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Abstract. We consider in this paper numerical approximation of the linear Fluid-
Structure Interaction (FSI). We construct a new class of pressure-correction schemes
for the linear FSI problem with a fixed interface, and prove rigorously that they
are unconditionally stable. These schemes are computationally very efficient, as
they lead to, at each time step, a coupled linear elliptic system for the velocity and
displacement in the whole region and a discrete Poisson equation in the fluid region.
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1. Introduction

Fluid-Structure Interaction (FSI) plays an important role in many scien-
tific/engineering applications, e.g., design of engineering systems, blood flow in hu-
man arteries, etc. It has been extensively studied in recent years both analytically and
computationally (cf. [5,7,9,14] and the references therein).

The fluid velocity, pressure and structure displacement in the FSI problems are cou-
pled together, making it difficult to solve numerically. For fluid problems, an effective
approach to decouple the computation of the pressure from that of the velocity is to
use a so-called projection type method, originally proposed by Chorin and Temam in
the late 60’s. A comprehensive review on various projection type methods can be found
in [12]. However, a main difficulty in the design of a projection method is what bound-
ary condition to use for the pressure at the interface. It is well known that a proper
boundary condition, at the Dirichlet part of the boundary, for the pressure Poisson
equation in a projection type method is the homogeneous Neumann boundary condi-
tion. Indeed, most existing projection type schemes (cf., for instance, [1, 3, 10]) for
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FSI problem also use, explicitly or implicitly, Neumann type boundary condition for
the pressure Poisson equation at the Dirichlet part of the boundary as well as at the
interface. However, imposing a Neumann type boundary condition for the pressure at
the interface appears to affect, in certain degree, the stability of the scheme, and we
are not aware of any proof of unconditional stability for this type of projection scheme
for the FSI problem, although a conditional stability has been proven in [10].

In [11], the authors proposed and analyzed pressure-correction projection schemes
for Navier-Stokes equations with open boundary where the usual stress-free bound-
ary condition is applied. It is shown that the proper boundary condition at the open
boundary is of Dirichlet type instead of Neumann type. Two schemes are constructed
in [11]. One is based on the standard pressure-correction which leads to poor accuracy
at the open boundary, the other is based on the rotational pressure-correction and with
a proper Dirichlet boundary condition at the open boundary. It is shown in [11] that
both the standard and rotational pressure-correction projection schemes, when applied
to the time-dependent Stokes problem, are unconditionally stable, but the rotational
version leads to much better accuracy. Since one of matching interface condition for
the FSI problem is related to the stress, it is sensible to extend the approach in [11] for
problems with open boundary to the FSI problem.

In this paper, we shall construct a different class of projection semi-implicit schemes
which decouple the computation of pressure from that of the velocity and structure dis-
placement. Our schemes are computationally very efficient. More precisely, in the first
step of our schemes, we solve a coupled, but elliptic, system for an intermediate fluid
velocity and the structure displacement, then in the second step, we solve a Poisson
equation for the fluid pressure and obtain the fluid velocity with a simple correction.
Furthermore, we shall also prove rigorously that these schemes are unconditionally
stable.

To illustrate the idea, we consider in this paper a simple model of the FSI problem
where the movement of the interface is assumed infinitesimal so the interface is treated
as fixed. This linear FSI problem captures many of the essential difficulties of the more
general FSI problems with moving interface.

The rest of the paper is organized as follows. In the next section, we describe
the governing equations for our FSI model, formulate its weak form and the energy
dissipation law. In Section 3, we construct standard and rotational pressure-correction
scheme for the FSI problem, and prove their unconditional stability. Then, in Section 4,
we describe a Fourier-Legendre method for a special case when the domain is a periodic
channel. We present some numerical results in Section 5 to validate our numerical
schemes and to demonstrate their temporal accuracy. Some concluding remarks are
given in Section 6.

2. Governing equations

We consider the following model for interaction of a viscous fluid with an elastic
body in a two- or three-dimensional bounded domain (2, with the fluid region €2, the
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Fluid region €2y

Structure region €25

Ty

Figure 1: Geometry description for fluid-structure problem.

solid region 2, and the interface I'c, so we have 2 = Q; U Q, UT'.. We also denote
'y =00Q4\I'c and I'y = 0Q,\I'. (cf. Fig. 1).

