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Abstract. The goal of this article is to study the boundary layer of Navier-Stokes/Allen-
Cahn system in a channel at small viscosity. We prove that there exists a boundary
layer at the outlet (down-wind) of thickness ν, where ν is the kinematic viscosity. The
convergence in L2 of the solutions of the Navier-Stokes/Allen-Cahn equations to that
of the Euler/Allen-Cahn equations at the vanishing viscosity was established. In two
dimensional case we are able to derive the physically relevant uniform in space and
time estimates, which is derived by the idea of better control on the tangential deriva-
tive and the use of an anisotropic Sobolve imbedding.
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1 Introduction

Consider the incompressible Navier-Stokes/Allen-Cahn system of the form























∂

∂t
−→u ν+(−→u ν ·∇)−→u ν+∇pν =ν△−→u ν−λ∇·(∇vν⊗∇vν),

∇·−→u ν=0,

∂

∂t
vν+(−→u ν ·∇)vν =γ(△vν− f (vν)),

(1.1)

where −→u ν is the velocity field, vν and pν denote the phase function and pressure, ν, λ, γ
and ε are positive constants, representing the kinematic viscosity, the surface tension, the
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mobility and the width of the interface, respectively, and f (x) = 4(x3−x)/ε3. System
(1.1) can be viewed as a phase field model, which describes the motion of a mixture of
two incompressible viscous fluids with the same density and viscosity (see [1])

We are interested in the asymptotic behavior of Navier-Stokes/Allen-Cahn equations
in the channel Ω=(0,L1)×(0,L2)×(0,h) at small viscosity with fluids pumped into the
channel at the top (z= h) and sucked out the channel at the bottom (z= 0), the diffused
interface has no slip on the boundary, i.e., −→u ν = (0,0,−U), vν = 0 (U = constant> 0) at
z=0 and z=h. Hence in this case the boundary which is permeable is non characteristic,
i.e., it is not a stream surface. Throughout this article, we assume that all functions are
periodic in x (with period L1) and in y (with period L2).

With regular initial data, −→u ν=−→u 0, vν=v0 at t=0, and compatibility conditions, strong
solutions globally exist in 2D, but locally in 3D in short time (see for instance [2, 3]).

At the limit case, namely ν=0, Navier-Stokes/Allen-Cahn system formally becomes
the following Euler/Allen-Cahn system:























∂

∂t
−→u 0+(−→u 0 ·∇)−→u 0+∇p0=−λ∇·(∇v0⊗∇v0),

∇·−→u 0=0,

∂

∂t
v0+(−→u 0 ·∇)v0 =γ(△v0− f (v0)),

(1.2)

with initial data
−→u 0=−→u 0, v0=v0 at t=0, (1.3)

and boundary conditions:

−→u 0=(0,0−U) and v0=0 at z=h, u0
3=−U and v0=0 at z=0. (1.4)

We can not expect a convergence result of −→u ν to −→u 0 in the uniform space since they
do no have the same traces on the boundary.

The purpose of this paper is to present explicit boundary layer analysis of the Navier-
Stokes/Allen-Cahn equations in the case when the boundary is non-characteristic. Our
boundary layer analysis is performed in both H1 space and physically more appealing
uniform space. As a consequence we proved that the solutions of Navier-Stokes/Allen-
Cahn equations can be approximated by the that of the Euler/Allen-Cahn equations uni-
formly away from the boundary. Our convergence rate is better controlled than the same
results of the Navier-Stokes equations obtained in [4].

Our motivation is the study of the boundary layer associated with incompressible
flows and the related question of vanishing viscosity (see for instance [4–17] and among
many others).

The article is organized as follows. In Section 2, we show how to choose and construct
the correctors for the Navier-Stokes/Allen-Cahn system. In Section 3, we present the
short time result on the fully nonlinear case. The final section is devoted to L∞ boundary
layer analysis to the nonlinear case in two dimensional space.
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2 Preliminaries and the corrector

Our method to construct the corrector is based on the observation made in Ref. [4]. Utiliz-
ing a stretched coordinates, we discover that to the leading order, the difference between
the solutions of the Navier-Stokes/Allen-Cahn and the Euler/Allen-Cahn system should
satisfy the following Prandtl type equation























−U
∂

∂z

−→
θ ν+∇qν =ν

∂2

∂z2

−→
θ ν,

∇·
−→
θ ν=0,

−→
θ ν=(0,0,−U)−−→u 0 at z=0, h.

(2.1)

We introduce a function set Xm (m∈N) in Ref. [6, 18].

Definition 2.1. We say a function θν∈Xm, if and only if θν∈Hm((0,T)×Ω) and the following
inequalities hold

‖zs∂α
t ∂

β
τ∂

γ
z θν‖L2(0,T)×Ω≤Cνs−|γ|+ 1

2 , (2.2)

and

‖zs∂α
t ∂

β
τ∂

γ
z θν‖L2

t,τ(L1
z)
≤Cνs−|γ|+1, (2.3)

for all s≥0, multi-index α, β, γ satisfying |α|+|β|+|γ|≤m, where −→τ is the simplification of x
and y directions.

