∂ x∂ y
(zk−1),

∂ 2ψh

∂ x∂ y
(zk)

��
3 1
1 3

�



∂ 2ϕh

∂ x∂ y
(zk−1)

∂ 2ϕh

∂ x∂ y
(zk)


 ,

from which (3.8) can be proved. �

Lemma 3.5. For ∀ϕh,ψh ∈ Uh, we have

∑

i, j,k

ψi jkWi jk(ϕh) =
∑

E∈Qh

∂ 3ϕh

∂ x∂ y∂ z

∂ 3ψh

∂ x∂ y∂ z
hx

i h
y

j
hz

k
. (3.9)

Proof. Depicted as in Fig. 1, for ∀ψh ∈ Uh, we have in element E

∂ 3ψh

∂ x∂ y∂ z
=

1

hx
i
h

y

j
hz

k

h
ψh(P2)−ψh(P1) +ψh(P4)−ψh(P3)

+ψh(P5)−ψh(P6) +ψh(P7)−ψh(P8)
i

.

Transforming the summations of the left hand side of (3.9) in each element and using the
above formula, we can get (3.9). �

Lemma 3.6. For ∀u ∈ H3(Ω)∩H1
0(Ω) and ∀ψh ∈ Uh, we have

����
∑

i, j,k

ψi jkBi jk(u−πu)

����≤ Ch2|u|3|ψh|1,h, (3.10)

where C is independent of mesh size h.
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Proof. Noting that the proof of Lemma 3.3, using imbedding theorem and Bramble-
Hilbert Lemma [20], we can prove the lemma. �

Lemma 3.7. For ∀u ∈ H4(Ω), we have
����
∑

i, j,k

ψi jkDi jk(u−πu)

���� ≤ C‖ψ‖0,h|u|4,Ω, (3.11)

where C is independent of mesh size h.

Proof. Noting that the proof of Lemma 3.4, we have

D1(u) :=
∑

i, j,k

ψi jk

∫ z
k+ 1

2

z
k− 1

2

�
∂ 2(u−πu)

∂ x∂ y
(x i+ 1

2
, y j+ 1

2
, z)− ∂

2(u−πu)

∂ x∂ y
(x i− 1

2
, y j+ 1

2
, z)

−∂
2(u−πu)

∂ x∂ y
(x i+ 1

2
, y j− 1

2
, z) +

∂ 2(u−πu)

∂ x∂ y
(x i− 1

2
, y j− 1

2
, z)

�
dz

=
∑

E∈Qh

hx
i
h

y

j
hz

k

2

�
∂ 2ψh

∂ x∂ y
(zk−1),

∂ 2ψh

∂ x∂ y
(zk)

�




4

hx
i
h

y

j

∫ 0

−1

∂ 2(u−πu)

∂ λ1∂ λ2
(0,0,λ3)dλ3

4

hx
i
h

y

j

∫ 1

0

∂ 2(u−πu)

∂ λ1∂ λ2
(0,0,λ3)dλ3




,

As in Fig. 1, we have by computation

I2(u) :=

∫ 0

−1

∂ 2(u−πu)

∂ λ1∂ λ2
(0,0,λ3)dλ3

=

∫ 0

−1

∂ 2u

∂ λ1∂ λ2
(0,0,λ3)dλ3−

1

16

h
3(u(P1)− u(P2)) + 3(u(P3)− u(P4))

+ (u(P5)− u(P6)) + (u(P7)− u(P8))
i

. (3.12)

As a linear functional of u ∈ H4(Ω), I2(u) satisfies |I2(u)| ≤ C‖u‖2,∞,bE . In addition,

H4(bE) ,→ C2(bE). Hence,
|I2(u)| ≤ C‖u‖4,bE .

A straightforward calculation shows I2(u) ≡ 0 for u = λ
γ1
1 λ

γ2
2 λ

γ3
3 , γ1 + γ2 + γ3 ≤ 3. By

Bramble-Hilbert Lemma, |I2(u)| ≤ C |u|4,bE . By an integral transformation, noting that E is
a quasi-uniformly regular element, we have

|I2(u)| ≤ Chx
i h

y

j
h

1
2 |u|4,E.