We assume that the interface undergoes infinitesimal displacements, i.e., I'. is as-
sumed to be fixed. The more complicated situation with moving interface will be con-
sidered in a forthcoming paper.

In the fluid region Qf, we have the Stokes equations:

prus — div e(u) + Vp = py f1, in Qf x(0,7), (2.1a)
div u = 0, in Qf x(0,7), (2.1b)
u=0, on I'yx(0,7), (2.10)
ult=0 = uo, in Qy, (2.1d)

where u denotes the fluid velocity, p the fluid pressure, ug the given initial velocity, f;
the given body force per unit mass, e(u) = §(Vu+ Vu®) the strain tensor, p; and i the
constant fluid density and viscosity.

In the solid region €2, we have the wave equation for linear elasticity:

pswy — div o(w) = psfa, in Qg x(0,7), (2.2a)
w =0, on I'yx (0,7, (2.2b)
w(+,0) = wp, in Q, (2.20)
we(+,0) = wy, in Q, (2.2d)

where w denotes the displacement of the solid, wy and w; the given initial data, and
o(w) the elastic stress tensor, given by

3

al-j(w) = )\Z Ekk(w) + 2#26@'(11)),
k=1

f2 the given loading force per unit mass, A and uy the Lamé constants, and p; the
constant solid density.
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Across the fixed interface I', between the fluid and solid, the velocity and the stress
vector are required to be continuous, i.e.,

wy=u, on I'cx(0,T) (2.3)

and
o(w) - n=¢(u) -n—pn, on I'.x(0,7T), 2.4

where n denotes the outward normal vector along I", w.r.t. Q.
For simplicity, we take in this paper py = ps = 1, fi = fo = 0. We further take A =1
and po = 0 which imply div o(w) = Aw, and the interface condition (2.4) is reduced

to
ow ou

on Ma—n - pn,

In order to derive a weak formulation for (2.1)-(2.2), we need to introduce some

notations. Let us denote by H*(Q2) and H}(Q) (for k& > 0) the standard Sobolev spaces,

equipped with the standard norm | - ||o. In particular, we denote L%(Q2) = H%(Q2)

with the associated norm | - ||. We will use H¥(£2) to denote the vector-valued Sobolev
spaces. We also denote

on I'. x (0,7). (2.5)

Hor, (Q7) = {v e H'(Qy) s v[r, =0},  Hgp (Q) = {ve H(Q) : vfr, = 0}.
Then, a weak solution (u, p,w) for (2.1)-(2.2) will satisfy

(ut, p)a; + (WVu, Vo)a, — (p,dive)q,

ou
+ <'u8_n — pn, 90> . =0, Yo € H(l)If(Qf), (2.6a)
(diVu7Q)Qf = O, vq c L2(Qf)7 (26b)
0
(wn.¥)a, + (Vu, Ve)a, = (Go.0) =0, ¥ e Hpr, () (2.60

with the interface conditions (2.3) and (2.5) on T'..
We can reformulate the above, using (2.5), to:

(ur + (v - V)u, 0)a, + (1Vu, Vo)a, — (p,divp)e,
ow
+(5m%),. =0 Vi € Hip (), (2.7a)
(divu, q)a, =0, Vg € L*(Qy), (2.7b)

(e, Vo, + (Yo, V), — (220) =0, v e Hyp (), 270

r.

with v = w; on the interface I'...
Setting ¢ = w,¢ = w; in (2.7a) and (2.7c), and summing up the two resultant
equations, we obtain

1 1 1
ftll?ﬂléf +pllVullg, + §5tIIUJtII?zf + §3tHVwH52)S =0,
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or equivalently
0c { ully, + el + Vi, } = —2ulvullf, <0, 2:8)

where
E(u,w,wy) := ||ulldy, + [weld, + [Vwld, (2.9)

is the total energy of the FSI system.

Thus, the well posedness of the system (2.7) can be easily established by using a
standard procedure. In fact, the well posedness of a related nonlinear system, with the
Stokes equations (2.1) replaced by the Navier-Stokes equations, is studied in [17].

In [6], the authors studied a semi-discrete (in space) finite-element method for
the linear FSI problem with a fixed interface. On the other hand, we shall be mainly
concerned with semi-discrete (in time) projection type schemes.

