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ritanie.

Received 1 June 2014; Accepted 17 December 2014

Abstract. The Cauchy problem for the wave equation with bi-inverse square potential
on Euclidean plane is solved in terms of the two variables Appell F2 hypergeometric
functions. Our principal tools are the Hankel transforms and the special functions of
mathematical physics.

AMS Subject Classifications: 35J05; 35J10

Chinese Library Classifications: O175.25

Key Words: Inverse square potential; wave equation; Hankel transform; Bessl functions; F2-
Appell hypergeometric function.

1 Introduction and statement of results

Consider the following Cauchy problem of the wave type on Euclidean plane

{

L(ν,ν′)u(t,p)=∂2
t u(t,p), (t,p)∈R×R

∗
+

2,

u(0,p)=0, ∂tu(0,p)= f (p)∈C∞
0 (R∗

+
2),

(1.1)

where

L(ν,ν′)=
∂2

∂x2
+

∂2

∂y2
+

1/4−ν2

x2
+

1/4−ν′2

y2
, (1.2)
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is called here the Schrödinger operator with bi-inverse square potential and ν and ν′ are

real parameters. For the classical Schrödinger operator with inverse square potential

Lν=
∂2

∂x2
+

1/4−ν2

x2
, (1.3)

on the half real line R
∗
+, the solution of the problem (1.1) is (Taylor [1], p.132-133):

u(t,x)=
∫ ∞

0
Wν(σ(t,x,x′) f (x′)dx′, (1.4)

where

Wν(σ)=























0, when 1<σ,

1

2
Pν− 1

2
(σ), when −1<σ<1,

cosπν

π
Qν− 1

2
(−σ), when σ<−1,

(1.5)

where Pm and Qm denote the Legendre functions of degree m of the first and second kind

respectively:

Pm(σ)=F(−m,m+1,1;(1−σ)/2),

Qm(σ)=B(1/2,m+1)
1

(2σ)m+1
F((m+1)/2,(m+2)/2;m+3/2;1/σ2),

and σ(t,x,x′)=(x2+x′2−t2)/(2xx′).
The Gauss hypergeometric function is defined by:

F(a,b,c;z)=
∞

∑
n=0

(a)n(b)n

(c)nn!
zn, (|z|<1),

where as usual (a)n is the Pochhamer symbol defined by

(a)n =
Γ(a+n)

Γ(a)
. (1.6)

The functions B and Γ are the classical Euler functions.

The inverse square potential arises in several contexts, one of them is the Schrödinger

equation in non relativistic quantum mechanics (Reed and Simon [2]) . For example, the

Hamiltonian for a spinzero particle in Coulomb field gives rise to a Schrödinger operator

involving the inverse square potential (Case [3]).

The Cauchy problem for the wave equation with the inverse square potential in Eu-

clidean space R
n is extensively studied (Burg et al [4]), (Cheeger and Taylor [5]), (Lamb

[6]) and (Planchon et al [7]). The bi-inverse square potential has been considered by

(Boyer [8]) in the case of the Schrödinger equation.
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The aim of this paper is to provide an explicit formulas for the solutions of the Cauchy

problem associated to the wave equations with bi-inverse square potential on Euclidian

plane (1.1). The case considered most frequentely is obviously the one where (ν,ν′) =
(±1/2,±1/2), the equation in (1.1) then turns into the classical wave equation on the

Euclidean plane R
2 and this equation appears in several branches of mathematics and

physics, on the other hand it has the unique solution given by (Folland [9], p.171)

u(t,p)=
1

2π

∫

|p−p′|<t

(

t2−|p−p′|2
)−1/2

f (p′)dp′. (1.7)

Now we state the main result of this paper:

Theorem 1.1. For (t,p,p′)∈R+×R
∗2
+×R

∗2
+ the functions:

c
µ
ν zβz′β

′
a−1/2F2(1/2+β+β′ ,β,β′,2β,2β′ ,z,z′),

c
µ
ν z1−βz′β

′
a−1/2F2(3/2−β+β′ ,1−β,β′ ,2−2β,2β′ ,z,z′),

c
µ
ν zβz′1−β′

a−1/2F2(3/2+β−β′ ,β,1−β′ ,2β,2−2β′ ,z,z′),

c
µ
ν z1−βz′1−β′

a−1/2F2(5/2−β−β′ ,1−β,1−β′ ,2−2β,2−2β′ ,z,z′),

are independent solutions of the wave equation with bi-inverse square potential on the Euclidean

plane in (1.1), where

β=1/2+ν, β′=1/2+ν′ , z=−4xx′/(t2−|p+p′ |2), and z′=−4yy′/(t2−|p+p′ |2).
Theorem 1.2. The Cauchy problem (1.1) for the wave equation with bi-inverse square potential

on the Euclidean plane has the solutions given by:

u(t,p)=
∫

|p+p′|<t
W(b,b′)(t,p,p′) f (p′)dp′, (1.8)

where the kernel W(b,b′) is given by

W(b,b′)(t,p,p′)=
C2(xx′)b(yy′)b′

(t2−|p+p′|2)1/2+b+b′

×F2

(

1/2+b+b′ ,b,b′,2b,2b′,
−4xx′

t2−|p+p′ |2 ,
−4yy′

t2−|p+p′ |2
)

, (1.9)

and the constant C2 is given by

C2=
(−1)b+b′Γ(1/2+b+b′)√
πΓ(1/2+b)Γ(1/2+b′)

, (1.10)

with b∈{β,1−β}, b′∈{β′ ,1−β′}, dp′=dx′dy′ is the Lebesgue measure on R
2 and F2(α,β,β′ ,

γ,γ′;z,z′) is the two variables double series F2 Appell hypergeometric function given by (Erdélyi

et al [10], p. 224)

F2(α,β,β′,γ,γ′,z,z′)=
∞

∑
m=0

∞

∑
n=0

(α)m+n(β)m(β′)n

(γ)m(γ′)nm!n!
zmz′n, (|z|+|z′ |<1). (1.11)
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Note that as applications of the results of this paper one can look for the estimates of

Strichatz type for the wave and Schrödinger equations associated to the bi-inverse square

potential (Burg et al [4]) and (Planchon et al [7]).

We can use Theorem 1.2 to give the fundamental solutions of generalized bi-axially

symmetric Helmoltz equation (Anvar [11]).

The inverse square potential as a distinguished potential can be defined not only on

the Euclidean space but also on the hyperbolic and spheric spaces and one can also con-

sider the wave equation associated to the inverse square potential on these as well as the

case of multidimensionnal inverse square potential. This will be treated later.

The organization of the paper is as follows in Section 2 we give the proof of Theorems

1.1 and 1.2 respectively. Section 3 is devoted to some numerical results. In the appendis

the Hankel transform and some of its properties are considered. The computation of a

double integral involving Bessel functions is given.

2 Wave kernel for the bi-inverse square potential on Euclidean

plane R
2

Proof of Theorem 1.1. The Hankel transform (see Appendis) with respect to each of

variables x, y transforms the problem (1) to

(a)
(

−|ω|2− ∂2

∂t2

)

[HνU](t,ω)=0;(t,ω)∈R
+×R

+2,

(b) [HνU](0,ω)=0 and ∂t[HνU](0,ω)= [Hν f ](ω), f ∈L2(R∗2
+ ).