Theorem 2.1. ( [18]) If u0|z=0,z=h ∈ Hm+1. Then there exist
−→
θ j, j = 1, 2, 3, 4, such that

−→
θ ν=

−→
θ 1+ν

−→
θ 2,

−→
θ 1∈Xm,

−→
θ 3∈Xm, ‖

−→
θ 2‖Hm +‖

−→
θ 4‖Hm ≤C,























−U
∂

∂z

−→
θ ν+∇qν =ν

∂2

∂z2

−→
θ ν+

−→
θ 3+ν

−→
θ 4,

∇·
−→
θ ν=0,

−→
θ ν=(0,0,−U)−−→u 0 at z=0, h.

(2.4)

Moreover, ‖θ1
3‖L2 ≤Cν

3
2 .

Remark 2.1. If m≥2, it can be deduced that

‖z2 ∂

∂z
θν‖L∞((0,T)×Ω)≤Cν.

Moreover the constant C is linearly dependent on H2 norm of (0,0,−U)−−→u 0|z=0, h. By
the compatibility conditions, we have (0,0,−U)−−→u 0|z=0,z=h=0 at t=0. Then by contin-
uous dependence, we deduce that there exists a T∗

>0 such that C≤1/8.
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Next, consider the adjusted differences:

−→w ν=−→u ν−−→u 0−
−→
θ ν, φν=vν−v0. (2.5)

Hence the differences satisfy

∂

∂t
−→w ν+(−→u ν ·∇)−→w ν+(−→w ν ·∇)−→u 0+(−→w ν ·∇)

−→
θ ν+∇q

=ν△−→w ν−λ∇·(∇vν⊗∇φν)−λ∇·(∇φν⊗∇v0)+−→g ν, (2.6)

∇·−→w ν=0, (2.7)

∂

∂t
φν+(−→u ν ·∇)φν+(−→w ν ·∇)v0 =γ(△φν− f (vν)+ f (v0))−(

−→
θ ν ·∇)v0, (2.8)

−→w ν=0, φν=0 at z=0, h, (2.9)

−→w ν=0, φν=0 at t=0, (2.10)

where

q= pν−p0−qν, (2.11)

−→g ν =ν△−→u 0−
∂

∂t

−→
θ ν−(−→u 0

τ ·∇τ)
−→
θ ν−(u0

3+U)
∂

∂z

−→
θ ν

−(
−→
θ ν ·∇)−→u 0−(

−→
θ ν ·∇)

−→
θ ν−ν△τ

−→
θ ν−

−→
θ 3−ν

−→
θ 4. (2.12)

Denote

−→g 1=−
∂

∂t

−→
θ 1−(−→u 0

τ ·∇τ)
−→
θ 1−(u0

3+U)
∂

∂z

−→
θ 1

−(
−→
θ 1 ·∇)−→u 0−(

−→
θ ν ·∇)

−→
θ 1−ν△τ

−→
θ 1−

−→
θ 3, (2.13)

−→g 2=△−→u 0−
∂

∂t

−→
θ 2−(−→u 0

τ ·∇τ)
−→
θ 1−(u0

3+U)
∂

∂z

−→
θ 2

−(
−→
θ 2 ·∇)−→u 0−ν(

−→
θ ν ·∇)

−→
θ 2−ν△τ

−→
θ 2−

−→
θ 4. (2.14)

Then we have

−→g ν=−→g 1+ν−→g 2, ‖z−→g 1‖L2((0,T)×Ω)≤Cν
3
2 , ‖−→g 2‖L2((0,T)×Ω)≤C.

It is sufficient for us to check the term z(u0
3+U) ∂

∂z

−→
θ 1. Recalling to boundary condi-

tions of the Euler/Allen-Cahn equations and the regularity assumptions, we have

∥

∥

∥

∥

z(u0
3+U)

∂

∂z

−→
θ 1

∥

∥

∥

∥

L2

≤

∥

∥

∥

∥

u3
0+U

z

∥

∥

∥

∥

L∞

∥

∥

∥

∥

z2 ∂

∂z

−→
θ 1

∥

∥

∥

∥

L2

≤Cν
3
2 . (2.15)
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3 A short time result in nonlinear case

We proceed with energy estimates (2.6)·−→w ν−(2.8)·λ△φν, and integrating over Ω. Let
|·| and |·|6 denoting the norm as in L2(Ω) and L6(Ω), respectively. We have

∫

Ω

∂

∂t
−→w ν ·−→w ν=

1

2

d

dt
|−→w ν|2,

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)−→u 0 ·−→w 2

∣

∣

∣

∣

≤C|−→w ν|2, (3.1)

∫

Ω
(−→u ν ·∇)−→w ν ·−→w ν=−

1

2

∫

Ω
|−→w ν|2∇·−→u ν=0, (3.2)

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)