3. Time discretization

For FSI problems, it is very important to design numerical schemes which have
good stability property. Usually, this is achieved by fully coupled, implicit schemes
which require solving, at each time step, a coupled saddle-point system.

We construct in this section time discretization schemes based on standard and
rotational pressure-correction approach for (2.7). These schemes are unconditionally
stable, and lead to, at each time step, a coupled, linear elliptic system in € and a
pressure Poisson equation in §2;, which can be efficiently solved by standard numerical
methods. The stability analysis for each scheme is carried out in this section.

3.1. Standard pressure-correction scheme

We first construct a first-order scheme for the FSI problem based on the standard
pressure-correction scheme for Navies-Stokes problem with open boundary condition
[11]:

Step 1: Given (u™,p", w"), compute "1 € H} r,(©2y) and w"tt e Hj - () by
solving

,L~Ln+1 —un 1 . 8wn+1
< At 7(70> Q, + (,MVU 7V(10)Qf - (p 7d1VSD)Qf + (T? (10> r, - 07 (313)
n+1 _ ,,n
ﬂn+l = %, on Pc; (31b)
wn+1 — 2w + wn—l . awn-l—l
< At2 ’1/})9. (Vo™ Ve, - ( On ’¢>F. =0, (3.1¢)

for all ¢ € Hé,rf(Qf) and ¢ € Hyp ().
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This is a coupled, linear elliptic system for ("', w"*!), with the coupling condition
at the interface I'.. Hence, it can be efficiently solved, for example, by a standard
domain decomposition approach (cf., for instance, [20, 22]).

Step 2: Compute u" ! € H'(Qy) and p"™! € H'(€) by solving
n+1l _ ,&n—l-l
At
divu™ =0, in Qy, (3.2b)

T nr, =0 and ", = p"r,. (3.20)

4 LV - =0, (3.2a)

We observe that a Dirichlet boundary condition is imposed for p”*! on the interface I'.,
as opposed to the usual Neumann boundary condition in a pressure-correction formula-
tion. This is due to the interface condition (2.5) which is similar to the open boundary
condition considered in [11].

We denote Hjr () = {¢ € H'(Q) : qlr, = 0}. Then, the above system is
equivalent to: Find (p"*' — p") € Hjp (Qy) such that

1 n
(V" =p"), V) = == (V-@""q), Vg€ Hyr (Qy), (3.32)
un—l—l — an—l—l _ AtV(pn—H _ pn)' (33]3)

Hence, we only have to solve a Poisson equation at this step.
For the above scheme, we have the following result:

Theorem 3.1. The scheme (3.1)-(3.3), with p°|r, = 0, is unconditionally stable. More
precisely, if we define the discrete energy

E™ = [[u”|| + [[6:w™|I* + V™[> + (D)2 Vp" ||,
then we have, for all n > 0,
EM — B [a" ! — | 4 2u At | VA2 A |07 w™ P + A2 V(S [P < 0.

Proof. To simplify the notations, we define, for any sequence {«*}, the discrete time

. . 7L+1 L un+1_un 2 n+1 L 6tun+1_6tun . un+1_2un+un71
derivatives §;u" " 1= “—="- and dju" " = AL = N .
Taking ¢ = 2a"*! in (3.1a), ¢ = 26;w" ! in (3.1c), and taking the inner product of

(3.2a) with ¢ = 2AtVp"™, then summing up the three relations, we obtain:

1 U 7 -~ . ~
S 2 = 2 4 = a2+ 2] O - 207, div i,
1
et L e 2 L

1
+ o UV 2 = [V ||* 4+ A2 Vo™ 7} = 0. (3.4
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Rewrite (3.2a) as

n+1 ~n+1

+ AVt = :L/—A_t NN (3.5)

u

VA

Taking inner product with itself from both sides and integrating by parts, thanks to
p"|r, = 0 for all k (due to p°|r, = 0), and @"*! - n|p, = 0 = u™*! - n|p,, we obtain

a1 2 el
——— + At VD"|]? - 2(p", divi" g

1 n+1(2 112
— At||Vpr T2 =
[ + At V" N

N, (3.6)