The Cauchy problem (a),(b) has the unique solution given by

[HνU](t,ω)=
sint|ω|
|ω| [Hν f ](ω), (2.1)

the Hankel inverse transform gives

U(t,p,p′)=
∫

R∗
+

2
f (p′)

(

xx′yy
)1/2

dx′dy′
∫ ∞

0

∫ ∞

0

sint|ω|
|ω| Jν1

(xω1)Jν1
(x′ω1)

× Jν2(yω2)Jν2(y
′ω2)ω1ω1dω2dω2, (2.2)

from the formula (Magnus et al [12], p.73)

sinz=
√

πz/2J1/2(z), (2.3)

we can write

U(t,p,p′)=
√

πt/2
∫

R∗
+

2
f (p′)

(

xx′yy
)1/2

dx′dy′
∫ ∞

0

∫ ∞

0
|ω|−1/2 J 1

2
(t|ω|)

× Jν1
(xω1)Jν1

(x′ω1)Jν2(yω2)Jν2(y
′ω2)ω1ω2dω1dω2. (2.4)
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For ν>−1 , ν′>−1, µ>−1/2, p=(x,y) and p′=(x′,y′), ω=(ω1,ω2) set

I
µ

(ν,ν′)(t,p,p′)=
∫ ∞

0

∫ ∞

0
|ω|−µ Jµ(t|ω|)Jν(xω1)Jν(x′ω1)

× Jν′(yω2)Jν′(y
′ω2)ω1ω2dω1dω2. (2.5)

In the Appendis we prove at last formally the following formula:

I
µ

(ν,ν′)(t,x,x′)=c
µ

(ν,ν′)

(

xx′
)ν(

yy′
)ν′ (

t2−|p+p′ |2
)α

×F2

(

−α,β,β′,2β,2β′ ,
−4xx′

t2−|p+p′ |2 ,
−4yy′

t2−|p+p′ |2
)

, (2.6)

where α=µ−β−β′−1 .

c
µ

(ν,ν′)=
4sinπ(β+β′)Γ(1/2+β+β′)√

2Γ(β+1/2)Γ(β′+1/2)
. (2.7)

In what follows we give a direct proof of Theorem 1.1.

Let a= t2−|p+p′|2, t∈R, p,p′∈R
∗2 set:

Ωϕ(t,p)=
(

xx′
)−β(

yy′
)−β′

a−α

×
[

∆− β(β−1)

x2
− β′(β′−1)

y2
− ∂2

∂t2

]

(

xx′
)β(

yy′
)β′

aα ϕ(t,x), (2.8)

then we have

Ωϕ(t,p)=

[

∆− ∂2

∂t2

]

+

[

2β

x
− 4α(x+x′)

a

]

∂

∂x
+

[

2β′

y
− 4α(y+y′)

a

]

∂

∂y
− 4αt

a

∂

∂t

− 4α

a

[

βx′

x
+

β′y′

y

]

− 4α

a

[

α+
1

2
+β+β′

]

ϕ. (2.9)

Now set

z=
−4xx′

t2−|p+p′ |2 , z′=
−4yy′

t2−|p+p′ |2 , (2.10)

we have:

∂

∂x
=

∂z

∂x

∂

∂z
+

∂z′

∂x

∂

∂z′
,

∂

∂y
=

∂z

∂y

∂

∂z
+

∂z′

∂y

∂

∂z′
,

∂

∂t
=

∂z

∂t

∂

∂z
+

∂z′

∂t

∂

∂z′
. (2.11)

We have

Ωϕ(t,p)=

[

(

∂z

∂x

)2

+

(

∂z

∂y

)2

−
(

∂z

∂t

)2
]

∂2

∂z2
+

[

(

∂z′

∂x

)2

+

(

∂z′

∂y

)2

−
(

∂z′

∂t

)2
]

∂2

∂z′2
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+2

[

∂z

∂x

∂z′

∂x
+

∂z

∂y

∂z′

∂y
− ∂z

∂t

∂z′

∂t

]

∂2

∂z∂z′
+

[

∂2z

∂x2
+

∂2z

∂y2
− ∂2z

∂t2

]

∂

∂z

+

[

∂2z′

∂x2
+

∂2z′

∂y2
− ∂2z′

∂t2

]