Thus, we have

|D1(u)| ≤ Ch2

¨ ∑

E∈Qh

�
∂ 2ψh

∂ x∂ y
(zk−1)

2+
∂ 2ψh

∂ x∂ y
(zk)

2

�
hx

i h
y

j
hz

k

« 1
2

|u|4,Ω.
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Analogously, the other two terms of
∑
ψi jkDi jk(u−πu) have similar estimates. Hence, by

inverse estimate, we have
����
∑

i, j,k

ψi jkDi jk(u−πu)

���� ≤ Ch2|ψ|2,h|u|4,Ω ≤ C‖ψ‖0,h|u|4,Ω.

Lemma 3.7 is proved. �

Lemma 3.8. For an arbitrary element E = [x i−1, x i]× [y j−1, y j]× [zk−1, zk] and for ∀u ∈
H5(Ω), we have ����

∂ 3(u−πu)

∂ x∂ y∂ z

�
x i− 1

2
, y j− 1

2
, zk− 1

2

����� ≤ Ch
1
2 |u|5,E . (3.13)

Proof. Carry out the coordinate transformations, we have

∂ 3(u−πu)

∂ x∂ y∂ z

�
x i− 1

2
, y j− 1

2
, zk− 1

2

�

=
6

hx
i
h

y

j
hz

k

¨
∂ 3u

∂ λ1∂ λ2λ3
(0,0,0)− 1

8

h
− u(P1) + u(P2)− u(P3)

+ u(P4) + u(P5)− u(P6) + u(P7)− u(P8)
i«

:=
6

hx
i
h

y

j
hz

k

I3(u). (3.14)

As a linear functional of u ∈ H5(Ω), I3(u) satisfies |I3(u)| ≤ C‖u‖3,∞,bE . In addition,

H5(bE) ,→ C3(bE). Hence, |I3(u)| ≤ C‖u‖5,bE . A straightforward calculation shows I3(u) ≡ 0

for u = λ
γ1
1 λ

γ2
2 λ

γ3
3 , γ1 + γ2 + γ3 ≤ 4. By Bramble-Hilbert Lemma, |I3(u)| ≤ C |u|5,bE. By an

integral transformation, noting that E is a quasi-uniformly regular element, we have

|I3(u)| ≤ Chx
i h

y

j
hz

kh
1
2 |u|5,E .

Substitute the estimate into (3.14), then (3.13) holds. �

By Lemmas 3.2-3.5, it is easy to obtain the estimates of L1, L2, L3 and L4, which are

L1 =
1

2∆t

h
|‖en|‖20,h− |‖en−1|‖20,h

i
, L2 ≥

1

4

����
en + en−1

2

����
2

1,h

, (3.15)

L3 =
∆t

8

∑

i, j,k

h
en

i jkDi jk(e
n)− en−1

i jk
Di jk(e

n−1)
i

, (3.16)

L4 =
∆t2

16

∑

i, j,k

h
en

i jk
Wi jk(e

n)− en−1
i jk

Wi jk(e
n−1)

i
. (3.17)
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Now we estimate T1, T2 and T3. For T1, by (3.6), we have

|T1| ≤ C







en + en−1

2








2

0,h

+ C

∫

Ω

�
R

n− 1
2

1

�2

dV.

Noting that (2.4), further using Hölder inequality for the above inequality, we obtain

|T1| ≤ C







en+ en−1

2








2

0,h

+ C∆t3

∫ tn

tn−1

�����
∂ 2u

∂ t2

�����

2

2,Ω

d t. (3.18)

By the formula

un+ un−1

2
=

1

∆t



∫ tn

tn−1

ud t +

∫ tn

tn−1

∂ u

∂ t

�
t − tn + tn−1

2

�
d t


 ,

R
n− 1

2
2 can be rewritten as

R
n− 1

2
2 =− 1

∆t

∫ tn

tn−1

∫

Vi jk

∂ (u−πu)

∂ t
dV d t − 1

∆t

∫ tn

tn−1

Bi jk(u−πu)d t

− 1

∆t

∫ tn

tn−1

Bi jk

�
∂ (u−πu)

∂ t

��
t − tn + tn−1

2

�
d t.

