Anal. Theory Appl.
Vol. 27, No. 2 (2011), 181-186
DOI10.1007/s10496-011-0181-9

BOUNDS FOR COMMUTATORS OF MULTILINEAR
FRACTIONAL INTEGRAL OPERATORS WITH
HOMOGENEOUS KERNELS

Jinhui Wang, Jing Lan
(Jiangxi University of Science and Technology, China)
and
Jun Li
(Fuzhou Institute of Education, China)

Received Dec. 9,2010; Revised Apr. 28, 2011

(© Editorial Board of Analysis in Theory & Applications and Springer-Verlag Berlin Heidelberg 2011

Abstract. We will show bounds for commutators of multilinear fractional integral opera-

tors with some homogeneous kernels.
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In 1999, C. E. Kenig and E. M. Stein® initiated the study of multilinear fractional integral

operators defined as
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(See [6] or [10] for more about fractional integral). Recently, K. Moen 1m X. Chen and Q.
Xuel®! developed the weighted theory for it, which was motivated by related research for multi-
linear singular integral in [7] and [9]. In their work the following of weights the for multilinear

fractional integral was established.
1 1 1
Definition 1" Bl Let 1 < py,--+, pm < o0, — = — +---+ —, and ¢ > 0. Suppose that
V4 P1 Pm
® = (@, ,@,) and each @; (i = 1,---,m) is a nonnegative function on R". Then & € A(;
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if it satisfies

ACTA >;ﬁ<rQ\/‘”’ p’>l<°°

where vg = Ha), If p; = (!Q\ / a)m) " is understood as (igfa),-)*l.

Furthermore a weighted norm inequality for multilinear fractional integral operators as be-

low is proved.

1 1 1 1
Theorem A" B), LetO<a<mn, 1 <pi,-- ,pp<oo, —=—+--+— and - =
| p P Pm q

———.Then @ € A(pq) if and only if Iy can be extended to a bounded operator
p n

HIO‘(']?)HL‘/(V@") chHﬁHLl’f(w,-Pi)' &

In [3], besides the above, the authors proved another two results such as Theorem B and C,
by the way of contemplating weighted norm inequalities for multilinear fractional integral with

some homogeneous kernels and Coifman-Rochberg-Weiss commutators of multilinear fractional

integral.
g , 11 1 11

Theorem B¥!. LetO< o <mn 1 <s' <pp, - ,pp<oo, —=—+4---+—and - = — —
o B P D1 Pm q9 D
—. Denote & = (0} ,--- , @) and £ = (p—/l, ,p—T) Assume @° € A (5.9 NA g ﬂA(E vy
n s ‘/7‘/ ( 7 ) 3/7 ‘/
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where — = — — + and — = — — . Then, there exists a constant C > 0 independent

4 P n 4-¢ D
of f such that

m
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where
2 T2, Qi —yi) i)
(R”)’” ’(x_yl’... ’x_ym)‘mn a
and each Q;(x) € L*(S" ') (i=1,--- ,m) for some s > 1 is a homogeneous function with degree
zero on R", i.e. for any A > 0 and x € R", Q;(Ax) = Q;(x).
1 1 1 1 1 o
Theorem CBl. LerO< o <mn 1<py, - ,pp<oo, —=——4-+—and — = — — —.
P1 Pm q p n

Forr>1withO <ro <mn, if @ € A( ) and vg? € A, then there exists a constant C > 0

~ Ru
(TN

independent of b and f such that

H HLq (Ve?) <Csup\|b ||BMOHHleLPz /i) (3)
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where the commutators of 1y, is defined as
Lo (D) =Y 1, o))
i=1

and each term of the right-hand side is the commutator of Iy, in the i-th entry with b;, that is
Ili,-,(x(f)(x) - bi(x)la(f17' o 7fi7' o ,fm)(X) _Ia(flv' o 7bifi7' o ’fm)()C)

Now, what we concern about is studying the commutators of locally integrable function b

and multilinear fractional integral with homogeneous kernels in the j-th entry

-,

b loali(F)(x) = Igq ()
_ / b(x) —b(y;)
(R

o8 |(x_yla"' ax_ym)|

mn—ao. H‘Q‘k(x —)’k)fk()’k)dﬁ
k=1

where dy =dy; -+ -dy,, and |(y1, -+ ,ym)| = V1| + -+ [Vm]-

In 1989, J. O. Stromberg and A. Torchinsky!!? concluded that an appropriate weighted in-
equality for operators could provide an unweighted inequality for its commutators. In 1993, J.
Alvarez, R. J. Bagby, D. S. Kurtz and C. Pérez!! exploited this idea further to prove the bound-
edness of commutators of general linear operators on weighted L? spaces by estimates for linear
operators. Additionally, this idea also appeared in [4] [10] for fractional and singular integral
operators with homogeneous kernels, and in [2] for multilinear singular integral operators with

applications to non-smooth kernel. Thus we get the result as below inspired by these works.