−→
θ ν ·−→w ν

∣

∣

∣

∣

≤
∥

∥

∥
z2∇

−→
θ ν

∥

∥

∥

L∞

∣

∣

∣

∣

−→w ν

z

∣

∣

∣

∣

2

, (thanks to Remark 2.1)

≤
ν

8
|∇−→w |2, (by Hardy′s inequality, as t≤T∗) (3.3)

∫

Ω
∇q·−→w ν=0, −λ

∫

Ω

∂

∂t
φν ·△φν =

λ

2

d

dt
|∇φν|2, −

∫

Ω
△−→w ν ·−→w ν= |∇−→w ν|2, (3.4)

λ

∣

∣

∣

∣

∫

Ω
[(−→u 0+

−→
θ ν)·∇φν]·△φν

∣

∣

∣

∣

≤
λγ

8
|△φν|2+C|∇φν|2, (3.5)

λ
∫

Ω
∑
i,j

∂i(∂iφ
ν∂jφ

ν)·wν
j −λ

∫

Ω
∑
i,j

wν
j ∂jφ

ν∂iiφ
ν=λ∑

i,j

∫

Ω
wν

j ∂iφ
ν∂ijφ

ν=0, (3.6)

λ

∣

∣

∣

∣

∣

∫

Ω
∑
i,j

∂i(∂iφ
ν∂jv

0)·wν
j −

∫

Ω
∑
i,j

wν
j ∂jv

0∂iiφ
ν

∣

∣

∣

∣

∣

=λ

∣

∣

∣

∣

∣

∑
i,j

∫

Ω
wν

j ∂iφ
ν∂ijv

0

∣

∣

∣

∣

∣

≤C|−→w ν|2+C|∇φν|2, (3.7)

λ

∣

∣

∣

∣

∣

∫

Ω
∑
i,j

∂i(∂iv
0∂jφ

ν)·wν
j

∣

∣

∣

∣

∣

=λ

∣

∣

∣

∣

∣

∑
i,j

∫

Ω
∂i(∂ijv

0φν)·−→w ν
j

∣

∣

∣

∣

∣

≤C|−→w ν|2+C|φν|2+C|∇φν|2, (3.8)

λγ
∫

Ω
△φν ·△φν =λγ|△φν|2,

∫

Ω
φν△φν=−|∇φν|2, (3.9)

−
∫

Ω
(3|v0|2φν+3v0|φν|2+|φν|2φν)·△φν

=
∫

Ω
(3|v0|2+6v0φν+3|φν|2)|∇φν|2−

∫

Ω

3

2
|φν|2△|v0|2+|φν|2φν△v0, (3.10)

∣

∣

∣

∣

∫

Ω

3

2
|φν|2△|v0|2+|φν|2φν△v0

∣

∣

∣

∣

≤C|φν|2+C|φν|33, (3.11)

∣

∣

∣

∣

∫

Ω

−→g 1 ·−→w ν

∣

∣

∣

∣

≤C|z−→g 1|·|∇−→w ν|≤
ν

8
|∇φν|2+Cν2, (3.12)

∣

∣

∣

∣

∫

Ω
ν−→g 2 ·−→w ν

∣

∣

∣

∣

≤C|−→w ν|2+Cν2. (3.13)
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It follows from Theorem 2.1 that

∣

∣

∣
(
−→
θ ν ·∇)v0

∣

∣

∣
≤|θν

3 ∂zv0|+

∣

∣

∣

∣

(z
−→
θ ν

τ ·∇τ)
v0

z

∣

∣

∣

∣

≤Cν. (3.14)

Combing the inequalities (3.1)-(3.14), as t≤T∗, we have

d

dt
(|−→w ν|2+|∇φν|2)+ν|∇−→w ν|2+|△φν|2

≤C|−→w ν|2+C|φν|2+C|φν|33+|∇φν|2+Cν2. (3.15)

In view of the regularity of Navier-Stokes/Allen-Cahn equations, i. e.,

‖−→u ν‖L∞(0,T;L2)≤C, and ‖vν‖L∞(0,T;H1)≤C, (3.16)

and applying Galiardo-Nirenberg interpolation inequality, we have

‖φν‖3
L3 ≤C(‖vν‖H1+‖v0‖H1)‖φν‖2

H1 ≤C‖φν‖2
H1 . (3.17)

Using the Gronwall inequality yields

Theorem 3.1. Let −→u 0 and v0 be smooth functions satisfying certain compatibility conditions
such that the Euler/Allen-Cahn system (1.2) is well-posed (at least in short time). Then, there
exists a time T∗

>0, as ν→0,

‖−→u ν−−→u 0−
−→
θ ν‖L∞(0,T∗;L2)≤Cν, (3.18)

‖vν−v0‖L∞(0,T∗;H1)≤Cν, (3.19)

‖−→u ν−−→u 0−
−→
θ ν‖L2(0,T∗;H1)≤Cν

1
2 , (3.20)

‖vν−v0‖L2(0,T∗;H2)≤Cν, (3.21)

where the corrector
−→
θ ν is given by Theorem 2.1.