Thus, by (3.6) and Lemma 3.6, using Cauchy-ε inequality, we have

|T2| ≤C







en + en−1

2








2

0,h

+
Ch4

∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

2,Ω

d t + ε

�����
en + en−1

2

�����

2

1,h

+
Ch4

∆t

∫ tn

tn−1

|u|23,Ω d t + Ch4∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

3,Ω

d t. (3.19)

From (2.8), we can rewrite T3 = T31 + T32 + T33 + T34, where

T31 =
∆t

4

∑

i, j,k

en
i jk
+ en−1

i jk

2

∫ tn

tn−1

Di jk

�
∂ (πu− u)

∂ t

�
d t,

T32 =
∆t

4

∑

i, j,k

en
i jk
+ en−1

i jk

2

∫

Vi jk

∫ tn

tn−1

�
∂ 5u

∂ x2∂ y2∂ t
+

∂ 5u

∂ y2∂ z2∂ t
+

∂ 5u

∂ z2∂ x2∂ t

�
d tdV,

T33 =
∆t2

8

∑

i, j,k

en
i jk
+ en−1

i jk

2

∫ tn

tn−1

Wi jk

�
∂ (πu− u)

∂ t

�
d t,

T34 =
∆t2

8

∑

i, j,k

en
i jk
+ en−1

i jk

2

∫

Vi jk

∫ tn

tn−1

∂ 7u

∂ x2∂ y2∂ z2∂ t
d tdV.
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T31 is estimated by Lemma 3.7 and T32 is directly estimated, then

|T31|+ |T32| ≤ C∆t3

∫ tn

tn−1

����
∂ u

∂ t

����
2

4,Ω

d t + C







en + en−1

2








2

0,h

. (3.20)

By Lemma 3.5, we have

T33 =
∆t2

8

∫ tn

tn−1

∑

E∈Qh

∂ 3

∂ x∂ y∂ z

�
en + en−1

2

�
∂ 4(πu− u)

∂ x∂ y∂ z∂ t
hx

i h
y

j
hz

k
d t.

By Lemma 3.8, using inverse estimate and Cauchy-ε inequality, we have

|T33| ≤ C∆t5

∫ tn

tn−1

����
∂ u

∂ t

����
2

5,Ω

d t + ε

�����
en + en−1

2

�����

2

1,h

. (3.21)

It is directly estimated for T34,

|T34| ≤ C∆t5

∫ tn

tn−1

∫

Ω

�
∂ 7u

∂ x2∂ y2∂ z2∂ t

�2

dV d t + C







en + en−1

2








2

0,h

. (3.22)

From (3.20)-(3.22), we have

|T3| ≤C∆t3

∫ tn

tn−1

����
∂ u

∂ t

����
2

4,Ω

d t + C







en+ en−1

2








2

0,h

+ ε

�����
en + en−1

2

�����

2

1,h

+ C∆t5



∫ tn

tn−1

����
∂ u

∂ t

����
2

5,Ω

d t +

∫ tn

tn−1

∫

Ω

�
∂ 7u

∂ x2∂ y2∂ z2∂ t

�2

dV d t


 . (3.23)