;e
Summing up (3.4) and (3.6), we obtain

1 _ i
g U = Pl — w2} + 2p] VA

1 n n n n
+ E{Hétw 2 = o™ || + (|60t — Gw™]|*}
1
+ E{HVW"HHZ — [[Vw™||? + A2 Vw™ 1P} + At{| Vp™ 12 = [|[Vp"|*} = 0,

which implies the desired result. O

Due to the artificial Dirichlet boundary condition for the pressure, p"*!|r, = p"|p, =
--- = 0, the pressure approximation has a poor accuracy which can not be improved
by using a higher-order discretization. In fact, it is shown in [11] that the L?-error of
the pressure approximation converges at the rate of 3. Hence, in order to construct an
improved scheme, one needs to resort to the rotational pressure-correction (cf. [11]).

3.2. Rotational pressure-correction scheme

The main difference between the standard and rotational pressure-correction
schemes is in the computation of the pressure update. The first step is still the same:

Step 1: Given (u™, v", w", p"), compute 7" € Htl)rf(Qf) and w" ! € Hyp (9s)
by solving

,L~Ln+1 —un . - 8wn+1
( A7 '7‘P>Qf + (uVa +1,V<P)Qf — (p",divp), + (T,go)h =0, (3.7a)
n+1 _ ,,n
,[Ln-i-l _ w I~ w ’ on I‘C’ (3.7b)
w”+1 —uw™ + ,wn—l " awn+1
( N 71/1>Q + (Va1 Vg, — ( n n/z)r =0, (3.7¢)

forall € Hyp () and v € Hy . (2).
In the second step, we modify (3.3) as follows:
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Step 2: Compute v € H*(Q2f) and p"*™' € H'(Q;) by solving
(un—i-l _ ﬂn-i-l)
At
divu™tt =0, in Qy, (3.8b)

u" n|p, = 0 and p" e, = (" — Audiva™™)|r,, (3.80)

+ V(p" Tt —p" + Audiva" ) =0, in Qy, (3.8a)

where \ € (0, %) (with d being the space dimension) is a preselected parameter. We
note that when A = 0, the scheme is reduced to the standard pressure-correction
scheme.

We observe that, thanks to the additional term Audiva™*! in (3.8a), we have an im-
proved pressure B.C. p"*!|p, = (p" — Audivi®*!)|r,. On the other hand, the numerical
procedure for the two schemes are essentially identical.

Theorem 3.2. The scheme (3.7)-(3.8), with p°|r, = 0, is unconditionally stable. More
precisely, if we define the discrete energy as

Y-
(W™ — w2+ [ Vo2 + (| Vg T+ 25 | divin |2,

En+1 Py n+1(2
[[0¢u™ (|7 + At

5l
then we have
E™ — B |16, (@™ T — u™) |2 4 |6 (w™ T = 20™ + w2
+ A |V (w™™ —w™)||? + (2 — d\)Atp|| Va2 < 0.
Proof. Taking the §; operator on system (3.7), we have

(5@”“ — Spul

~n+1
N ,cp) o, + (uVou" ", Vo)a,

n o 1: 85tw"+1 .
— (6", div)q, + (T’QD)FC =0, (3.92)
n+1 _ n
5tﬂn+l - W, on FC) (3.9b)
Spw™ T — 26;w™ + S 1 86, w1
( - W), (Vi Vo), - (F5— ) =0 390

Setting o = 2At6; @™ in (3.9a) and v = 2(§;w" ! — §;w™) in (3.9¢), and summing up
the two resulting equalities, we have

0 :H(Stfm+1H2 _ Hétu””2 + ”5t(ﬂn+1 _ un)H2 + 2NAtHV5tﬂn+1H2
1 - n n n—
+ 2z U0 (w™h = w™) [ = [0p(w" — w7 + (|6 (w" T = 20" + w7 P}

+ Vo™ P — || Vo™ |* + V6 (w T — w™)||?
— 20t(6,p", divé, i )q, . (3.10)
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Next we shall use Eq. (3.8) to deal with the term 2At(8;p", divéa" 1 )q
Taking §; operator on system (3.8), we have

£

5tun+1 _ 5tan+1

~ +Vég"™ =0, in Qy, (3.11a)
div §;u"™ =0, in Qy, (3.11b)
Sutt. nr, =0 and ", =0, (3.110)

where ¢" = p"t! — p" + Audiva™ L.
Rewrite (3.11a) as

Su" 4 Vgt = 50" + Vg, in Q.