∂

∂z′
+

[

Ax
∂z

∂x
+Ay

∂z

∂y
−At

∂z

∂t

]

∂

∂z

+

[

Ax
∂z′

∂x
+Ay

∂z′

∂y
−At

∂z′

∂t

]

∂

∂z′
+

4α

a

[

βx′

x
+

β′y′

y

]

− 4α

a

[

α+
1

2
+β+β′

]

ϕ(z,z′), (2.12)

where

Ax=
2β

x
− 4α(x+x′)

a
, Ay=

2β′

y
− 4α(y+y′)

a
, At=

4αt

a
. (2.13)

We have:

∂z

∂x
=

−4x′a−8(x+x′)xx′

a2
;

∂z′

∂x
=

−8yy′(x+x′)
a2

, (2.14)

∂z′

∂y
=

−4y′a−8(y+y′)yy′

a2
;

∂z

∂y
=

−8xx′(y+y′)
a2

, (2.15)

∂z

∂t
=

8xx′t
a2

;
∂z′

∂t
=

8yy′t
a2

, (2.16)

∂2z

∂x2
=

−24xx′a2−16x′2a2−32(x+x′)2xx′a
a4

, (2.17)

∂2z

∂y2
=

−8yy′a2−32xx′(y+y′)2a

a4
, (2.18)

∂2z

∂t2
=

8xx′a2−32axx′t2

a4
, (2.19)

∂2z′

∂x2
=

−8xx′a2−32yy′(x+x′)2a

a4
, (2.20)

∂2z′

∂y2
=

−24yy′a2−16y′2a2−32(y+y′)2yy′a
a4

, (2.21)

∂2z′

∂t2
=

8yy′a2−32ayy′t2

a4
, (2.22)

from (2.14)-(2.16) we have

(

∂z

∂x

)2

+

(

∂z

∂y

)2

−
(

∂z

∂t

)2

=
z2

x2
(1−z), (2.23)

(

∂z′

∂x

)2

+

(

∂z′

∂y

)2

−
(

∂z′

∂t

)2

=
z′2

y2
(1−z′), (2.24)
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2

[

∂z

∂x

∂z′

∂x
+

∂z

∂y

∂z′

∂y
− ∂z

∂t

∂z′

∂t

]

=− z2

x2
z′− z′2

y2
z, (2.25)

from (2.17)-(2.19) we have

∂2z

∂x2
+

∂2z

∂y2
− ∂2z

∂t2
=

−z2

x2
+

2

a
z, (2.26)

from (2.20)-(2.22) we have

∂2z′

∂x2
+

∂2z′

∂y2
− ∂2z′

∂t2
=

−z′2

y2
+

2

a
z′, (2.27)

from (2.13)-(2.16) we have

Ax
∂z

∂x
+Ay

∂z

∂y
−At

∂z

∂t
=

4α+4(β+β′)
a

z+2β
z

x2
+α

z2

x2
−β

z2

x2
+

β′z′z
y2

, (2.28)

Ax
∂z′

∂x
+Ay

∂z′

∂y
−At

∂z′

∂t
=

4α+4(β+β′)
a

z′+2β′ z′

y2
+α

z′2

y2
−β′ z

′2

y2
+

βzz′

x2
. (2.29)

To replace in the formula (2.12) using the formulas (2.23)-(2.29) we get:

Ωϕ=zx−2

[

z(1−z)
∂2

∂z2
−zz′

∂2

∂z′∂z
+[2β+(−α+β+1)z]

∂

∂z
+−βz′

∂

∂z′
+αβ

]

ϕ

+z′y−2

[

z′(1−z′)
∂2

∂z′2
−z′z

∂2

∂z∂z′
+
[

2β′+(−α+β′+1)z′
] ∂

∂z′
−β′z

∂

∂z
+αβ′

]

ϕ

+
4

a
(α+β+β′+1/2)

[(

z
∂

∂z
+z′

∂

∂z′

)