By the estimates of Ll (l = 1,2,3,4) and Tl (l = 1,2,3), we have

1

2∆t

h
|‖en|‖20,h− |‖en−1|‖20,h

i
+

1

4

�����
en + en−1

2

�����

2

1,h

+ L3 + L4

≤ C







en+ en−1

2








2

0,h

+ ε

�����
en + en−1

2

�����

2

1,h

+
Ch4

∆t

∫ tn

tn−1

 ����
∂ u

∂ t

����
2

2,Ω

+ |u|23,Ω

!
d t

+ C∆t3

∫ tn

tn−1




�����
∂ 2u

∂ t2

�����

2

2,Ω

+

����
∂ u

∂ t

����
2

4,Ω


 d t + Ch4∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

3,Ω

d t

+ C∆t5



∫ tn

tn−1

����
∂ u

∂ t

����
2

5,Ω

d t +

∫ tn

tn−1

∫

Ω

�
∂ 7u

∂ x2∂ y2∂ z2∂ t

�2

dV d t


 . (3.24)
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In (3.24), take ε ≤ 1
4
, multiply by 2∆t and add for n, note that (3.5), (3.8), (3.9), (3.16)

and (3.17), then discrete Gronwall Lemma implies

‖en‖20,h+

p
2∆t2

4










∂ 2en

∂ x∂ y








2

0,h

+







∂ 2en

∂ y∂ z








2

0,h

+







∂ 2en

∂ z∂ x








2

0,h


+
p

2∆t2

4







∂ 3en

∂ x∂ y∂ z








2

0,h

≤ Ch4∆t2

∫ tn

0

����
∂ u

∂ t

����
2

3,Ω

d t + Ch4

∫ tn

0

 ����
∂ u

∂ t

����
2

2,Ω

+ |u|23,Ω

!
d t

+ C∆t4

∫ tn

0

�����
∂ 2u

∂ t2

�����

2

2,Ω

d t + C∆t4

∫ tn

0

����
∂ u

∂ t

����
2

4,Ω

d t

+ C∆t6



∫ tn

0

����
∂ u

∂ t

����
2

5,Ω

d t +

∫ tn

0

∫

Ω

�
∂ 7u

∂ x2∂ y2∂ z2∂ t

�2

dV d t


 . (3.25)

From the fact that ‖u− πu‖0 ≤ Ch2|u|2 for piecewise trilinear interpolation, we have by
(3.25) and Lemma 3.1

‖un − un
h‖0 ≤ C(∆t2 + h2). (3.26)

The above discussion can be summarized as follows.

Theorem 3.1. Assume that f (x , y, z, t) is sufficiently smooth and u ∈ H2(0, T ; H1
0(Ω) ∩

H6(Ω)) is the solution to Eq. (2.1) with (2.2). Then the solution uh of alternating direction

finite volume element scheme (2.9) converges to u with respect to L2 norm and the error is

estimated by (3.26).

The LOD scheme (2.18)-(2.20) can be estimated analogously. Now we consider the
convergence of scheme (2.13)-(2.15) with (2.16). Let ξn = en − 2en−1 + en−2. We know
the error equation of (2.13)-(2.15) with (2.16) is

∫

Vi jk

en − en−1

∆t
dV +

1

2
Bi jk(e

n+ en−1) +
∆t

4
Di jk(ξ

n) +
∆t2

8
Wi jk(ξ

n)

=

∫

Vi jk

R
n− 1

2
1 dV + R

n− 1
2

2 + R
n− 1

2
4 , (3.27)

where

R
n− 1

2
4 =

∆t

4
Di jk

�
πun− 2πun−1 +πun−2

�
+
∆t2

8
Wi jk

�
πun− 2πun−1 +πun−2

�
. (3.28)

Denote by dt e
n = (en− en−1)/∆t, multiply dt e

n
i jk

on the two sides of (3.27) and add from
1 to Nx − 1, Ny − 1 and Nz − 1 for i, j and k, respectively. Denote the terms of the left
hand side of the result by eL1, eL2, eL3, eL4 and the terms of right hand side by eT1, eT2, eT3,
sequentially. From Lemma 3.2 and Lemma 3.3, we have

eL1 = |‖dte
n|‖20,h ≥

1

8
‖dt e

n‖20,h, eL2 =
1

2∆t

�
ah(e

n, en)− ah(e
n−1, en−1)

�
.
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It is easy to prove for ∀ a1, a2, b1, b2

�
a1, a2

��3 1
1 3

��
a1 − b1

a2 − b2

�

≥ 1

2

�
a1, a2

��3 1
1 3

��
a1

a2

�
− 1

2

�
b1, b2

��3 1
1 3

��
b1

b2

�
. (3.29)

By (3.29), from the proof of Lemma 3.4, we have

eL3 ≥
∆t2

8

∑

i, j,k

�
(dt e

n)i jkDi jk(dt e
n)− (dte

n−1)i jkDi jk(dt e
n−1)

�
.