This is a short time result. In general, it will be violated after a sufficiently long time.
However, it might be possible for all time provided that the initial date is small.

4 Uniform estimates in space and time in two dimension

Our aim in this section is to derive estimates of the adjusted error, which is uniform in
space and time. We will rely on anisotropic Sobolev imbedding and the idea of bounding
the tangential derivatives.
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Differentiate the equations (2.6)-(2.8) in time and obtain

∂

∂t
−→w ν

t +(−→u ν
t ·∇)−→w ν+(−→u ν ·∇)−→w ν

t +(−→w ν
t ·∇)−→u 0+(−→w ν ·∇)−→u 0

t

+(−→w ν
t ·∇)

−→
θ ν+(−→w ν ·∇)

−→
θ ν

t +∇qt

=ν△−→w ν
t −λ∇(∇vν

t ⊗∇φν)−λ∇(∇vν⊗∇φν
t )−λ∇(∇φν

t ⊗∇v0)

−λ∇(∇φν⊗∇v0
t )+

−→g ν
t , (4.1)

∇·−→w ν
t =0, (4.2)

∂

∂t
φν

t +(−→u ν
t ·∇)φν+(−→u ν ·∇)φν

t +(−→w ν
t ·∇)v0+(−→w ν ·∇)v0

t

=γ(△φν
t − f ′(vν)vν

t + f ′(v0)v0
t )−(

−→
θ ν

t ·∇)v0−(
−→
θ ν ·∇)v0

t , (4.3)

−→w ν
t =0, φν

t =0, at z=0, z=h, (4.4)

−→w ν
t =νP(△−→u 0), φν

t =0, at t=0, (4.5)

and P is the Leray-Hopf projector. Next, utilize the energy estimates for ∂t
−→w ν and ∂tφ

ν,
i.e., (4.1)·−→w ν

t −(4.3)·λ△φν
t and integrating over Ω. Notice that

∫

Ω

∂

∂t
−→w ν

t ·
−→w ν

t =
1

2

d

dt
|−→w ν

t |
2, (4.6)

∣

∣

∣

∣

∫

Ω
(−→u ν

t ·∇)−→w ν ·−→w ν
t

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

Ω
(−→u 0

t +
−→
θ ν

t )·∇
−→w ν

t ·
−→w ν

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)−→w ν ·−→w ν
t

∣

∣

∣

∣

(4.7)

≤
(

‖−→u 0
t +

−→
θ ν

t ‖L∞

)

|−→w ν||∇−→w ν
t |+|−→w ν

t |
2
4|∇

−→w ν|

(by Soblev imbedding and Interpolation)

≤
ν

16
|∇−→w ν

t |
2+Cν+C|−→w ν

t ||∇
−→w ν

t ||∇
−→w ν|≤

ν

8
|∇−→w ν

t |
2+Cν+

C

ν
|∇−→w ν|2|−→w ν

t |
2,

∫

Ω
(−→u ν ·∇)−→w ν

t ·
−→w ν

t =0,

∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)−→u 0 ·−→w 2
t

∣

∣

∣

∣

≤C|−→w ν
t |

2, (4.8)

∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)
−→
θ ν ·−→w ν

t

∣

∣

∣

∣

≤
∥

∥

∥
z2∇

−→
θ ν

∥

∥

∥

L∞

∣

∣

∣

∣

−→w ν
t

z

∣

∣

∣

∣

2

≤
ν

16
|∇−→w t|

2, (4.9)

(thanks to Remark 2.1 and Hardy’s inequality, as t≤T∗)
∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)−→u 0

t ·
−→w 2

t

∣

∣

∣

∣

≤C|−→w ν
t |

2+Cν2, (4.10)

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)

−→
θ ν

t ·
−→w ν

t

∣

∣

∣

∣

≤
∥

∥

∥
z2∇

−→
θ ν

∥

∥

∥

L∞

∣

∣

∣

∣

−→w ν
t

z

∣

∣

∣

∣

∣

∣

∣

∣

−→w ν

z

∣

∣

∣

∣

≤
ν

16
|∇−→w t|

2+Cν|∇−→w ν|2, (4.11)

(thanks to Remark 2.1 and Hardy’s inequality)
∫

Ω
∇qt ·

−→w ν
t =0, −λ

∫

Ω

∂

∂t
φν

t ·△φν
t =

λ

2

d

dt
|∇φν

t |
2, −

∫

Ω
△−→w ν

t ·
−→w ν

t = |∇−→w ν
t |

2, (4.12)
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λ

∣

∣

∣

∣

∫

Ω
∇·(∇v0

t ⊗∇φν)·−→w ν
t

∣

∣

∣

∣

+λ

∣

∣

∣

∣

∫

Ω
∇·(∇φν⊗∇v0

t )·
−→w ν

t

∣

∣

∣

∣

≤C(|φν|+|△φν|)|−→w ν
t |≤C|△φν|2+C|−→w ν

t |
2+Cν2, (4.13)