ϕ(z,z′)−ϕ(z,z′)
]

=0. (2.30)

Take α=−1/2−β−β′ we get:















[

z(1−z)
∂2

∂z2
−zz′

∂2

∂z′∂z
+[2β+(−α+β+1)z]

∂

∂z
−βz′

∂

∂z′
+αβ

]

ϕ(z,z′)=0,
[

z′(1−z′)
∂2

∂z′2
−z′z

∂2

∂z∂z′
+[2β′+(−α+β′+1)z′]

∂

∂z′
−β′z

∂

∂z
+αβ′

]

ϕ(z,z′)=0.

This is an F2 Appell hypergeometric system and for 2β 6=1 and 2β′ 6=1 the system has four

independent solutions of the form:

• F2(−α,β,β′,2β,2β′ ,z,z′),

• z1−2βF2(−α+1−2β,1−β,β′ ,2−2β,2β′ ,z,z′),

• z′1−2β′
F2(−α+1−2β′ ,β,1−β′,2β,2−2β′ ,z,z′),

• z1−2βz′1−2β′
F2(−α+2−2β−2β′ ,1−β,1−β′ ,2−2β,2−2β′ ,z,z′).
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And the proof of Theorem 1.1 is finished.

Proof of Theorem 1.2. For the proof of Theorem 1.2 we need the following lemma.

Lemma 2.1. Let F2 be the Appell hypergeometric function with (h,k)∈R2 and a∈R∗ then we

have:

i)

d

da

[

aαF2

(

−α,β,β′,2β,2β′ ,h/a,k/a
)]

=−αaα−1F2

(

−α+1,β,β′ ,2β,2β′ ,h/a,k/a
)

, (2.31)

ii)

aαΓ(−α)F2

(

−α,β,β′,2β,2β′ ,h/a,k/a
)

=
∫ ∞

0
e−(a−h/2−k/2)tt−α−1Γ(β+1/2)Γ(β′+1/2)

(

th

4

)1/2−β( tk

4

)1/2−β′

× Iβ−1/2(th/2)Iβ′−1/2(tk/2)dt, (2.32)

iii)

aαΓ(−α)F2

(

−α,β,β′ ,γ,γ′,h/a,k/a
)

∼Γ(−|β|−α)
Γ(2β)

Γ(β)

Γ(2β′)
Γ(β′)

h−βk−β′
(a−h−k)

α+|β|
+ , as a→0. (2.33)

.

Proof. i) is a consequence of the formulas

aαF2

(

−α,β,β′,γ,γ′,k/a
)

= ∑
m,n≥0

(−α)m+n(β)m(β′)n

(γ)mm!(γ′)nn!
hmkna−m−n+α, (2.34)

d

da
[aα F2

(

−α,β,β′,γ,γ′,h/a,k/a
)

]= ∑
m≥0

(−α)m+n(β)m(β′)n

(γ)mm!(γ′)nn!

×(α−m−n)hmkna−m−n+α−1, (2.35)

d

da
[aα F2]

(

−α,β,β′ ,γ,γ′,h/a,k/a
)

]=−αaα−1 ∑
m≥0

(−α+1)m+n(β)m(β′)n

(γ)m(γ′)nm!n!

×hmkna−m−n, (2.36)

d

da
[aα F2]

(

−α,β,β′ ,γ,γ′,h/a,k/a
)

]=−αaα−1F2

(

−α+1,β,β′ ,γ,γ′,h/a,k/a
)

. (2.37)
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ii) is a consequence of the integral representation (Srivastava and Morgautown [13],

p.69):

F2

(

α,β,β′,γ,γ′,k1/a,k2/a
)

=
1

Γ(α)

∫ ∞

0
tα−1e−tφ(β,γ,ht/a)φ(β′ ,γ′,kt/a)dt, (2.38)

and (Lebedev [14], p.274):