From Lemma 3.5, we have

eL4 ≥
∆t3

16










∂ 3dt e

n

∂ x∂ y∂ z








2

0,h

−






∂ 3dt e

n−1

∂ x∂ y∂ z








2

0,h


 .

Analogous to the estimates of T1 and T2, by inverse estimate, we have

|eT1| ≤ε


dt e

n


2

0,h+ C∆t3

∫ tn

tn−1

�����
∂ 2u

∂ t2

�����

2

2,Ω

d t,

|eT2| ≤ε


dt e

n


2

0,h+
Ch4

∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

2,Ω

d t

+
Ch2

∆t

∫ tn

tn−1

|u|23,Ω d t + Ch2∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

3,Ω

d t.

Using the formula

un − 2un−1+ un−2 =

∫ tn

tn−1

∂ 2u

∂ t2 (t
n − t)d t +

∫ tn−1

tn−2

∂ 2u

∂ t2 (t − tn−2)d t,

we can rewrite
eT3 = eT31 + eT32 + eT33 + eT34,

where

eT31 =
∆t

4

∑

i, j,k

dt e
n
i jk



∫ tn

tn−1

Di jk

�
∂ 2(πu− u)

∂ t2

�
(tn − t)d t

+

∫ tn−1

tn−2

Di jk

�
∂ 2(πu− u)

∂ t2

�
(t − tn−2)d t


 ,
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eT32 =
∆t

4

∑

i, j,k

dt e
n
i jk



∫

Vi jk

∫ tn

tn−1

�
∂ 4ut t

∂ x2∂ y2 +
∂ 4ut t

∂ y2∂ z2 +
∂ 4ut t

∂ z2∂ x2

�
(tn − t)d tdV

+

∫

Vi jk

∫ tn−1

tn−2

�
∂ 4ut t

∂ x2∂ y2 +
∂ 4ut t

∂ y2∂ z2 +
∂ 4ut t

∂ z2∂ x2

�
(t − tn−2)d tdV


 ,

eT33 =
∆t2

8

∑

i, j,k

dt e
n
i jk



∫ tn

tn−1

Wi jk

�
∂ 2(πu− u)

∂ t2

�
(tn − t)d t

+

∫ tn−1

tn−2

Wi jk

�
∂ 2(πu− u)

∂ t2

�
(t − tn−2)d t


 ,

eT34 =
∆t2

8

∑

i, j,k

dt e
n
i jk



∫

Vi jk

∫ tn

tn−1

∂ 8u

∂ x2∂ y2∂ z2∂ t2
(tn − t)d tdV

+

∫

Vi jk

∫ tn−1

tn−2

∂ 8u

∂ x2∂ y2∂ z2∂ t2 (t − tn−2)d tdV


 .

By Lemma 3.7 and Hölder inequality, we have

|eT31|+ |eT32| ≤ ε


dt e

n


2

0,h+ C∆t5

∫ tn

tn−2

�����
∂ 2u

∂ t2

�����

2

4,Ω

d t.

Without loss of generality, assume that

∆t = O (h).

By Lemma 3.8 and inverse estimate, we have

|eT33| ≤ C∆t
7
2

��dt e
n
��
1,h



∫ tn

tn−2

�����
∂ 2u

∂ t2

�����

2

5,Ω

d t




1
2

≤ ε


dt e

n


2

0,h+ C∆t5

∫ tn

tn−2

�����
∂ 2u

∂ t2

�����

2

5,Ω

d t.