λ

∣

∣

∣

∣

∫

Ω
∇·(∇v0⊗∇φν

t )·
−→w ν

t

∣

∣

∣

∣

+λ

∣

∣

∣

∣

∫

Ω
∇·(∇φν

t ⊗∇v0)·−→w ν
t

∣

∣

∣

∣

≤C(|∇φν
t |+|△φν

t |)|
−→w ν

t |≤
λγ

16
|△φν

t |
2+C|−→w ν

t |
2+C|∇φν

t |
2, (4.14)

λ

∣

∣

∣

∣

∫

Ω
∇·(∇φν

t ⊗∇φν)·−→w ν
t

∣

∣

∣

∣

+λ

∣

∣

∣

∣

∫

Ω
∇·(∇φν⊗∇φν

t )·
−→w ν

t

∣

∣

∣

∣

≤C|△φν
t ||∇φν|4|

−→w ν
t |4+C|△φν||∇φν

t |4|
−→w ν

t |4≤C|△φν
t ||△φν||−→w ν

t |
1
2 |∇−→w ν

t |
1
2

≤
λγ

16
|△φν

t |
2+

ν

16
|∇−→w ν

t |
2+C

|△φν|2

ν
|−→w ν

t |
2, (4.15)

λ

∣

∣

∣

∣

∫

Ω
[(−→u 0+

−→
θ ν)·∇φν

t ]·△φν
t

∣

∣

∣

∣

≤
λγ

16
|△φν

t |
2+C|∇φν

t |
2, (4.16)

λ

∣

∣

∣

∣

∫

Ω
[(−→u 0

t +
−→
θ ν

t )·∇φν]·△φν
t

∣

∣

∣

∣

≤
λγ

16
|△φν

t |
2+Cν2, (4.17)

λ

∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)v0 ·△φν
t

∣

∣

∣

∣

≤
λγ

16
|△φν

t |
2+C|−→w ν

t |
2, (4.18)

λ

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)v0

t ·△φν
t

∣

∣

∣

∣

≤
λγ

16
|△φν

t |
2+Cν2, (4.19)

λ

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)φν

t ·△φν
t

∣

∣

∣

∣

≤C|−→w ν|4|∇φν
t |4|△φν

t |≤C|−→w ν|
1
2 |∇−→w ν|

1
2 |∇φν

t |
1
2 |△φν

t |
3
2

≤
λγ

16
|△φν

t |
2+Cν2|∇−→w ν|2|∇φν

t |
2, (4.20)

λ

∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)φν ·△φν
t

∣

∣

∣

∣

≤C|−→w ν
t |4|∇φν|4|△φν

t |≤C|−→w ν
t |

1
2 |∇−→w ν

t |
1
2 |∇φν|

1
2 |△φν|

1
2 |△φν

t |

≤
λγ

16
|△φν

t |
2+

ν

16
|∇−→w ν

t |
2+Cν|△φν|2|−→w ν

t |
2, (4.21)

λγ
∫

Ω
△φν

t ·△φν
t =λγ|△φν

t |
2, (4.22)

| f ′(vν)φν
t |

2≤C||φν|2φν
t |

2+C|φν
t |

2≤C|φν
t |4|φ

ν|8+C|φν
t |

2≤C|∇φν
t |

2+Cν2, (4.23)

|( f ′(vν)− f ′(v0))|2≤C|φν|2+C|φν|24≤Cν2, (4.24)
∣

∣

∣

∣

∫

Ω

−→g 1
t ·
−→w ν

t

∣

∣

∣

∣

≤C|z−→g 1
t |·|∇

−→w ν
t |≤

ν

16
|∇φν

t |
2+Cν2, (4.25)

∣

∣

∣

∣

∫

Ω
ν−→g 2

t ·
−→w ν

t

∣

∣

∣

∣

≤C|−→w ν
t |

2+Cν2,
∣

∣

∣
(
−→
θ ν

t ·∇)v0
∣

∣

∣

2
+
∣

∣

∣
(
−→
θ ν ·∇)v0

t

∣

∣

∣

2
≤Cν. (4.26)
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Combing (4.6)-(4.26), as t≤T∗, we have

d

dt

(

|−→w ν
t |

2+|∇φν
t |

2
)

+ν|∇−→w ν
t |

2+|△φν
t |

2 (4.27)

≤C

(

|∇−→w ν|2+|△φν|2

ν
+1

)

|−→w ν
t |

2+C
(

ν2|∇−→w ν|2+1
)

|∇φν
t |

2+C|∇−→w ν|2+C|△φν|2+Cν.