Φ(ν+1/2,2ν+1,2z)=Γ(ν+1)ez (z/2)−ν Iν(z). (2.39)

where φ(a,c,z) and Iν are respectively the first kind Kummer confluent hypergeo-

metric function and the modified Bessel function.

iii) is a result of ii) and the asymptotic formula (Bell [15], p. 130):

Iν(x)∼ ex(2πx)−1/2 x−→∞. (2.40)

To finish the proof of Theorem 1.2, we prove the limit conditions in (1): from iii) of

Lemma 2.1 and the Legendre duplication formula for the Γ-Euler function (Bell [15], p.29)

22z−1Γ(z)Γ(z+1/2)=
√

πΓ(2z), (2.41)

we have for t−→0 and p,p′∈R
∗
+

2

WR
2

(a,b)(t,p,p′)∼ 1

π
(t2−|p−p′ |2)−1/2

+ . (2.42)

The polar coordinates p′= p+r(cosθ,sinθ) we have for t−→0

u(t,p)∼ 1

π

∫

R∗2
(t2−|p−p′ |2)−1/2

+ f (p′)dp′, (2.43)

u(t,p)∼ t

π

∫ 1

0
f #
p(ts)(1−s2)sds, (2.44)

with

f #
p(r)=

∫ π

0
f (x+r(cosθ,sinθ)dθ, (2.45)

and from (2.44) and (2.45) we see that the limit conditions in (1.1) hold. The proof of

Theorem 1.1 is finished.
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3 Numerical examples

For the special values of parameters β and β′ we can express the solutions of the problem

(1.1) in terms of elementary functions for example we have (Murley and Saad [16], p.29) :

F2((3−n)/2,−n/2,1,−n,2,x,y)=(

√

1−y+
√

(1−x−y))n+1−(
√

1−y−
√

1−x−y)n+1

√

1−x−y
√

1−y

− (1+
√

1−x)n+1−(1−
√

(1−x))n+1

√
1−x

. (3.1)

We need the following formulas (Saad and Hall [17], Lemma 3 and Lemma 5)

F2(d,a,a′ ;a,a′;x;y)=(1−x−y)−d, (3.2)

F2(d,a,a′ ;d,a′;x;y)=(1−y)a−d(1−x−y)−a, (3.3)

F2(d,a,a′ ;a,d;x;y)=(1−x)a′−d(1−x−y)−a′ , (3.4)

F2(d,a,a′ ;d,c′;x;y)=(1−x)−aF1(a
′,a,d−a,c′ ,y/(1−x),y), (3.5)

F2(d,a,a′ ;c,d;x;y)=(1−y)−a′ F1(a,d−a′ ,a′,c,x,x/(1−y)), (3.6)

we have

F2(2β,β,β−1/2,2β,2β−1,x,y)=(1−x)−β F1(β−1/2,β,β,2β−1,y/(1−x),y), (3.7)

F2(2β′,β′−1/2,β′,2β′−1,2β′ ,x,y)=(1−y)−β′
F1(β′−1/2,β′ ,β′,2β′−1,x,x/(1−y)). (3.8)

From the formulas (3.2)-(3.8) we have the following particular cases

W0,0(t,p,p′)= c
(

t2−(x−x′)2−(y−y′)2
)−1/2

, (3.9)

W1/2,0(t,p,p′)= c
(xx′)1/2

2π

(

t2−(x+x′)2−(y−y′)2
)−1/2

×
(

t2−(x−x′)2−(y−y′)2
)−1/2

, (3.10)

W0,1/2(t,p,p′)= c
(yy′)1/2

2π

(

t2−(x−x′)2−(y+y′)2
)−1/2

×
(

t2−(x−x′)2−(y−y′)2
)−1/2

, (3.11)

Wβ,β−1/2(t,p,p′)= c(xx′)β(yy′)β−1/2(A++A−+)−2β

×F1

(

β−1/2,β,β,2β−1,
−4yy′

A++2
,
−4yy′

A+−2

)