It is directly estimated for eT34, we have

|eT34| ≤ C∆t7

∫ tn

tn−2

∫

Ω

�
∂ 8u

∂ x2∂ y2∂ z2∂ t2

�2

dV d t + ε


dt e

n


2

0,h .
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From the estimates of eL1, eL2, eL3, eL4 and eT1, eT2, eT3l (l = 1,2,3,4), we have

1

8
‖dt e

n‖20,h+
1

2∆t

�
ah(e

n, en)− ah(e
n−1, en−1)

�

+
∆t3

16










∂ 3dt e

n

∂ x∂ y∂ z








2

0,h

−






∂ 3dt e

n−1

∂ x∂ y∂ z








2

0,h




+
∆t2

8

∑

i, j,k

�
(dte

n)i jkDi jk(dte
n)− (dt e

n−1)i jkDi jk(dt e
n−1)

�

≤ ε


dt e

n


2

0,h+
Ch4

∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

2,Ω

d t +
Ch2

∆t

∫ tn

tn−1

|u|23,Ω d t

+ Ch2∆t

∫ tn

tn−1

����
∂ u

∂ t

����
2

3,Ω

d t + C∆t3

∫ tn

tn−1

�����
∂ 2u

∂ t2

�����

2

2,Ω

d t + C∆t5

∫ tn

tn−2

�����
∂ 2u

∂ t2

�����

2

4,Ω

d t

+ C∆t5

∫ tn

tn−2

�����
∂ 2u

∂ t2

�����

2

5,Ω

d t + C∆t7

∫ tn

tn−2

∫

Ω

�
∂ 8u

∂ x2∂ y2∂ z2∂ t2

�2

dV d t. (3.30)

In (3.30), taking ε≤ 1
8
, multiplying by 2∆t and adding from 2 to n, noting that (3.7) and

(3.8), we have

|en|21,h+
∆t3

2










∂ 2dt e

n

∂ x∂ y








2

0,h

+







∂ 2dt e

n

∂ y∂ z








2

0,h

+







∂ 2dt e

n

∂ z∂ x








2

0,h


+

∆t4

2







∂ 3dt e

n

∂ x∂ y∂ z








2

0,h

≤ 4|e1|21,h+∆t3










∂ 2dt e

1

∂ x∂ y








2

0,h

+







∂ 2dt e

1

∂ y∂ z








2

0,h

+







∂ 2dt e

1

∂ z∂ x








2

0,h


+

∆t4

2







∂ 3dt e

1

∂ x∂ y∂ z








2

0,h

+ Ch4

∫ tn

t1

����
∂ u

∂ t

����
2

2,Ω
d t + Ch2

∫ tn

t1


|u|23,Ω +∆t2

����
∂ u

∂ t

����
2

3,Ω


 d t + C∆t4

∫ tn

t1

�����
∂ 2u

∂ t2

�����

2

2,Ω

d t

+ C∆t6

∫ tn

0




�����
∂ 2u

∂ t2

�����

2

4,Ω

+

�����
∂ 2u

∂ t2

�����

2

5,Ω


 d t + C∆t8

∫ tn

0

∫

Ω

�
∂ 8u

∂ x2∂ y2∂ z2∂ t2

�2

dV d t.

(3.31)

Because u1
h

is computed by iteration method, we can assume

|e1|1,h ≤ C(h+∆t2).

From the fact that |u− πu|1 ≤ Ch|u|2 for trilinear interpolation, we have by (3.31) and
Lemma 3.1

|un− un
h|1,Ω ≤ C1h2 + C2h+ C3∆t2 + C4∆t3 + C5∆t4. (3.32)
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The fourth and fifth terms of the right hand side of inequality (3.32) represent the pertur-
bation errors, from which we know the splitting error of scheme (2.13)-(2.15) with (2.16)
are least third-order accurate with respect to ∆t. The above argument can be stated as the
following theorem.

Theorem 3.2. Suppose that u ∈ H2(0, T ; H1
0(Ω) ∩ H6(Ω)) is the solution of equation (2.1)

with (2.2). Then the solution uh of scheme (2.13)-(2.15) with (2.16) converges to u with

respect to H1 semi-norm on condition that ∆t = O (h) and the error is estimated by (3.32).