From this we deduce, after applying the usual Gronwall inequality and Theorem 2.1,
that,

‖−→w ν
t ‖L∞(0,T∗;L2)≤Cν

1
2 , ‖φν

t ‖L∞(0,T∗;H1)≤Cν
1
2 , (4.28)

‖−→w ν
t ‖L2(0,T∗;H1)≤C, ‖φν

t ‖L2(0,T∗;H2)≤Cν
1
2 . (4.29)

Recalling (3.15), we have

ν|∇−→w ν|2+|△φν|2≤Cν2+C|−→w ν||−→w ν
t |+C|φν||φν

t |≤Cν
3
2 . (4.30)

In an analogous manner, we can derive estimates on tangential derivatives,

d

dt

(

|−→w ν
x|

2+|∇φν
x|

2
)

+ν|∇−→w ν
x|

2+|△φν
x|

2 ≤C|−→w ν
x|

2+C|∇φν
x|

2+Cν. (4.31)

And we have

‖−→w ν
x‖L∞(0,T∗;L2)≤Cν

1
2 , ‖φν

x‖L∞(0,T∗;H1)≤Cν
1
2 , (4.32)

‖−→w ν
x‖L2(0,T∗;H1)≤C, ‖φν

x‖L2(0,T∗;H2)≤Cν
1
2 . (4.33)

To obtain uniform estimates in time and space on −→w ν we need to derive uniform es-
timates in time on |∇−→w ν

x| (see for instance the anisotropic Sobolev imbedding theorem).
For this purpose we differentiate (4.1)-(4.3) in x and obtain

∂

∂t
−→w ν

tx+(−→u ν
tx ·∇)−→w ν+(−→u ν

t ·∇)−→w ν
x+(−→u ν

x ·∇)−→w ν
t +(−→u ν ·∇)−→w ν

tx

+(−→w ν
tx ·∇)−→u 0+(−→w ν

t ·∇)−→u 0
x+(−→w ν

x ·∇)−→u 0
t +(−→w ν ·∇)−→u 0

tx

+(−→w ν
tx ·∇)

−→
θ ν+(−→w ν

t ·∇)
−→
θ ν

x+(−→w ν
x ·∇)

−→
θ ν

t +(−→w ν ·∇)
−→
θ ν

tx+∇qtx

=ν△−→w ν
tx−λ∇(∇vν

tx⊗∇φν)−λ∇(∇vν
t ⊗∇φν

x)−λ∇(∇vν
x⊗∇φν

t )

−λ∇(∇vν⊗∇φν
tx)−λ∇(∇φν

tx⊗∇v0)−λ∇(∇φν
t ⊗∇v0

x)

−λ∇(∇φν
x⊗∇v0

t )−λ∇(∇φν⊗∇v0
tx)+

−→g ν
tx, (4.34)

∇·−→w ν
tx=0, (4.35)
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∂

∂t
φν

tx+(−→u ν
tx ·∇)φν+(−→u ν

t ·∇)φν
x+(−→u ν

x ·∇)φν
t +(−→u ν ·∇)φν

tx

+(−→w ν
tx ·∇)v0+(−→w ν

t ·∇)v0
x+(−→w ν

x ·∇)v0
t +(−→w ν ·∇)v0

tx

=γ(△φν
tx− f ′′(vν)vν

t vν
x+ f ′′(v0)v0

t v0
x− f ′(vν)vν

tx+ f ′(v0)v0
tx)

−(
−→
θ ν

tx ·∇)v0−(
−→
θ ν

t ·∇)v0
x−(

−→
θ ν

x ·∇)v0
t −(

−→
θ ν ·∇)v0

tx, (4.36)

−→w ν
tx =0, φν

tx=0, at z=0, z=h, (4.37)
−→w ν

tx =νP(△−→u 0
x), φν

tx=0, at t=0. (4.38)

Now, (4.34)·−→w ν
tx−(4.36)·λ△φν

tx, and integrate over Ω. Notice that
∫

Ω

∂

∂t
−→w ν

tx ·
−→w ν

tx =
1

2

d

dt
|−→w ν

tx|
2, (4.39)

∣

∣

∣

∣

∫

Ω
(−→u ν

tx ·∇)−→w ν ·−→w ν
tx

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

Ω
(−→u 0

tx+
−→
θ ν

tx)·∇
−→w ν

tx ·
−→w ν

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
(−→w ν

tx ·∇)−→w ν ·−→w ν
tx

∣

∣

∣

∣

≤C|−→w ν||∇−→w ν
tx|+|−→w ν

tx|
2
4|∇

−→w ν| (Soblev imbedding and Interpolation)

≤
ν

32
|∇−→w ν

tx|
2+Cν+C|−→w ν

tx||∇
−→w ν

tx||∇
−→w ν|

≤
ν

16
|∇−→w ν

tx|
2+Cν+

C

ν
|∇−→w ν|2|−→w ν

tx|
2, (4.40)

∣

∣

∣

∣

∫

Ω
(−→u ν

t ·∇)−→w ν
x ·
−→w ν

tx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
(−→u ν

x ·∇)−→w ν
t ·
−→w ν

tx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

−→u ν
t ·∇

−→w ν
tx ·

−→w ν
x

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω

−→u ν
x ·∇

−→w ν
tx ·

−→w ν
t

∣

∣

∣

∣

≤ (‖−→u 0
t +

−→
θ ν

t ‖L∞)|−→w ν
x||∇

−→w ν
tx|+(‖−→u 0

x+
−→
θ ν

x‖L∞)|−→w ν
t ||∇

−→w ν
tx|+2|−→w ν

t |4|
−→w ν

x|4|∇
−→w ν

tx|

(Soblev imbedding and Interpolation)