Taking the inner product with itself from both sides and integrating by parts, thanks to
¢"|r, = 0 for all k (due to ¢°|r, = 0), and §;a"+! - njr, =0 =6u"""  nlr,, we obtain

5™ P+ [Vg" P = (6@ P + Vg™ |? = 2( div 6™, ¢, (3.12)
Since ¢" = Atop™ + Audiva™, we have
—2(div &,a"*, q")q,
= —2(div @™, Atop™ + Audivi™)g,
A
— —2At(div §@" 6", + K‘;( div (@" — @), 2divi")q,
A
= — 2A¢t( div 6", 6,p")q, + K‘:(H div @™|)? — || div @+ |?)
+ ApAt|| div 6a" 2. (3.13)

Now using the well-known inequality ||div @"*||? < d||Va™*!||? (with d = 2 or 3 being
the space dimension), and summing up (3.10), (3.12) and (3.13), we obtain

1

m”&(w"“ — 2" + w"_l)||2

En+1 _E" 4 {Hét(ﬂn-H _un)H2 +

V8w — w">||2}

< — {2608V, P — Aulst|| div 6"}
< — (2 = M) pust| Va7,

which implies the desired result. O
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3.3. Extension to a nonlinear FSI problem

The above schemes can be easily extended to deal with the following nonlinear FSI
problem [17]:

up — pAu+ (u-V)u+ Vp =0, in Qf x(0,7), (3.14a)
divu =0, in Qf x(0,7), (3.14b)
wy — Aw = 0, in Qg x(0,7), (3.14¢)

with the boundary condition:

u =0, on I'yx(0,7), (3.15a)
w =0, on I'yx (0,7, (3.15b)
U = wy, on I'.x(0,7), (3.150)
ow ou

an — Man P §(u ‘n)u, on I'.x(0,T) (3.15d)

For example, a rotational pressure-correction scheme for the above system is:

Step 1: Given (u", v", w", p"), compute 7"+ € Hévpf(Qf) and w"t! € H(I)IS(QS)
by solving

(an—i-l —un

K #) g, T VIR, £ (V)T D)a,

" di awn+1 1 n ~n+1 1
—(p 7d1V90)Qf + ( n + i(u ‘n)u ,cp)F =0, Vpe HO,Ff(Qf)7 (3.16a)
n+l _ ,n
it = %, on T, (3.16b)
wn-‘rl — 2™ + wn—l -
(), (T T,
8 n+1
—(F—w), =0, Vo e HL (@), (3.160)

Step 2: Compute v € H*(Q2f) and p"*™' € H'(Q;) by solving
(un—i-l _ ﬂn—i-l)

At
divu"™ =0, in Qy, (3.17b)

u"tonp, =0 and p"Tp, = (p" — Apdiva")|p,, (3.17¢)

+ V(" = p" 4+ Audiva™tt) =0, in Qy, (3.17a)

where A € (0, %) (with d being the space dimension) is a preselected parameter. We
note that (3.16a) implies the following weakly satisfied boundary condition

~n—+1 1
o= (,uau " — _(un . n)ﬂ"'H)

awn—i-l
on p 2

on

e
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which is a consistent approximation to (3.15d).

The above scheme is numerically as efficient as its counterpart for the linear FSI
problem. However, the stability proof of Theorem 3.2 can not be easily extended to the
non-linear case, since an essential step in the proof is to take the discrete time derivative
which leads to complicated nonlinear terms that can not be easily controlled.

4. A Fourier-Galerkin spatial discretization for the case of periodic
channel

As an example, we consider a two-dimensional periodic channel with 2y = (0, 27) x
(0,1), Qs = (0,2m) x (—1,0),s0 Q = (0,27) x (—=1,1), I'y = {(z,y)|x € (0,27),y = 1},
I'. = {(z,y)|z € (0,27),y = 0} and 'y = {(x,y)|z € (0,27),y = —1}. We denote
I, I- ,IbyIt =10,1], I =[-1,0] and I = [—1,1]. We assume that all functions are
periodic in the x-direction.