Because scheme (2.13)-(2.15) with (2.17) is just a simple one of scheme (2.13)-(2.15)
with (2.16) by dropping a third-order perturbing term, Theorem 3.2 also holds for scheme
(2.13)-(2.15) with (2.17).

4. Numerical examples

In this section, we give two numerical examples to illustrate the effectiveness of the

schemes in this paper. For convenience, we denote scheme (2.13)-(2.15) with Gn− 1
2 =

Γn− 1
2 by scheme 1, scheme (2.13)-(2.15) with (2.16) by scheme 2, scheme (2.13)-(2.15)

with (2.17) by scheme 3 and scheme (2.18)-(2.20) by scheme 4, respectively.

Example 4.1. In (2.1)-(2.2), let Ω = [0,1]3 and the exact solution to (2.1)-(2.2) is cho-
sen to be u = sin 2πt sin 2π(x + y + z). The source term f (x , y, z, t) and the initial and
boundary conditions are obtained based on the exact solution.

Giving a uniform partition for Ω with hx = hy = hz = h and using ∆t = h

2
, we compute

the example by schemes 1,2,3,4 until T = 1. The maximum discrete L2 norm errors,
defined by Eu0,h =maxn ‖un − un

h
‖0,h, and CPU times are shown in Table 1.Table 1: Eu0,h and CPU times (se
ond) 
omputed by s
hemes 1,2,3 4 in Example 4.1.

Scheme 1 Scheme 2 Scheme 3 Scheme 4
Eu0,h Time Eu0,h Time Eu0,h Time Eu0,h Time

h= 1
40

5.55E-3 2.4 1.10E-4 3.15 4.83E-4 3.06 2.82E-2 1.86

h= 1
80

1.34E-3 40.9 8.30E-5 51.3 1.02E-4 50.3 3.99E-3 35.1

h= 1
160

3.27E-4 741.6 2.74E-5 915.5 2.85E-5 897.3 8.08E-4 615.5

Table 1 shows that the perturbation errors sometimes may be so large that the two-level
alternating direction schemes are not accurate as theoretical analysis. The shortcoming
could be overcome in some extent by schemes 2 and 3. As for the CPU times of the
four schemes costing, scheme 4 costs least CPU times because it does not compute tensor
products. On the other hand, because scheme 4 adds more perturbation terms, it is not
accurate as other three schemes.

Example 4.2. In (2.1)-(2.2), let Ω = [0,1]3 and the exact solution to (2.1)-(2.2) is chosen
to be u= exp(−3t) sin(x + y + z), hence f = 0.
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Giving a uniform partition for Ω with hx = hy = hz = h and using ∆t = h, we compute
the example by schemes 1,2,3,4 until T = 1. The maximum discrete L2 norm errors Eu0,h

and CPU times are shown in Table 2.Table 2: Eu0,h and CPU times (se
ond) 
omputed by s
hemes 1,2,3 4 in Example 4.2.
Scheme 1 Scheme 2 Scheme 3 Scheme 4

Eu0,h Time Eu0,h Time Eu0,h Time Eu0,h Time
h= 1

25
3.16E-6 0.19 8.14E-5 0.27 8.04E-5 0.28 1.07E-5 0.16

h= 1
50

8.42E-7 3.06 1.82E-5 4.13 1.81E-5 4.06 2.68E-6 2.54

h= 1
100

2.17E-7 52.9 4.38E-6 68.0 4.37E-6 66.6 6.71E-7 47.6

Table 2 tells us when the perturbation errors are relatively small, scheme 1 and scheme
4 could get satisfactory results and scheme 4 is the fastest one of the four schemes.

Further denote numerical convergence order by r = log2(Eu0,h/Eu0,h/2). Observing
Tables 1 and 2, we know r ≈ 2 for each scheme, which illustrates all the schemes are
second-order accurate with respect to discrete L2 norm.
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