≤
ν

32
|∇−→w ν

tx|
2+C+C|−→w ν

t |
1
2 |∇−→w ν

t |
1
2 |−→w ν

x|
1
2 |∇−→w ν

x|
1
2 |∇−→w ν

tx|

≤
ν

16
|∇−→w ν

tx|
2+C+C|∇−→w ν

t |
2+C|∇−→w ν

x|
2, (4.41)

∫

Ω
(−→u ν ·∇)−→w ν

tx ·
−→w ν

tx =0,

∣

∣

∣

∣

∫

Ω
∂tx[(

−→w ν ·∇)−→u 0]·−→w 2
tx

∣

∣

∣

∣

≤C|−→w ν
tx|

2+Cν, (4.42)

∣

∣

∣

∣

∫

Ω
(−→w ν

tx ·∇)
−→
θ ν ·−→w ν

tx

∣

∣

∣

∣

≤‖z2∇
−→
θ ν‖L∞

∣

∣

∣

∣

−→w ν
tx

z

∣

∣

∣

∣

2

≤
ν

32
|∇−→w tx|

2, (4.43)

(thanks to Remark 2.1 and Hardy’s inequality, as t≤T∗)
∣

∣

∣

∣

∫

Ω
(−→w ν

t ·∇)
−→
θ ν

x ·
−→w ν

tx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
(−→w ν

x ·∇)
−→
θ ν

t ·
−→w ν

tx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω
(−→w ν ·∇)

−→
θ ν

tx ·
−→w ν

tx

∣

∣

∣

∣

≤ (‖z2∇
−→
θ ν

x‖L∞+‖z2∇
−→
θ ν

t ‖L∞+‖z2∇
−→
θ ν‖L∞)·

(
∣

∣

∣

∣

−→w ν
t

z

∣

∣

∣

∣

+

∣

∣

∣

∣

−→w ν
x

z

∣

∣

∣

∣

+

∣

∣

∣

∣

−→w ν

z

∣

∣

∣

∣

)
∣

∣

∣

∣

−→w ν
tx

z

∣

∣

∣

∣

(thanks to Remark 2.1 and Hardy’s inequality)
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≤
ν

32
|∇−→w tx|

2+Cν|∇−→w ν
t |

2+Cν|∇−→w ν
x|

2+Cν|∇−→w ν|2, (4.44)
∫

Ω
∇qtx ·

−→w ν
tx =0, −λ

∫

Ω

∂

∂t
φν

tx ·△φν
tx =

λ

2

d

dt
|∇φν

tx|
2, (4.45)

−
∫

Ω
△−→w ν

tx ·
−→w ν

tx = |∇−→w ν
tx|

2, (4.46)

λ

∣

∣

∣

∣

∫

Ω
∇·∂tx(∇v0⊗∇φν)·−→w ν

tx

∣

∣

∣

∣

+λ

∣

∣

∣

∣

∫

Ω
∇·∂tx(∇φν⊗∇v0)·−→w ν

tx

∣

∣

∣

∣

≤C(|△φν|+|△φν
t |+|△φν

x|+|△φν
tx|)|

−→w ν
tx|

≤
λγ

16
|△φν

tx|
2+C|△φν|2+C|△φν

t |
2+C|△φν

x|
2+C|−→w ν

tx|
2, (4.47)

λ

∣

∣

∣

∣

∫

Ω
∇·∂tx(∇φν⊗∇φν)·−→w ν

tx

∣

∣

∣

∣

(4.48)

≤C|△φν||∇φν
tx|4|

−→w ν
tx|4+C|△φν

t ||∇φν
x|4|

−→w ν
tx|4

+C|△φν
x|∇φν

t |4|
−→w ν

tx|4+C|△φν
tx||∇φν|4|

−→w ν
tx|4

≤C|△φν||∇φν
tx|

1
2 |△φν

tx|
1
2 |−→w ν

tx|
1
2 |∇−→w ν

tx|
1
2 +C|△φν

t ||∇φν
x|

1
2 |△φν

x|
1
2 |−→w ν

tx|
1
2 |∇−→w ν

tx|
1
2

+C|△φν
x||∇φν

t |
1
2 |△φν

t |
1
2 |−→w ν

tx|
1
2 |∇−→w ν

tx|
1
2 +C|△φν

tx||∇φν|
1
2 |△φν|

1
2 |−→w ν

tx|
1
2 |∇−→w ν

tx|
1
2

≤
ν

16
|∇−→w ν

tx|
2+

λγ

16
|∇−→w ν

tx|
2+C|△φν

t |
2+C|△φν

x|
2+C(|△φt|

2+|△φx|
2+1)|−→w ν

tx|
2,

λ

∣

∣

∣

∣

∫

Ω
∂tx[(

−→u 0+
−→
θ ν)·∇φν]·△φν

tx

∣

∣

∣

∣

≤
λγ

32
|△φν

tx|
2+C|△φν

t |
2+Cν, (4.49)