Let h = (M, N) where M is the number of equally spaced points in the z-direction,
and N + 1 is the number of Legendre-Gauss-Lobatto points in the y direction of Q; and
Q. For simplicity, we have assumed to use the same number of points in the y direction
of Q; and ), while in practice, different number of points can be used. Let Py be the
set of all polynomials of degree less than or equal to N. We set

M/2
X = {vh = Z vk(y)eikm with ’Uk() € Py, vk(l) = O}, Xn = Xp x Xy,
k=—M/2

M2
Wi, = {wh = Y wily)e™ with wi(-) € Py, wi(—1) = 0}> W), = W, x Wy,
k=—11/2

M/2
My, = {Qh = Z gk (y)e™ with gi(-) € PN—1}7
k=—M/2

M = {an € My : qnly—0 = 0}, Y}, = X, + VMY,
X$ ={ve HYI) : v+, v|- € Py, v(=1) =v(1) =0}, X% = X% x X¥%. “4.1)

Then, the Fourier-Legendre-Galerkin approximation of the scheme (3.7)-(3.8) is as fol-
lows:

Step 1. Let v} ™! = §,w)™!, we look for (u}*!, @) € X), x W), such that

awn-ﬁ-l
ot ona, + (Vi Vena, + (= on)

=< fison >q;, Ven € Xp, (4.2a)

aptt =@yttt on T, (4.2b)
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awn-i-l
o Yn)as + BV Vin)a, — B ) |
=<Gh,¥n >q,, Vibp € W, (4.20)
where a = ﬁ,ﬁ = At, and
. owy
< foson >a,= aluy, on)a, + (Ph, diven)a, — ( 8nh7(ph)1“ ; (4.3)
and 8
~n n n w
Step 2. Find ¢! € M} such that
n 1 ~N
(Vort!, Vap)a, = Kt(uhﬂ,v%)ﬂp Van € Mj, (4.5)
and compute v} € Y}, and p}! € M), by
uptt = aptt — Atvertt (4.62)
ot =ph o = AuQpdivag (4.6b)
where @, is a L?-projection operator onto Mj,.
Define
() — aptl(x), if x € Qy,
“h art(x), ifx € Q;
A 1, if xe Qf,
Alx) '_{ 8, if x € Qy;
and

= {ap, € H'(Q) : nlo, € Xp, inlo, € Wi}

Then, we can rewrite (4.2) as: Find @ A"“ € X}, such that

a(@f ™ gn) + (BVAET Vep) =< [l dn >a, + < g dn >a., Yon € Xp. (4.7

Thus, the equation (4.7) can be viewed as a domain-decomposition (with two-domains)
approximation to a linear elliptic problem with discontinuous coefficient 5.
Expand all the functions in discrete Fourier series, e.g.,

M/2

(@t gy = Y. (@), ) gmy)) e (4.8)

m=—M/2
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Then the system (4.7) is reduced to: For m = —M/2,---,0,1,--- ,M/2, find uF! €
X9, such that

~dyn Tl d¢
n+1 m e — (7 n B 0
(ot O+ (B =, 50) = (o Ohrr + (G O VO EXR,  (49)
where
_f a+m? if yeIt,
Am = a+ Bm?, if yel .

Next we construct a set of basis functions for X¥,.
We define, fori =0,1,--- ,N — 2,

Lp(2y — 1) — Li4o(2y — 1), if y € I7,
0, if yel;
0, if yelI",
Li(1+2y) — Lypa(1+29), if yeT-;

Pily) = {
PN-1+i(y) = {

and the basis function at the interface is

~ o 1_y7 ify€I+7
pan-2 = 14y, if yel .

Then
XR/ :Span{(ﬁOa@lf" 7@2]\/—2}- (410)

Then, writing

2N —
(7 Z it D = (7 Gk + (g0 Pr)L
k=0

and taking ¢ = ¢y in (4.9), we can derive the following linear system:

My 0 mi3 Sit 0 si3 U fi
al| 0 My ma3 | + | O Soa  S23 g | =1\ fo |, “4.11)

T T T T 7 r

m3p Mgz M33 S31 932 833 u3 f3
h — s an+l ~n+l ~n+1 T - _ (~n+l ~n+1 An—i-l d —
where u; = (um,O’um,l LA ’um,N—2) > U2 = (um,N—l’um,N7'“ ’ m2N 3) and uz =

utl ,, similarly for fi, fo and fs; M;; and S;; are block mass and stiffness matrices.