, (3.12)

Wβ,β+1/2(t,p,p′)= c(xx′)β(yy′)β+1/2(A++A+−)−2β−1

×F1

(

β,β+1/2,β+1/2,2β,
−4xx′

A++2
,
−4xx′

A−+2

)

, (3.13)
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where we have set

A++=
√

t2−(x+x′)2−(y+y′)2, A+−=
√

t2−(x+x′)2−(y−y′)2, (3.14)

A−+=
√

t2−(x−x′)2−(y+y′)2, A−−=
√

t2−(x−x′)2−(y−y′)2. (3.15)

To express the wave kernel Wβ,β−1/2 and Wβ,β+1/2 in terms of elementary functions, I can

use the formula (11) in (Mourad and Pitman [18], p.3)for |x|<1 and |y|<1:

F1(α,α+1/2,α+1/2,2α,x,y)=
1

2

(

1+
1√

1−x
√

1−y

)(

2√
1−x+

√

1−y

)2α

, (3.16)

but it seems that this formula is not correct at least for α=−1, compare it with the follow-

ing formula given by Mathematica:

F1(−1,−1/2,−1/2,−2,x,y)=
1

4
(4−x−y), (3.17)

W−1/2,−1(t,p,p′)= c(xx′)−1/2(yy′)−1A++A−+

(

1+
4yy′

A−+2
+

4yy′

A++2

)

, (3.18)

W−1,−1/2(t,p,p′)= c(xx′)−1(yy′)−1/2A++A+−
(

1+
4xx′

A+−2
+

4xx′

A++2

)

. (3.19)

To compare the solutions given by the formulas (3.9)-(3.11) and (3.18)(3.19) we see that in

the last two cases there is singularity in (0,0).
The Maple plotting gives a much better idea of what happens for p′=(1,1) (see figs.

1, 2, 3, 4 and 5 below).

4 Appendix

First of all we recall some facts about the Hankel transform (Burg et al [4]), (Planchon et

al [7]).

When ν>−1 we define the Hankel transform of order ν by.

(Hν f )(ω)=
∫ ∞

0
(xω)1/2 Jν(xω) f (x)dx, (4.1)

where f ∈C∞
0 (R∗

+) and Jν is the Bessel function of the first kind and order ν.

Proposition 4.1. (Burg et al [4] and Planchon et al [7])

i) H2
ν = Id. ii) Hν is self adjoint. iii) Hν Aν=−ω2Hν,

where Jν is the Bessel functions of the first kind.
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The remaining of this section is devoted to the computation of the following double

integral involving the product of Bessel functions, for ν>−1 , ν′>−1, µ>−1/2, p=(x,y)
and p′=(x′,y′), ω=(ω1,ω2):

I
µ

(ν,ν′)(t,p,p′)=
∫ ∞

0

∫ ∞

0
|ω|−µ Jµ(t|ω|)Jν(xω1)

× Jν(x′ω1)Jν′(yω2)Jν′(y
′ω2)ω1ω2dω1dω2. (4.2)

Using respectively the formulas (Koornwinder [19]) and (Erdelyi et al [20], p.55):

Jν(x)Jν(y)=
xνyν

2ν
√

πΓ(ν+1/2)

∫ π

0

Jν

[

(

x2+y2+2xycosθ
)1/2

]

(x2+y2+2xycosθ)ν/2
(sinθ)2νdθ, (4.3)

∫ ∞

0
(x2+β2)−µ/2Jµ(a

√

x2+β2)Jν(xy)xν+1dx

=

{

0, if y> a,

a−µyνβ−µ+ν+1
(

a2−y2
)

µ−ν−1
2 Jµ−ν−1(β

√

a2−y2), if 0<y< a.
(4.4)

we obtain

I
µ

(ν,ν′)=
(xx′)ν

2ν
√

πΓ(ν+1/2)
t−µ

∫ π

0
sin2ν θ1dθ1

(

t2−A2
1

)(µ−ν−1)/2

×
∫ ∞

0
ω

−µ+ν+2
2 Jµ−ν−1

(

ω2

√

t2−A2
1

)

Jν′(yω2)Jν′(y
′ω2)dω2, (4.5)

where A1=
(

x2+x′2+2xx′cosθ1

)1/2
.