λ

∣

∣

∣

∣

∫

Ω
∂tx[(

−→w ν ·∇)v0]·△φν
tx

∣

∣

∣

∣

≤
λγ

32
|△φν

tx|
2+C|−→w ν

tx|
2+Cν, (4.50)

λ

∣

∣

∣

∣

∫

Ω
∂tx[(

−→w ν ·∇)φν]·△φν
tx

∣

∣

∣

∣

(4.51)

≤C|−→w ν|4|∇φν
tx|4|△φν

tx|+C|−→w ν
x|4|∇φν

t |4|△φν
tx|

+C|−→w ν
t |4|∇φν

x|4|△φν
tx|+C|−→w ν

tx|4|∇φν|4|△φν
tx|

≤C|∇−→w ν||∇φν
tx|

1
2 |△φν

tx|
3
2 +C|−→w ν

x|
1
2 |∇−→w ν

x|
1
2 |∇φν

t |
1
2 |△φν

t |
1
2 |△φν

tx|

+C|−→w ν
t |

1
2 |∇−→w ν

t |
1
2 |∇φν

x|
1
2 |△φν

x|
1
2 |△φν

tx|+C|−→w ν
tx|

1
2 |∇−→w ν

tx|
1
2 |∇φν|

1
2 |△φν|

1
2 |△φν

tx|

≤
λγ

32
|△φν

tx|
2+C|∇−→w ν

x|
2+C|∇−→w ν

t |
2+C|△φν

t |
2+C|△φν

x|
2+

ν

32
|∇−→w ν

tx|
2+Cν,

λγ
∫

Ω
△φν

tx ·△φν
tx =λγ|△φν

tx|
2, (4.52)

| f ′′(vν)vν
t vν

x− f ′′(v0)v0
t v0

x|
2≤Cν, |( f ′(vν)vν

tx− f ′(v0)v0
tx)|

2≤C|∇φν
tx|

2+Cν, (4.53)
∣

∣

∣

∣

∫

Ω

−→g 1
tx ·

−→w ν
tx

∣

∣

∣

∣

≤C|z−→g 1
tx|·|∇

−→w ν
tx|≤

ν

16
|∇φν

tx|
2+Cν2, (4.54)

∣

∣

∣

∣

∫

Ω
ν−→g 2

tx ·
−→w ν

tx

∣

∣

∣

∣

≤C|−→w ν
tx|

2+Cν2, |∂tx(
−→
θ ν ·∇)v0|2≤Cν, (4.55)
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Combing (4.39)-(4.55), as t≤T∗, we have

d

dt
(|−→w ν

tx|
2+|∇φν

tx|
2)+ν|∇−→w ν

tx|
2+|△φν

tx|
2

≤C

(

|△φx|
2+|△φν

t |
2+

|∇−→w ν|2

ν
+1

)

|−→w ν
tx|

2

+C(|∇−→w ν
t |

2+|∇−→w ν
x|

2+|△φν
t |

2+|△φν
t |

2)+Cν. (4.56)

From this we deduce, after applying the usual Gronwall inequality,

‖−→w ν
tx‖L∞(0,T∗;L2)≤C, ‖−→w ν

tx‖L2(0,T∗;H1)≤Cν−
1
2 . (4.57)

Recalling (4.31),

ν|∇−→w ν
x|

2≤Cν+|−→w ν
x||

−→w ν
tx|+|∇φν

x|∇φν
tx|≤Cν

1
2 , (4.58)

we have

‖∇−→w ν
x‖L∞(0,T∗;L2)≤Cν−

1
4 . (4.59)

Anisotropic Sobolev imbedding from [4] yields

‖−→w ν‖L∞((0,T∗)×Ω)≤C

(

‖−→w ν‖
1
2

L∞(H1)
‖−→w ν

x‖
1
2

L∞(L2)
+‖−→w ν‖

1
2

L∞(L2)
‖∂xz

−→w ν‖
1
2

L∞(L2)

)

≤Cν
3
8 , (thanks to (4.30), (4.31), Theorem 2.1 and (4.59)) (4.60)

and

‖φν‖L∞((0,T∗)×Ω)≤C

(

‖φν‖
1
2

L∞(H1)
‖φν

x‖
1
2

L∞(L2)
+‖φν‖

1
2

L∞(L2)
‖∂xzφν‖

1
2

L∞(L2)

)

≤Cν
3
4 , (thanks to (4.30) and Theorem 2.1). (4.61)

Therefore, we supplement Theorem 2.1 with the following

Theorem 4.1. Under the assumptions of Theorem 2.1, we have,

‖−→u ν−−→u 0−θν‖L∞((0,T∗)×Ω)≤Cν
3
8 , ‖vν−v0‖L∞((0,T∗)×Ω)≤Cν

3
4 . (4.62)
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