We recall that M;; (i = 1,2) are penta-diagonal and S;; (: = 1,2) are diagonal (cf.
[13,21]). So the linear system can be easily solved by the Schur-complement approach.
More precisely, solve first @3 using a block Gaussian elimination, and then solve %, and
ug separately.

It is clear that (4.5) will be reduced to a sequence of one-dimensional problems in
I which can be easily solved by a Legendre-spectral method [21].
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5. Numerical results

To examine the correctness and accuracy of the proposed numerical schemes, we
consider the following non-homogeneous problem

ur — Au+ Vp = f, in Qp x(0,7), (5.1a)
divu = 0, in Qfx(0,7), (5.1b)
wy — Aw = g, in Qs x (0,7), (5.10)

with the boundary condition:

u =0, on I'yx(0,7), (5.2a)
w =0, on I'yx (0,7, (5.2b)
u = w, on I'.x(0,7), (5.20)
ow JOu

T = o —pn + h, on I'.x(0,7), (5.2d)

where Q¢ = (0,27) x (0,1), Q5 = (0,27) x (—1,0) with periodic boundary conditions
in the x-direction.
We set the exact solution to be

u = (—sin(nt) cos(z) sin(y — 1), sin(nt) sin(z)(cos(y — 1) — 1)), (5.32)
p = sin(mt) cos(x) cos(y), (5.3b)
w = (— cos(7t) cos(x) sin(y — 1), — cos(nt) sin(x)(cos(y + 1) — 1)). (5.30)

The functions f, g, h can then be computed accordingly.

We employ the Fourier-Legendre method presented in the last section, and choose
(M, N) large enough so that the errors are dominated by that from the time discretiza-
tion. In the following examples, we choose \ = i, which is a preselected parameter
introduced in (3.8a).

In Fig. 2, we plot evolutions of the L2-errors for the pressure, velocity and displace-
ment with the first-order standard and rotational pressure-correction schemes. We
observe that the rotational scheme provides much better pressure approximation than
the standard scheme.

In Fig. 3 and Fig. 4, we examine the convergence rates for the first-order standard
and rotational schemes. We consider ending time 7' = 2 and vary the step size At. In
Fig. 3, we observe that the (maximum in time) L? errors for the fluid velocity and the
structure displacement in the standard scheme all converge at a rate close to 1, but the
pressure error converges at a rate close to % In Fig. 4, the convergence rate of the fluid
pressure has been improved from order % to almost order 1 in the rotational scheme,
and the fluid velocity and the structure displacement still converge at a rate close to 1.
These results are consistent with the error estimates for the velocity and pressure given
in [11] for Stokes equations with open boundary.
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—displacement standard
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Figure 2: L2-errors of first order standard and rotational schemes.
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Figure 4: (Maximum in time) L-errors of first-order rotational scheme.
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Figure 5: Plots of discrete energy for standard and rotational schemes with time step 0.01.

Next, we examine the energy stability of our schemes by solving the homogeneous
(with f, g and h being zero) FSI problem with the same initial conditions as in the last
example. We compute the discrete energy defined in (3.1) and (3.2), and plot in Fig. 5
the discrete energy for standard and rotational schemes with time step At = 0.01. We
observe that the discrete energy indeed decays monotonically for both schemes.

6. Conclusion

We constructed in this paper standard and rotational pressure correction schemes
for the linear FSI problem with a fixed interface, and proved rigorously that they are
unconditionally energy stable. These schemes are new and fundamental different from
the existing schemes. Besides their unconditional stability, they are also computation-
ally very efficient: at each time step, they lead to (i) a coupled linear elliptic system for
the velocity and displacement, with the coupling conditions at the interface between
the fluid and solid regions, which can be efficiently solved by using a standard domain
decomposition (with two domains) approach; and (ii) a discrete Poisson equation in
the fluid region.

We validated these schemes by using a Fourier-Legendre spatial discretization for
the FSI problem in a periodic channel. In particular, our numerical results indicate that
the convergence rates of the first-order rotational scheme for the velocity, pressure and
displacement in L?-norm are close to order one.

Although we only considered the linear FSI problem with fixed interface, we believe
that the essential approaches used here in constructing our numerical schemes can be
extended to nonlinear FSI problems and/or with moving interface.
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