1 1 1 1 1 «
Theorem 1. LetO< o <mn, 1 <py, - ,pp<oo, —=—+---+—and — = — — —.

P D1 Pm q p n
Besides, the assumption on € is the same as in Theorem B. If b €BMO, then there exists a

constant C > 0 independent of b and f such that
. m
H [bvlﬂﬂ]j(f)um < CH HfiHL!'f'
i=1

Proof. Obviously, we can set j = 1 in the proof. Because we can see that g(z) = e?(?®)~00))

with z = x+ iy is analytic on C, and it’s easy to get

1 8(2) L (2T 0 (b)—b(y)) —i6
b(x) —b(y) = ¢'(0) = z—m./|Z|1 Wdzz E/o P i T2
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by the Cauchy integral formula. Consequently, it makes sure that

b(x) —b(1) 3

[b,Io.a]i (f)(x) = /( I Te— ’x_ym)|mn,agﬁk(x—yk)f(m)dyk
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Next, we prepare two lemmas. The first one due to J. Garcia-Cuerva, J. L. Rubio de Francial®!
is similar to the classical result on Muckenhoupt’s A, weights.

Lemma 119/,

LetO<oa<n l<p<n/aand1/q=1/p—a/n. For A >0, then there
exists 1 > 0 such that if b € BMO and ||b||smo < N, then e**™) € A(p,q).

We can generalize Lemma 1 for the weights A(j ;) to multilinear settings by a remark in [11].

Lemma 2. Ifpy < quwith1/q=1/q\+,-- ,4+1/qy, then quf[lA(,,k_qu) CAGg)-

Therefore, when ||b||gmo is assuming sufficient small, by the above two lemmas as above and
Holder’s inequality, we have (25 1 ... 1) € A 7,¢ Which meets the condition of weights in
Theorem B for any 6. Applying the weighted boundedness of /4 o and Minkowski’s inequality
simply, as a result, we have

Ibdaah D, < - /02’r

2

Ty (Ifile™ 0 | fol, | ful ) (0)

Lq(eqbcose)
< < [lpere) [Tl
= ox 0 1 Lpl(eplbcose)kZZ LPk
< CHka|L1’k'
k=1
12)

Moreover, C. Pérez, G. Pradolini, R.H. Torres and R. Trujillo-Gonzalez [12] studied iterated

commutators 7y, for a multilinear Calderén-Zygmund singular integral operator 7' defined as
THZ,(J?) - [bl ’ [b27 T [bm—l > [bmvT]m]m—l "']2]1 (f)
So the iterated commutator of multilinear fractional integral operators with homogeneous ker-

nels Has the following form

() = T3 s (br(x) — b () ) 4 (x — yi) fic (%)
B [P e il

dy.
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Here and now, the bounds for IHZ,Q o

o m 1 2r Y (b (x) b (v ) i Hzlzl Qk(x_)’k)f(yk)dyk
IHZ,Qa(f)(x) = /(n)mjlj[]<ﬂ/0 &¢ 1 (bi(x¥)=bj(3))) o 7de; ‘

can be concluded by similar methods. In fact, we can see

(X—y],"' 7x_)’m)‘m"_a

- & / Ioa(fie ™ - e ™) (x) i e =% gy
[0,27-[]171 ’ 1

Cry [
1 ‘ ‘
< — / I | e bicos 61 PR e~ bmcos O (. ebk(x) cos 6 de;.
(27T)m 0,27 |Q‘O€(’f ’ ‘fm’ )( )kI;Il
Also note that (e=21¢0801 ... =bncosbn) gatisfies the condition of weights in Theorem B for

any 6 immediately, we get the boundedness of iterated commutators by a similar calculation of
weighted LP norms and weighted estimates for Ig 4.
1 1 1 1 1 o
Theorem 2. LetO< o <mn, 1 <pj,-,py <o, —=—+4---+—and — = — — —.
p P1 Pm q n
Besides, the assumption on C is the same as in Theorem B. If by € BMO with k =1,2,--- 'm,

then there exists a constant C > 0 independent of b and f such that

3.0 P, < CTTll-
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