From the formulas (Koornwinder [19])

∫ ∞

0
Jα(λx)Jβ(λy)Jβ(λz)λ1−αdλ=

xαyβzβ

2αΓ(α+1)
Kαβ(x,y,z), (4.6)

Kαβ(a,b,c)=
2α−βΓ(α+1)√

πΓ(α−β)Γ(β+1/2)
a−2α(bc)α−β−1

∫ 1

−1
(s−B)α−β−1(1−s2)β−1/2ds, (4.7)

∫ ∞

0
Jα(λx)Jβ(λy)Jβ(λz)λ1−αdλ=

2−βx−α(yz)α−1

√
πΓ(α−β)Γ(β+1/2)

×
∫ 1

−1
(s−B)α−β−1(1−s2)β−1/2ds, (4.8)

with

B=
y2+z2−x2

2yz
. (4.9)
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we can write

J :=
∫ ∞

0
ω

−µ+ν+2
2 Jµ−ν−1

(

ω2

√

t2−A2
1

)

Jν′(yω2)Jν(y
′ω2)dω2

=
2−ν′(

√

t2−A2
1)

−µ+ν+1(yy′)µ−ν−2

√
πΓ(µ−ν−ν′−1)Γ(ν′+1/2)

∫ 1

−1
(s−B)µ−ν−ν′−2(1−s2)ν′−1/2ds. (4.10)

Set s=−cosθ2, we obtain

J=
(yy′)ν′(

√

t2−A2
1)

−µ+ν+1

2ν′
√

πΓ(ν′+1/2)Γ(µ−ν−ν′−1)

×
∫ π

0

(

t2−x2−x′2−2xx′cosθ1−y2−y′2−2yy′cosθ2

)µ−ν−ν′−2
sin2ν′ θ2dθ2. (4.11)

Inserting this in (4.5) we get

I
µ

(ν,ν′)=Ct−µ
(

xx′
)ν(

yy′
)ν′
∫ π

0

∫ π

0

(

t2−x2−x′2−2xx′cosθ1−y2−y′2−2yy′cosθ2

)µ−ν−ν′−2

×sin2ν θ1sin2ν′ θ2dθ1dθ2, (4.12)

where

C=
2−µ+2

πΓ(ν+1/2)Γ(ν′+1/2)Γ(µ−ν−ν′−1)
.

Using the change of variables cosθj =1−2ζ j , j=1,2 and the integral representation of F2

Appell hypergeometric function F2(α,β,β′,γ,γ′,z;z′) (Erdelyi et al [10], p.230) for ℜeβ>0,

ℜeβ′
>0, ℜe(γ−β)>0 and ℜe(γ′−β′)>0.

F2

(

α,β,β′ ,γ,γ′,z,z′
)

=c
∫ 1

0

∫ 1

0
(1−u)γ−β−1(1−v)γ′−β′−1

×uβ−1vβ′−1
(

1−uz−vz′
)−α

dudv, (4.13)

where

c=
Γ(γ)Γ(γ′)

Γ(β)Γ(β′)Γ(γ−β)Γ(γ′−β′)
. (4.14)

we get at last formally the formula (2.6). But in view of the asymtotiques formulas for the

Bessel function of the first kind Jν (Lebedev [14], p.134)

Jν(x)≈ xν

2νΓ(1+ν)
, (x→0), (4.15)

Jν(x)≈
√

2

πx
cos(x−(νπ/2)−(π/4)), (x→∞), (4.16)

we can’t use the Fubini Theorem.
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